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Abstract

Taking the importance of spatial reasoning skills, this article aims to identify “core” spatial reasoning
skills which are likely to contribute to successful problem-solving in three-dimensional (3D) geom-
etry. “Core” spatial skills are those which might be particularly related to students’ successful prob-
lem-solving in 3D geometry. In this article, spatial reasoning skills are malleable and can be improved
with teaching/interventions with mental rotation, spatial orientation, spatial visualization, and prop-
erty-based reasoning. To achieve the study aim, we conducted a survey in total of 2,303 Japanese
Grade 4-9 students (10—15 years old). We take the following stages of the procedures in this article:
(2) Descriptive statistics; (b) 2 parameter logistic model (2PLM) analysis; and (c) Experiments with
the Pearson correlation coefficient. As a result, we identified that a set of a few tasks can be used to
check if students have “core” spatial skills in 3D geometry. For both primary and secondary, rotating
given representations mentally, and imagining and drawing 3D shapes, are important, and for sec-
ondary schools, property-based reasoning is also crucial for further problem-solving skills. Our find-
ings and methodological approach have implications for mathematics education research and
practice as our results provide clear, and promising principles for task/units/curriculum design for
spatial reasoning in which more robust teaching intervention is necessary.
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I. Introduction

The importance of spatial reasoning skills has been recognized in educational research, as these skills
have a robust influence on science, technology, engineering, and mathematics (STEM) subject
domains (Wai et al., 2009). Also, they are related to successful problem-solving in geometry
(Fujita et al., 2020, 2017), but also in other areas of mathematics (Reinhold et al., 2020). Another
important feature of spatial reasoning skills is their malleability. For example, in their meta-analysis
of training spatial skills studies, Uttal et al. (2013) concluded that “The results indicate that spatial
skills are highly malleable and that training in spatial thinking is effective, durable, and transferable.
This conclusion holds true across all the categories of spatial skill that we examined” (p. 365), and
there are many studies which report interventional ideas to improve spatial reasoning skills (Lowrie
et al., 2021), including the use of technological tools (Albarracin et al., 2022).

As Bruce et al. (2017) pointed out, spatial reasoning has been studied mainly in mathematics, psy-
chology, and mathematics education. Our previous studies (Fujita et al., 2020, 2017) are rooted in
mathematics education research studies. This means we are more interested in studying students’
spatial reasoning skills when they solve three-dimensional (3D) geometry. In these studies, we con-
sider the two components in spatial reasoning skills, that is, manipulations of given representations of
shapes such as visualization or rotations, and reasoning based on the properties of shapes (see also
Pittalis & Christou, 2010, 2013). So far, we classified different responses in their spatial thinking
when they solve 3D geometry problems with two-dimensional (2D) representations. For example,
while some students’ reasoning was strongly influenced by what the given diagrams “look like”,
other students used spatial visualization and reasoning based on the properties of shapes correctly
(Fujita et al., 2017). We also found that domain-specific knowledge of geometrical shapes plays
an important role to harmonize their spatial reasoning skills (Fujita et al., 2020). Findings from
our classroom-based studies suggest that the students who experienced solving challenging 3D
geometry problems might improve students’ spatial reasoning skills, as suggested by many previous
studies (Lowrie et al., 2018; Uttal et al., 2013).

This article aims to advance these existing studies including ourselves further by identifying
“core” spatial reasoning skills which are likely to contribute to successful problem-solving in 3D
geometry. We mean “core” spatial skills as those which might be particularly related to students’ suc-
cessful problem-solving in 3D geometry. To achieve the study aim, in this article, we will explore our
research question “What question items might be related to ‘core’ spatial reasoning skills when
Japanese students solve 3D geometrical questions?”’

Sinclair et al. (2016) stated that more studies in visuospatial reasoning will be necessary, stating
that “Given the importance of visuospatial reasoning in geometry, and in mathematics more broadly,
we hope to see more research both on how to provide both teachers and students with more oppor-
tunities to engage in visuospatial reasoning and how to find ways to adequately assess and value such
reasoning” (p. 712; see also Gilligan-Lee et al., 2022). We believe answering these questions enriches
our understanding of the importance of spatial reasoning skills as well as instructional design and
implementation. Although Bruce and Hawes (2015) show that teachers are capable of designing
effective tasks for students to improve their spatial reasoning skills, it is still unknown how we
can “pinpoint the mechanism or specific activities that led to improvements” (p. 341). By identifying
“core” skills and question items, we can design interventions more effectively by “pinpointing” tasks
related to the “core” skills to improve students’ spatial reasoning skills and problem-solving. We
explore students’ skills across the grades, as we want to identify what kind of question items
might be particularly difficult, or if no progressions can be seen.

In what follows, we first review existing studies on components of spatial reasoning skills in the
context of the teaching and learning of 3D geometry. We then describe our survey items, participants
and analysis approach. We first present descriptive results of our survey with 2,303 students from
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Grades (G) 4 to 9. To identify which question items might be particularly related to core skills, we use
2-parameter logistic (2PL) model analysis with the following two parameters, that is, difficulties and
discriminations parameters. Our approach will be explained in our Methodology section.

2. Spatial reasoning skills in 3D geometry

This section clarifies key components of spatial reasoning skills in this article. Geometrical reasoning
is characterized by the interaction between these two aspects, the visual (figural) and the conceptual
(Duval, 2017, p. 63). For the visual aspect of geometrical shapes, it is important to deal with repre-
sentations on screen, or in the mind. This is not a new idea; Godftrey, a schoolmaster in the UK in the
early 20th century, stated that the “geometrical eye”, described as “the power of seeing geometrical
properties detach themselves from a figure” (Godfrey, 1910, p. 197), is essential in geometric reason-
ing (see also Fujita & Jones, 2003). In Germany, Treutlien designed Geometrical Intuitive Instruction
(Der geometrische Anschauungsunterricht als Unterstufe eines zweistufigen geometrischen
Unterrichtes an unseren hohen Schulen) in 1911. Treutlein (1911) argued the importance of training
students’ “imagination” through studying geometry, and in fact his Geometrical Intuitive Instruction
particularly aimed at developing ‘spatial intuitive skills’ (das raumliche Anschauungsvermogen),
which he considered as essential skills in geometry as well as in everyday life (p. 82; see also
Yamamoto, 2006). Goldenberg et al. (1998) argue that visualizations in geometry are very important
when we solve problems and suggest that a prerequisite is the skills and knowledge to “take a figure
apart in the mind, see the individual elements, and make sufficiently good conjectures about their
relationships to guide the choice of further experimental and analytic tools” (p. 7).

Gilligan-Lee et al. (2022) define spatial thinking “the ability recall, generate, manipulate, and
reason about spatial relations” (p. 1). In terms of skills related to 3D geometry, by following previous
studies (Battista et al., 2018; Pittalis & Christou, 2013), we defined the two types of reasoning skills
which will play important roles in problem-solving, that is, spatial visualization and property-based
spatial analytic reasoning. For spatial visualization, we described this as follows: “mental manipula-
tions of visual images of shapes including rotating, transforming the given diagrams to another form,
reorienting, drawing nets and adding additional lines” (ibid., p. 237). However, this needs more atten-
tion. For example, Lowrie et al. (2018) identify the three distinctive key skills, that is, mental rotation,
spatial orientation, and spatial visualization as follows (p. 3):

e Mental rotation—the ability to accurately rotate a 2D shape or a 3D object in the “mind’s eye”
in order to perform a subsequent task. According to Bruce and Hawes (2015), mental rotation
is one of the key metrics of spatial skills.

e Spatial orientation—the ability to an egocentric transformation of imagining a change in one’s
own perspective.

e Spatial visualization—the ability to mentally transform or manipulate the visuospatial proper-
ties of an object, distinct from rotation of the object (i.e., mental rotation) or varying one’s per-
spective (i.e., spatial orientation).

Property-based reasoning is a skill for interpreting the structural elements of shapes and decomposing
objects into their parts using geometric properties for reasoning and decision making (Fujita et al.,
2020, p. 237), coordinated by domain subject knowledge which will be useful in problem contexts
(e.g., knowledge about properties of a cube).

Let us take examples to describe how these skills are expected to be used. For example, Q1
in Table 1 asks to find a shape from an orthogonal to parallel oblique view. To solve this ques-
tion, a student might mentally rotate the given orthogonal representation to seek an appropriate
shape (a cone in this case), whereas for Q2 in Table 1 she/he might change the given
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Table I. Survey items for primary school students (Grades 4-6).

Question

Expected/theoretical main spatial reasoning skills

QI The right diagram shows how a solid looks from the front and top

views. Chose the correct solid from (a) to (d).

Front view
i § @) b) ) d)

Q2 Draw and complete the front view of the cylinder in the given box.

Front view

[ — :
Top view O

Q3-1 We make a solid by stacking five cubes. We first made the following
solid (Figure ). When we look at this solid from the top view, then we
can see Figure 2. Draw what this solid looks from the front view in the

given box (Figure 3).

Front view

Q3-2 Next, we stack five cubes and make a different solid. When we look
at this new solid from the top view, then it is like Figure 4. Chose the

correct solid from (a) to (e).
) ) o
) By 53
d) €)

H° 8o i

Figure 4 Top view

Q4 There are different wooden blocks. One of the blocks can go through
both “the equilateral triangle hole” and “circle hole” without any gaps.

Chose the correct solid from (a) to (e).

09 AL

QS5 In a cube, find the size of the angle ABC in each cube.

B

Mental rotation: Rotate the given cone.
Spatial orientation: See the four examples from
the front and top views.

Spatial orientation: See the given cylinder from
the front view.

Spatial visualization: Imagine and draw what the
given cylinder looks from the front view.

Spatial orientation: See the given solid (Figure I)
from the front view.

Mental orientation: Rotate the given diagram
(Figure 2).

Spatial visualization: Imagine and draw what the
given solid looks from the front view.

Mental rotation: Rotate the given diagram
(Figure 4).

Spatial orientation: See the five examples from
the front and top views.

Spatial orientation: See given solids from the front
and top views.

Spatial visualization: Imagine whether chosen
solids go through the holes or not.

Spatial visualization: Recognize faces of a cube,
extract angles, etc.

Property-based reasoning: 90 or 45 based on the
properties of squares.

(continued)
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Table I. (continued)

Expected/theoretical main spatial reasoning
Question skills

Q6 In a cube, which is longer, AB or CD? Choose your answers Spatial visualization: Recognize faces of a

from (a) to (d) for each case. Also, write your reasons why. cube, transfer AB and CD to the same
G face, mentally create a square, move

E 5 mentally AB to compare CD, etc.

: Property-based reasoning: Deducing

: CD>AB because CD is a diagonal of the

cube and diagonals of a square are longer

than the sides, etc.

A

Lecwued m—

a) ABis longer.

b) CD is longer.

¢) AB=CD.

d) Iam not sure which is longer.

Q7 In a cube, can you identify the shapes ABCD and ABC? Spatial visualization: Recognize ABC as a

Choose your answer from (a) to (e) for each case. triangle, extract ABC mentally from a
cube, mentally compare AB, BC and CA,
extract angle ABC, etc.

Mental rotation: Rotate the given diagram.

Spatial orientation: See AB, AC, and BC
from particular orientations/views.

Property-based reasoning: AB, BC, and CA

a) Righiangled irfangle: are diagonals of feaf:h face ar?d AB=BC=

b) Isosceles triangle. CA. Therefore, it is an equilateral

¢) Right angled isosceles triangle. triangle.

d) Equilateral triangle
e) Scalene triangle.

perspective to orthogonal, that is, spatial orientation. This task also requires spatial visualiza-
tion, creating an image and then actually drawing it. For tasks such as Q11 in Table 2, students
not only rotate or change the given perspectives but also add a line to create a triangle BDE.
Also using knowledge about the properties of a cube, they need to deduce BDE is an equilat-
eral, and therefore the size will be 60°.

Another important characteristic of spatial reasoning skills is their malleability (Uttal et al.,
2013), implying that spatial reasoning skills can be improved using appropriate teaching and
training. For example, Bruce and Hawes (2015) focused on mental rotations and implemented
various activities requiring mental rotations in a form of daily lessons. Their study found that
after 4 months, 42 students aged 4-8 years significantly improved their mental rotation skills.
Lowrie et al. (2018) implemented a 10-week intervention program to Grade 3—6 students. The stu-
dents who experienced various tasks based on mental rotation, spatial orientation, spatial visual-
ization, and their spatial reasoning skills improved significantly compared to the control group.
Sinclair et al. (2018) provide a detailed analysis of young children’s drawing processes and
stated drawing can contribute to developing their spatial reasoning by enriching the use of lan-
guage and gestures. Haj-Yahya (2021) reports providing more diagrammatic information might
help learners’ problem-solving with 3D geometry (e.g., Q11 in this study), indicating different perspec-
tives might minimize the visual perceptions which can be obstacles, but scaffolding their spatial skills
such as mental rotation or spatial orientation.
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Table 2. Survey items for secondary school students (Grades 7-9).

Question Main spatial reasoning skills

Ql
Same as primary QI
Q2 Draw and complete the front view of the cylinder in the Spatial orientation: See the given cylinder from
given box. the front view.
[ Frontview Spatial visualization: Imagine and draw what the
given cylinder looks from the front view.

! ‘ Top view O
Q3-1 and Q3-2

Same as primary Q3-1 and Q3-2
Q4 Figure 5 is a plan and elevation of a solid. Sketch possible Spatial visualization: Imagine and draw possible
two solids whose plan and elevation in Figure 5. solids.
‘ ; Mental rotation: Rotate the given plan and
elevation (Figure 5).
Spatial orientation: See the front and top views
of drawn solids.

Figure 5 A plan and elevation of a solid

Q5 Which lengths are accurately represented in the given Mental rotation: Rotate the given diagram and

diagram below? AB, BC, and AD see if AB, BC, and AD are correctly
represented.
B [
D
Q6 There are different wooden blocks. This block can go Spatial visualization: Imagine various solids.
through both the “equilateral triangle hole” and “circle Draw a possible solid. Imagine whether
hole” without any gaps. Draw this block in the box. chosen solids go through the holes or not.

: Spatial orientation: See the imagined and drawn
i 3 solid from the front and top views.
1 : Mental rotation: Rotate the imagined and drawn
solid.
Spatial orientation: See the imagined and drawn
solid from the top, front and side views.
Q7 In a cube, A and C are the midpoints of edges of the cube, Mental rotation: Rotate the given

and B and D are vertices. When AB and CD are drawn, do representations.
they intersect each other or not? Choose your answer and  Spatial visualization: Draw appropriate
explain your reasons why. representations to see how AB and CD will
A D not intersect.
]
1
1
i
C fr=-=-NF--=
B
Intersect/not intersect
Reason why.

(continued)
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Table 2. (continued)

Question

Main spatial reasoning skills

Qs8-10

Same as primary Q5-7

Q1| What is the size of the angle DEB in a cube? Write your

reasons why.

D

C

A

e

Spatial visualization: Recognise BED as a
triangle, extract BED mentally from a cube,
mentally compare BE, ED and DB, extract
angle BED, etc.

Mental rotation: Rotate the given diagram.

Spatial orientation: See BE, ED, and DB from
particular orientations/views.

Property based reasoning: BE, ED, and DB are
diagonals of each face and BE=ED=DB.
Therefore, it is an equilateral triangle and the
angle is 60.

Mental rotation

Mental rotation
Spatial visualisation

N .D t

Spatial orientation

Property-based reasoning
% ABCDEFGH is a cube.
BD=DE=EB as they are diagonals.

BDE is an equilateral triangle.
Therefore BED is 60.

Figure |. Expected spatial reasoning skills in three-dimensional (3D) geometry.

More recently, reviewing the existing studies Gilligan-Lee et al. (2022, pp. 1-2) summaries the
following remarks:

Interventions based on concrete material might be more effective than using computers;

Interventions should not be limited to early years, but older students also can gain from spatial

reasoning interventions; and
e Even a short-term intervention can be effective to improve spatial thinking skills.

These points are consistent with our previous studies as well. For example, in our previous study, we
implemented a research lesson using Q11 for a Japanese G6 classroom (Fujita et al., 2020). We
observed the students in the class used various approaches to solve problems, and they stated
various answers, for example, 90, 45, 60, etc. After exploring their answers and reasoning in
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small groups, using practical resources, they started focusing on key geometrical properties (such as
properties of diagonals of the face of a cube), and they managed to understand the angle size is 60°.
Although the students experienced only one lesson there was a significant difference compared to the
posttest conducted 1 month after the research lesson.

In summary, in this article, we regard spatial reasoning skills to be malleable and can be improved
with teaching/interventions and the expected skills which students use in their problem-solving in 3D
shapes are shown in Figure 1.

In this study, we try to identify “core” spatial skills as those which might be particularly related to
students’ successful problem-solving in 3D geometry. We achieve this by analyzing the survey data
with 2,303 students from G4 to 9, and in the next section we shall describe our methodological
approaches.

3. Methodology
3.1 Context, survey items, and participants

In the previous studies (Fujita et al., 2020, 2017), we mainly investigated students’ problem-solving
with oblique parallel projections of cubes. Extending these studies, in this article, we also started
investigating students’ understanding of the plan and elevations of 3D shapes as well as 3D geometry
problem-solving in Japan. Overall, both orthogonal and oblique parallel views are used. For primary
schools, Q1 to Q4 are related to the plan and elevations and the last three questions are problems
using oblique parallel projections, taken from Fujita et al. (2020). Primary school students do not
learn the plan and elevations, but we expect they would solve these questions using their spatial rea-
soning skills. Details for the question items and expected/theoretical spatial reasoning skills used to
solve each question are listed in Table 1.

Students in secondary schools learn 3D geometry including plans and elevations in mainly G7. G9
students also have opportunities to apply the Pythagoras theorem to problems in 3D contexts. For
secondary school students, Q1, Q3-1, and Q3-2 are the same as the primary school question
items. For secondary Q2, the diagram is simplified. Also, a few more items are added to examine
their spatial reasoning skills (Table 2). For example, Q4 for secondary asks to draw possible two
solids from the given side view, expecting to see if students can utilize their visualization and manip-
ulations. In Q5, students are asked to judge which lengths represented in the diagram preserve the
actual lengths (e.g., AD is not). Q6 also appears in the primary schools’ survey as their Q4, but sec-
ondary students are asked to draw a solid which can go through exactly both holes. Q7 asks if two
lines in a cube intersect or not, and we expect that students would draw additional diagrams to explain
why. Q8-10 for secondary schools are the same as those in Q5-7. The last question Q11, which asks
students to find an angle in a cube is added, is also used in our previous studies (Fujita et al., 2020,
2017).

3.2 Participants

From February to March 2021, a survey was conducted with 273 G4, 318 G5, 230 G6, 512 G7, 478
G8, and 492 G9 students (in a total of 2,303) aged from 10 to 15 years from state, nonselective 4
Japanese primary and 4 lower secondary schools in 4 different cities in Japan. These schools were
recruited through the authors’ contacts. The study aims and survey procedures were explained to
teachers, and then they agreed to participate in the survey. The period from February to March
was chosen as students in each grade have experienced the prescribed mathematical curriculum
(the Japanese school academic year is from April to March). The survey question items were directly
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distributed to the students by their class teachers with paper forms, and in general, students completed
answering them within 30 min.

3.3 Analysis procedure

While we take all survey items are important, we are curious if we could narrow these question items
down to a few items which might be related to “core” spatial reasoning skills. We take the following
stages of the procedures in this article: (a) Descriptive statistics; (b) 2PLM analysis; and (c)
Experiments with the Pearson correlation coefficient.

First, we provide descriptive statistics results from our survey items. These results are useful to
know what kind of question items our sample students can solve, and what might be challenging.

Our next step is to identify question items which might be seen as “core”. However, this is not an
easy task. For example, suppose we have fifteen question items in our survey. Then theoretically, we
can extract 1, 2, ... 14 question items, but it is not reasonable to test all cases as there are too many
possible combinations to be tested. To cope with this methodological challenge, in our second stage,
we create an 821 X 9 matrix for primary and a 1482 X 15 matrix for secondary schools with binary
(not correct=0, correct=1). Data for both primary and secondary schools can be obtained from
https:/doi.org/10.6084/m9.figshare.20496906.v1 (primary) and https:/doi.org/10.6084/m9.figshare.
20496915.v1 (secondary).

Checking unidimensionality with eigenvalues, it was suggested both primary and secondary data
can be treated as “uni-dimensional” (in primary schools, the first eigenvalue 4; =5.403(36.02%),
and the ratio 4, /1, =3.603. In secondary schools, 1; =3.719 (41.32%), and the ratio 4, /1, =3.996.
Unidimensionality is slightly stronger in secondary schools). We then conducted an analysis using
the item response theory (IRT) approach (Sijtsma & Molenaar, 2002) with R 4.1.0 and the “ltm”
package. IRT is a statistical model that assumes a unidimensional academic achievement scale 6 and
expresses the percentage of correct responses for each item by a logistic function on 6. In this study,
the commonly used 2PL model is employed: the 2PL model (Figure 2) has a discrimination parameter
aj and a difficulty parameter b; of the items; the higher the discrimination parameter, the steeper the
slope of the curve, and the larger the difficulty parameter bj, the more to the right the curve is
located. In Figure 2, Item 2 has a larger difficulty parameter (b;<b,). This indicates that Item 2 is
more difficult than Item 1, that is, about 50% of ©6=1.0 ability students are expected to answer
Item1, but for Item 2, it is difficult for even 6 =2.0 students to answer this question item correctly.

Item Characteristic Curves

1
14 exp {—1.7aj(9 - bj)}

04

Probability

P;(6)
) D

Item.1

-0.2

T T T | T
4 2 0 2 4

Ability

Figure 2. Example of 2-parameter logistic (2PL) model.
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The discrimination parameter also refers to the accuracy of discriminating between correct and incorrect
answers around a particular 0. In Figure 2, Item 1 has a larger discrimination parameter (a;>a,). This
indicates that Item 1 has more power to discriminate students with 8>1.0 as correct and students with
0<1.0 as incorrect. On the other hand, this is not the case for Item 2 compared to Item 1, which always
correctly identifies students with 6>2.0 and always incorrectly identifies students with 6<2.0.

In order to extract some items from the whole survey question items, we particularly pay attention
to the discrimination parameters a;, and see which items have higher values compared to others.
A reason for using a; is that items with higher discrimination values are likely to be used to distin-
guish able/less able students from the sample.

Although analyses using the 2PL model provide a useful starting point for identifying items which
might be “core”, we will also utilize the other value or criteria for our judgment. Thus, in the third stage, we
divide the question items (set C) into two groups, set A from the extracted items and set B from the others
(ie., C=A +B), and calculate the Pearson correlation coefficient 7 between the sum of the scores of sets A
and B. In this step, we use the following principles to identify items from our survey questions:

1. Consistency with theory: The extracted question items are closely related to our theoretical
framework, for example, items which are particularly related to visualization, mental rota-
tions, property-based reasoning etc.

2. Consistency with past research evidence: The extracted question items are also identified as
important in past/other related surveys. For example, in our past study, the delayed posttest
results of G6 students who experienced solving Q11 in a lesson significantly better than
the pretest and this might indicate undertaking this question might have contributed to devel-
oping their spatial reasoning skills in general (Fujita et al., 2020).

3. Less is more (or Occam’s razor): Consider the whole set of question items as C. Suppose
from C we extract five items (set A) but four items are also suggested (set A’). The rest of the
items are B (and B’). It is better if the cardinal number of set A is less than set B(=C—A), that
is, JA|<|B| (and |A’|<|B’|). Then we calculate correlations between (set A, set B) and (set A’, set
B’), and if the correlation value r’ between sets A’ and B’ (1’ -g<) is higher than r between sets A
and B (rap) (i-e., |A]>]A’| but I’ 5.5 > rap) then set A’ will be more likely to be considered as a
set of core skill items as we use fewer question items but have more explanatory power.

In this article, we apply this approach to our survey items and identify “core” skills and question
items. The following sections present our findings, discussions, and implications.

4. Result
4.1 Overall performance from the survey

Table 3 summarizes the overall performance for each grade (primary for 9 items and secondary for 15
items).

Table 3. Overall performance for each grade.

Grade Overall performance (mean (SD))
G4 (N=273) 5.55 (2.16) out of 9 items
G5 (N=318) 5.87 (1.96) out of 9 items
G6 (N=230) 6.37 (1.82) out of 9 items
G7 (N=512) 9.1 (2.36) out of I5 items
G8 (N=478) 9.1 (2.47) out of 15 items

G9 (N=492) 10.16 (2.73) out of I5 items




Fujita et al. Il

These results suggest that the performance for the question items is relatively high, as above 60%
out of 9/15 items for both primary and secondary. A one-way ANOVA with post hoc comparisons
(Games-Howell) suggests that the score of Japanese G6 is statistically higher than G4 and G5 ([F(2,
818) = 10.867, p =.000, nz =0.026]), and similarly G9 is higher than G7 and G8 ([F(2, 1479) =
30.697, p =.000, n* = 0.04]), indicating learning experience in G6 and G9 might contribute to devel-
oping their spatial reasoning skills (e.g., for G6 studying volumes of prisms and cylinders and for G9
applying Pythagoras theorem in 3D contexts).

Next, the results for each question item for primary schools are summarized in Table 4 (%s for
correct answers).

In Table 4, primary school students generally answered the survey questions well, but they strug-
gle to draw/sketch the front view of a cylinder (Q2) and see which shape would go through the two
holes (Q4). In Q3-2 (identifying a block from a top view), it is interesting to see Q3-2c¢ is more dif-
ficult than Q3-2d, Also, correct responses for Q6 (determining if CD is longer than AB) and Q7 (iden-
tifying triangle ABC) are relatively low, but this was expected from our previous study (Fujita et al.,
2020).

The results for each question item for secondary schools are summarized in Tables 5 and 6 (%s for
correct answers).

In Table 5, secondary school students demonstrate their skills for solving the first five questions
(Q1-Q3-2d), but their performances dropped in Q4 (drawing possible two 3D shapes based on the
given view), Q5 (judging actual lengths are correctly represented in the given diagram), and Q6
(drawing a possible 3D shape which goes through two different holes). For these tasks, not many
improvements were observed across G7 and G9 students. Q7 is also interesting, and many students
in secondary schools could not write reasons why AB and CD do not intersect. In particular, many
students struggle to recreate appropriate drawings by rotating the given representation or seeing from

Table 4. Percentage correct for Q1-7 from primary schools.

Ql Q2 Q31 Q32 Q32 Q4 Q5 Q6 Q7
G4(N=273) 879 425 748 65.9 86.8 634 619 403 304
G5(N=318) 881 566 836 70.1 89.0 616 774 355 252
G6 (N=230) 935 596 882 743 93.0 622 813 526 313

Table 5. Percentage correct for Q|-7 from secondary schools.

Ql Q2 Q3-1 Q3-2c Q3-2d Q4 Q5AB Q5BC Q5AD Q6 Q7

G7 (N=512) 965 895 90.0 84.6 953 523 67.8 64.8 50.0 412 129
G8 (N=478) 97.1 835 921 87.0 956 460 705 6l.1 49.2 377 174
G9 (N=492) 976 898 923 87.0 96.5 494 705 68.9 57.5 419 234

Table 6. Percentage correct for Q8-11 from secondary schools.

Qs Q9 Qlo Qll
G7 (N=512) 63.1 56.6 359 53
G8 (N=478) 749 544 328 8.6

G9 (N=492) 86.2 783 49.8 26.8
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a different direction. Q8 to Q11 performances (Table 6) are similar to our past research study (Fujita
et al., 2020), and again finding the angle BED seems to be particularly difficult for even G9 students.
In summary, our data suggest that both primary and secondary Japanese students could use their
spatial reasoning skills to simple problems, but there are still some questions which are difficult
for these students to answer correctly, which indicates further considerations are necessary to find
ways to improve our students’ spatial reasoning skills.

4.2. Identifying items which represent “core” spatial reasoning skills

Having described overall performances, let us see which question items might be used to see “core”
skills in spatial reasoning in 3D geometry. For primary school, set C consists of 9 items and 15 for
secondary. In this section, we show which items are suggested to be related to the “core” in spatial
reasoning skills. In order to identify the survey items which might represent the “core” spatial rea-
soning skills, we examined different combinations of some items based on the 2LPM analysis
results (see Tables 7 and 8 which summarize the values for difficulty and discrimination parameters)
and the three principles (theory, evidence, and “less is more”) proposed in this article.

Table 7. Results from 2PLM analysis for primary schools.

Difficulty Discrimination
Ql —2.3963 1.0638
Q2 —0.0979 1.8282
Q3-1 —1.3014 1.7514
Q3-2c —0.7898 1.5090
Q3-2d —1.7768 1.7290
Q4 —0.7484 0.7823
Q5 —1.0366 1.2869
Q6 0.3527 1.1499
Q7 1.5295 0.6525

Table 8. Results from 2PLM analysis for secondary schools.

Difficulty Discrimination
Ql —-3.8147 1.0429
Q2 —1.5442 1.9676
Q3-1I —1.8976 1.8239
Q3-2c —1.7591 1.3531
Q3-2d —-2.3579 1.9396
Q4 —2.4781 1.5070
Q5AB —1.0366 0.3427
Q5BC —2.6403 0.2373
Q5AD —0.4634 0.1942
Q6 0.5654 0.7893
Q7 1.5259 1.2945
Qs 0.9145 1.7877
Q9 —0.4885 1.5989
Qlo 0.4784 1.0986

Qll 1.2998 2.8326
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Table 9 summarizes the suggested question items and Figures 3 and 4 represent what our results

imply.

Table 9. Suggested items which represent the “core” spatial reasoning skills.

Schools Suggested items Reasons based on the principles
Primary Q2: Drawing a side view of a ¢ Both items have relatively higher discrimination values
(G4-6) cylinder. (Table 7).

Q3-2c: Identifying a 3D block -+
from its top view.

Secondary Q2 (same as primary). .
(G7-9) Q8: Finding the size of angle
ABC. .
QI I: Finding the size of angle ¢
BED.

ras =0.55 (p <.001), that is, the sum of Q2 and Q3-2c (set
A) correlates relatively high with the sum of the other
seven items (set B).

Q2 asks students to draw/sketch their answers, and the
importance of drawing is suggested by previous studies
(Sinclair et al., 2018).

Q3-2c asks students to identify 3D shapes from its top
view, and they need to use their mental rotations to solve
this task, which is recognized as important in past studies
(Bruce & Hawes, 2015).

These items have relatively higher discrimination values
(Table 8).

Q2 was also suggested for primary schools.

ras=0.59 (p <.001), that is, the sum of Q2, Q8, and QI |
(set A) correlates relatively high with the sum of the other
12 items (set B).

Q8 and QI | include property-based reasoning (Battista
et al,, 2018) as well as domain-specific knowledge
(Chinnappan et al., 2012; Fuijita, et al., 2020).
Implementing a lesson with QI | improved overall
performance in their spatial reasoning (Fujita, et al., 2020).

Note. 3D = three-dimensional.

Core skills: Set A

Other questions: Set B

Q1 Q@31 Q@32

rrs=0.55

Q5 Q6 Q7

Figure 3. Core skills for primary schools.
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Core skills: Set A
Other questions: Set B

Q1 Q3-1

Q3-2c Q3-2d Q4

rx=0.59 -

Q5BC Q5 AD

Q6 Q7 Qs

Figure 4. Core skills for secondary schools.

The results indicate a few remarks:

e For both primary and secondary, Q2 is suggested as one of the items which might represent a
core skill. This question asks students to draw a cylinder from a front view. Although this is a
simple task, about 40% of G6 could not draw it accurately, and about 10% in secondary. The
expected skills might be visualising a cylinder and deciding how it might look like from a front
view (spatial orientation/mental rotation), and drawing it, which is suggested as important by
Sinclair et al. (2018).

e (Q3-2c is also suggested for primary students, and this requires students to use mental rotation
as well as spatial orientation to check, for example, the right-hand side blocks. These skills are
mentioned as important in past studies (Bruce & Hawes, 2015, for mental rotation).

e For secondary Q11 is suggested. This is a difficult task to answer for the students, but as reported in
our previous studies (Fujita et al., 2020, 2017), this task contains rich information about how students
use their spatial skills such as spatial visualization and mental rotations as well as property-based rea-
soning. We also have further evidence implementing this task might contribute to improving spatial
reasoning skills (Fujita et al., 2020). Therefore, answering this question item correctly might indicate
that such students could use their skills more effectively than the others who could not.

Also, relatively high correlation coefficients might suggest that if students could answer these ques-
tions correctly, then they might be able to use their spatial reasoning skills well, and as a conse-
quence, they are likely to answer the other questions correctly. What the results are implying is
that the spatial reasoning skills to be used for answering these chosen items might be particularly
important for successful problem-solving in 3D geometry.

5. Discussion

This article aimed to identify “core” spatial reasoning skills which are likely to contribute to success-
ful problem-solving in 3D geometry. Spatial reasoning skills are theorized as spatial visualization,
mental orientation/mental rotation, and property-based reasoning (Battista et al., 2018; Lowrie
et al., 2018; Pittalis & Christou, 2010, 2013). Based on this, 9/15 survey items were designed and
implemented for in total of 2,303 Grade 4-9 students in Japan. To provide answers to our research
question “What question items might be related to ‘core’ spatial reasoning skills when students solve
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3D geometrical questions?”, we took an explorative approach and identified a few question items
from our survey using 2PL approach with the three principles.

By answering our research question, the analysis suggests that a set of a few tasks can be used to
check if students have “core” spatial skills in 3D geometry. For both primary and secondary, rotating
given representations mentally, and imagining and drawing 3D shapes are important, and for second-
ary schools, property-based reasoning is also crucial for further problem-solving skills. Previous
studies have identified these skills are indeed important (Bruce & Hawes, 2015; Fujita et al.,
2020; Lowrie et al., 2018; Sinclair et al., 2018), and the results of this article provide more concrete,
tangible ideas for what tasks can be used to develop foundations of spatial reasoning skills in 3D
geometry, including some problem-solving tasks.

Our findings and methodological approach have strong implications for mathematics education
research and practice (and hopefully beyond), which has been identified as a research area for
further studies (Sinclair et al., 2016). Spatial reasoning skills are malleable (Uttal et al., 2013),
and our results provide clear, and promising principles for task/units/curriculum design for spatial
reasoning in which more robust teaching intervention is necessary (Gilligan-Lee et al., 2022). For
example, Bruce and Hawes (2015) found that teachers are capable to design effective tasks in
spatial reasoning. However, their study was limited to mental rotations and it is still very difficult
how and in what order tasks can be implemented. Advancing this point, we could organize a
sequence of a teaching unit for spatial reasoning skills, as shown in Figure 5. In stage I, tasks
such as Q2 or Q11 can be used to check to what extent students have or use their spatial reasoning
skills, indicating that first and foremost we can check if students could use mental rotations, spatial
orientation and spatial visualization for simple problems (e.g., Q2 andQ3). Q11 can be used to
provide opportunities to explore not only different spatial reason skills but also use domain-specific
knowledge. Considering the studies such as Sinclair et al. (2018) or Gilligan-Lee et al. (2022), prac-
tical experience such as drawing, constructing, and making. Then in stage II, their skills can be
further consolidated by undertaking tasks such as Q3, Q7 (primary), or Q4 (secondary), which are
similar to stage I tasks (and a correlation value is not radically different if we add these questions
to Q2 and Q11). Finally, in stage III, students can apply their skills with more challenging questions
such as Q6 (secondary) and Q7 (secondary). Considering that even a short time of intervention can be
effective (Gilligan-Lee et al., 2022), We could implement an intervention for a period of 1 to 2 weeks

Stage Ill: Applying core skills

Stage II: Consolidating core skills

Stage |: Checking core skills

Figure 5. Proposed teaching trajectory for spatial reasoning.
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for around G6 or 7, in which is a good time to intervene as questions such as performances for Q7
(Q10 secondary) do not make progress for almost 3 years (see, e.g., Tables 4 and 6).

We acknowledge the results and the trajectory are based on our survey items, and this has certain
limitations. Also, one might argue that 9—15 questions might not be enough for identifying “core”
skills. Also, these results might be particularly appropriate only for Japanese students. While we
accept these points, we believe the question items used in our study are not radically different from
the previous studies in spatial reasoning, implying we consider the methodological approach and the
three principles can be easily applied to a new set of question items and non-Japanese contexts.
Indeed, we are open to this further task, which we hope to undertake in our future work. Also, we
are very curious about how we can apply our methodological approach to the other areas of mathemat-
ics, identify more clearly “core” skills for mathematics, which is another future task.
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