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Abstract

Threaded connection is a common structure in engineering applications, and its load distribution plays
a critical role on the static and dynamic performances of the system. Although Sopwith (1948) studied
the tension distribution along a thread helix, a model that includes the tension and torsion distributions
in threaded connections is still missing. In this paper, we establish a comprehensive model which takes
tension-torsion coupling into consideration for thread connection for the first time. In the proposed model,
the bolt and nut are considered as two linearly elastic bodies with a tension-torsion coupling deformation,
and deformation of the thread is calculated by the modified theory of the trapezoidal cantilever beam
model. Based on the compatibility condition of these deformations, tension-torsion coupling equilibrium
equations for the threaded connection can be built up. Our theoretical analysis shows that the proposed
model agrees with the Sopwith’s theory when the lead angle of the threaded connections is sufficiently
small. However, the torque neglected by the Sopwith’s theory must be taken into account in the cases of
threaded connections with large lead angles. In addition, we perform a three-dimensional finite element
analysis to demonstrate the validity of the proposed model. Finally, influence of geometrical and material
parameters on load distribution is investigated. The finding of this work may provide a new insight into

the fastening and anti-loosening design for threaded connections.

Keywords: Threaded connection ; Load distribution ; Tension-torsion coupling ; Analytical Model;
FEM.

Nomenclature

B Thread angle (°)

5 Deflection of the thread (m)
n Lead angle (°)

Ne Self-locked lead angle (°)

r External torque (N - m)
O Relative deflection between threads (m)
F Contact force between unit threads (N/m)
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R;. Transformation between Frenet and Cartesian Coordinates (—)
Ry;  Transformation between Frenet and intermediate Coordinates (—)

R;. Transformation between intermediate and Cartesian Coordinates (—)

u Total displacement of thread (m)

u’ Tangential relative displacement between threads (m)

u’ Thread displacement from main structure deformation (m)
u’ Thread displacement from thread deformation (m)

wi Normal relative displacement between threads (m)

L Coefficient of friction between threads (—)

w Governing parameter for axial load distribution (1/m)

T Torsional torque of per unit length (N)

0,0, Torsion displacements of bolt and nut (rad)

a,b,c Referenced helix parameters (m)

Ap, A, Cross-sectional areas of bolt and nut (m?)

b,n  Subscripts for bolt and nut (—)

d Width of thread root (m)

dm Width at midpoint of thread (m)

E Young’s modulus (Pa)

E.A, Relative tensile stiffness between bolt and nut(N)
fr Tangential contact force between unit threads (N/m)
fr Normal contact force between unit threads (N/m)

G Shear modulus (Pa)

h Thread height (m)

I, I,, Polar moment of inertias of nut’s and bolt’s cross—section(m4)

k™ Normal stiffness of unit threads (N/m?)

k? Tangential relative stiffness between unit threads (N/m?)
k? Normal relative stiffness between unit threads (N/m?)
kq Axial relative contact stiffness between threads(N/m?)



L Engagement length between bolt and nut (m)
La Thread lead (m)
m Number of thread (—)

Ny, N,, Tension force of nut’s and bolt’s cross-section(N)

P External force (N)
P Pitch of thread (m)
q Axial contact force of per unit length (N/m)

T Radius of bolt (m)

Tni Inner radius of nut (m)

Tno Out radius of nut (m)

Tp Pitch radius of bolt and nut (m)
s Arc-length of referenced helix (m)

Ty, T,, Torsion torque of nut’s and bolt’s cross-section(N - m)
v Poisson’s ratio (—)
wp, wy, Tension displacements of bolt and nut (m)

x,y,z Position in Cartesian coordinate(m)

1. Introduction

Threaded connections are fundamental components in engineering applications for connecting[1-3],
fastening[4-8|, and sealing[9, 10]. They are widely used in civil, mechanical and biomedical engineering,
see e.g. [11-19]. However, local mechanical behaviour of threaded connections could affect the overall
static and dynamic performances of assembled structures significantly[20-26]. In order to achieve a good
qualified design load distribution in threaded connections need to be studied thoroughly.

Building the mathematical model of a threaded connection is a challenging task due to the complex
interactions between the threads in different geometric settings [27-29]. For the threaded connection
that nut and bolt have an equal pitch, Hartog [30] found that bolt can be elongated and nut can be
shortened under an axial tension load, causing the mating pitches no longer equal, so resulting in a
nonuniform load distribution along the thread helix. An expression for the load distribution was derived
by equating the sum of axial deformations of the bolt and nut to the deformation of the thread, which
was treated as a cantilever beam subjected to bending action and the normal resultant force between
threads was assumed to act on the midpoint of the cantilever beam. Later on, Sopwith [31] modified
Hartog’s model by taking into account Poisson’s ratio on the radial compression of the thread and the
radial displacement of the nut and bolt, which led to a succinctly theoretical model for load distribution.

Thereafter, Yamamoto [32] developed a theoretical model for load distribution by modifying the thread



contact stiffness, which considered the effects of inclination of the thread root, the shear deformation of
the root, and the deformation due to radial extension and shrinkage. Recently, Lu et al. [33] extended the
Yamamoto’s model by including thread friction, and compared their theoretical results with finite element
results. Goodier [34] used a bolt with a single turn of thread to study the load concentrations on different
parts of the thread experimentally. The load distribution around the nut measured by extensometer
measurements was consistent with Sopwith’s theoretical results [31]. Kenny and Patterson [35] obtained
the load distribution of an araldite bolt experimentally by using the photoelastic technique. They found
a reasonable correlation between their experimental results and Sopwith’s theory except for the loaded
face of the nut. Such a discrepancy is due to the fact that the nut thread in the first pitch from the loaded
face was not fully formed, and therefore exhibited a lower stiffness and load bearing capacity than a fully
formed one [36]. Chen et al. [37] investigated the axial load distribution of a threaded connection using
three dimensional photoelastic method, and their experimental results were consistent with the Sopwith’s
theory in general.

On the other hand, finite element methods (FEM) has been widely applied to study load distribution
in threaded connections [38—40]. Due to the complex contact interactions between the threads of bolt
and nut, many hypotheses were made in the FEM analysis of threaded connections [41]. In the early days
of FEM development, researchers investigated load and stress distributions by using the non-threaded
models, which ignored the influence of screw threads on load transfer. These approaches can capture
the main mechanical characteristics of threaded connections while minimising the computational cost of
FEM analysis. Maruyama [42] omitted the effect of friction and modelled the thread as annular grooves,
thus approximating the problem of threaded connections to be axially symmetric. Maruyama’s FEM re-
sults showed a good agreement with the experimental results obtained by using the copper-electroplating
technique [43, 44]. In order to avoid the fine mesh of elements to the threads, Bretl and Cook [45] mod-
elled the load transfer between a nut and a bolt by replacing the thread zone with a layer of elements
having orthotropic properties. Segalman and Starr [46] presented a systematic method for representing
the threaded volume by a continuous, homogeneous, linear elastic, anisotropic equivalent material. Moto-
sh [47] divided the nut and bolt into a series of cylindrical elements and determined the load distribution
of their threaded connection by using an iterative procedure. Wang and Marshek [48] developed a mod-
ified spring model for determining the load distribution in a threaded connection. Zhao [49] proposed
a virtual contact loading method to study the load distributions in bolt-nut connectors. In order to
reveal the stress in threads, axisymmetric FEM was used in the static analysis of threaded connections.
In this case, threaded portions were modelled by negelecting the effects of lead angle and the helix of
thread profile. Fukuoka et al. [50] performed a FEM analysis by using considering threaded connection-
s as an axisymmetric problem. Furthermore, some researchers applied axisymmetric FEM models to
perform elastoplastic stress and profile accuracy analyses for bolt-nut connections [51, 52]. In order to
investigate the effect of friction and manufacturing accuracy investigation on the performance of the
threaded connection, many researchers performed a 3D FEM analysis by considering the geometry of
helical threads [53-56]. Some studies tried to elucidate the loosing phenomena of bolted joints by using
the helical thread models [57-62], while some studies investigated the tightening process of threaded fas-
teners [63-65]. In addition, deformations in bolt-nut connection under thermal load can also be simulated
by using 3D helical thread models [66-68].

Although Sopwith’s theory can describe the load distribution of conventional threaded connections,

there are still many hypotheses in the theory, leading to several ambiguities in the axial load relationship



between each thread. Moreover, the Sopwith’s model ignores the torsion deformation of bolt and nut, so
it cannot be used for explaining the tightening and loosening mechanism of threaded fasteners. Until now,
there are very few theoretical models that consider the tension-torsion coupling deformation in threaded
connections. Although 3D FEM can obtain detailed information of stress concentration and contact
pressure distribution, a trade-off between fine mesh and computational cost should be compromised [69].
Generally, in a threaded connection where both tension and torsion coexist, and for some engineering
applications whose threads take large lead angles [70, 71], torsion load may have significant influence on
the performance of threaded connections. In this case, both tension and torsion load must be considered
in the analysis of threaded connections. Therefore, the present work aims to develop a new theoretical
model for load distributions with the consideration of coupling of tensional and torsional deformations in
threaded connections.

The contribution of this work is that the proposed model is more general and comprehensive com-
pared to the Sopwith’s theory (or Yamamoto’s model) studied in [31-33]. In the present study, the main
structures of bolt and nut were modelled as homogeneously elastic tension-torsion bars[72, 73], while
threads were modelled as a continuous cantilever beam attached to the bolt and nut along the thread
helix[33]. The load transfer between bolt’s and nut’s threads follow the modified cantilever beam theory
in the Yamamoto’s model, and the friction between the threads satisfied Coulomb’s friction law. Through
establishing the compatibility relationship between the deformations of bolt and nut and the deformations
of contact threads, the tension-torsion coupled equations of equilibrium for the bolt and nut were then
established. Combined with the boundary conditions of the bolt and nut, distributions of tensional and
torsional loads were also obtained. The proposed model can be reduced to Sopwith’s and Yamamoto’s
models when its lead angle is sufficiently small for which load distribution can be analytically expressed.
Numerical results obtained from 3D FEM analysis were used to validate the proposed model. In addition,
the influence of its geometrical and material parameters on load distribution was investigated thorough-
ly. In conclusion, the tension-torsion coupled model captures the stress distribution characteristic of
threaded connection, and can be further used to study tightening process and anti-loosening of a bolt-nut
connection.

The rest of this paper is organised as follows. Analysis for the deformations involved in bolt, nut
and threads is carried out in Section 2. Section 3 presents the governing equations for a general bolt-nut
connection . In Section 4, an analytical solution for the thread with a small lead angle is studied. In
Section 5, the proposed model is validated by using FEM, and the influence of its physical parameters

on load distribution is investigated. Finally, some conclusions are drawn in Section 6.

2. Deformation analysis of threaded connection

This section will present a detailed analysis for the deformation involved in a threaded connection.
Firstly, the coordinates used for describing the geometries and deformations of the connection are intro-
duced. Then Yamamoto’s model will be used to calculate the contact stiffness of the thread, and the
deformations of main structures of the bolt and nut will be defined. Finally, compatibility conditions
for the deformations of the thread and the main structures will be established to describe the contact

relationship between threads.



2.1. Description for threaded connection

Fig. 1 shows a bolt-nut connection, where a cylindrical bolt perfectly engages with a hollow-cylindrical
nut through helical threads. The radius of the bolt is 7, and the outer radius and inner radius of the
nut are 7,, and ry;, respectively. Thus the pitch radius of the nut and bolt is r, = ﬁ?% The pitch of
the thread is p, and the number of thread is m, so the thread lead is given by L, = mp. The length of
the engagement between the bolt and nut is L. As shown in Fig. 1(c), the bolt and nut threads take the
same isosceles-trapezoidal cross-section with the height h, root width d and thread angle 8. The bolt and
nut are made of materials with Young’s modulus E;, shear modulus G; and Poisson’s ratio v;, where the
subscripts ¢ = b and n represent the bolt or nut, respectively. Finally, an external force P and a torque

T" are applied to the top end of the bolt along its axial direction.

(2) (b)

" Coordinates

Nut

Figure 1: (Colour online) (a) A threaded connection consisting of a bolt with radius 7, and a nut with outer radius rn, and

inner radius ;. The pitch of the thread is p and the pitch radius and the engagement of the connection are rp = %

and L, respectively. As shown by the red line, a referenced helix with radius of curvature r, representing the geometric
centre of the engaging faces between the threads are defined to investigate the contact relationship between the bolt and
nut. (b) A Cartesian coordinate (O —i1i2i3) is located at the bottom center of the bolt. And at any point on the referenced
helix, a local Frenet coordinate (Oy — e1eze3) and an intermediate coordinate (O; — kikaks) are defined. (c) A detailed
cross-sectional view of the trapezoid thread with height h, root width d and thread angle 3.

Let us define a Cartesian coordinate (O — i1izi3) with origin O at the bottom of the bolt and iz along
the axis of the bolt. To investigate the contact relationship between the bolt thread and nut thread, we
need to define a referenced helix with radius of curvature r,, representing the geometric centre of the
engaging faces between the bolt’s and nut’s threads before deformation. We assume that this referenced
helix is invariable after a small elastic deformation. The referenced helix can be parameterised using the
arc-length s, whose original point, s = 0, is located at (7,0, 0) in the coordinate (O — iyiziz). Thus, any

point on the referenced helix can be described in the Cartesian coordinate as



where

<

a=rp,
b=Le (2)
c=+Va?+ b2

At any point on the referenced helix, a local Frenet coordinate (Oy — ejeges) is defined as shown in

~

[

Fig. 1(b), where e;, es and e are the tangential, normal and binormal vectors, respectively. In addition,
the plane (Of — eses) corresponds to the cross-section of the thread as shown in Fig. 1(c). Here, we
introduce an intermediate coordinate (O; — kikoks) generated by rotating the coordinate (Of — ejeze3)
around e; with a lead angle . The relationship between the lead angle and referenced helix parameters

are
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Clearly, ko and k3 are parallel to e; and i3, respectively. The coordinate transformation matrix among
the Cartesian coordinate (O—1iyizis), the Frenet coordinate (O —ejeqes) and the intermediate coordinate

(O; — kikoks) are given as

€1 ky iy iy
ea| =Ry |ko| = RyiPic |ia| = Rye [in] (4)
e3 k3 i3 i3
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a g b —sin? —cos2 0 —2gins —%cogs L
¢ P c c c c c c ¢
Rpyi=|10 1 0f, Rie= cos® —sin? 0 Ry, = cos 2 —sins 0 - (5)
-2 0 ¢ 0 0 1 b sin & beoss @
C C C C C

2.2. Thread deflection and its contact stiffness

To investigate the deformation of the thread, as shown in Fig. 2, the screw thread can be modeled as a
short cantilever beam with the thickness being the length of the thread helix, and contact force between
threads can be simplified as a resultant force.  In order to determine the location of the resultant
force, Nassar[8] simplified the complex normal contact force between threads was uniformly distributed
or linearly distributed along radial direction. The FEM results of Liu et. al [62] showed that the normal
contact force was neither uniform distributed nor linear distributed, but the resultant forces was located
near the midpoint of the thread.

Assuming the normal resultant force acts at the midpoint of the thread and taking thread’s bending,
radial compression and the Poisson ratio effect into consideration, Sopwith [31] built up a modified theory
for symmetric triangle cantilever beam model to calculate the equivalent contact stiffness that links the
normal force to the deflection at the midpoint of the thread. Based on Sopwiths theory, Yamamoto [32]
and Lu et al. [33] simplified the thread as a trapezoidal cantilever beam and considered more factors to

calculate the contact stiffness more precisely. In this paper, we use Yamamoto’s model to compute the



contact stiffness of the thread.

€,

Figure 2: (Colour online) Total deflection ¢ of a thread under normal contact pressure which is assumed to be uniformly
distributed and can be simplified as an equivalent normal contact force at the midpoint of the thread in (Oy —e2, e3) plane.

Fig. 2 shows the cross-sectional shape of the thread before and after deformation, where f™ represents
the resultant force per unit length of the thread helix, acting at midpoint along the normal direction of
bearing face of the thread. The cross-section is located on the Oy — eses plane, and takes an isosceles-
trapezoid shape with the height h, root width d and thread angle 8. Thus, the width at midpoint is
given by d,, = d — 2h cot 8. The deflections at the midpoint of the thread due to different factors are
illustrated in Fig. 3, where 01, 02,5, 037 and d4,; represent the deflections along e3 direction induced by
thread’s bending, shearing, the incline at the thread root and the shear at the thread root, respectively.

Here, j = b or n stands for bolt or nut, respectively.

(a) Bending (b) Shear (c) Incline atroot  (d) Shear at root
f

n,

__/

Figure 3: (Colour online) Deflections of the thread induced by (a) thread’s bending, (b) shearing, (c) the incline at the
thread root and (d) the shear at the thread root, where j = b or n stands for bolt or nut, respectively.

According to [32, 33], the relationship between the normal force f™ and the deflections 61, 2,5, 03,5

and d04,; are given by

3sin f(1—v?) . 2 2 .
iy = o) [1_(2_%) mn(%)] s =) ot | g

_ 6sinB8(1+v,) d n
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In addition, Yamamoto [32] introduced a correction term considering the deflection caused by the radial



contraction and expansion of the bolt and nut, respectively. This is given by

sin B(1—wp) cot? Bry rn | =
5o — pe T or = )
Jo— sin B cot” Brni [ ThotThi | =
o nt (Lpetly 4y, fm for j =n.

Combing all the deflections together, the total deflection along es direction of the thread for the
bolt and nut can be calculated as §; = S.°_, §; ;. According to Eqgs. (6) and (7), it is clear that the
deformation depends on the load f linearly. Therefore, the equivalent contact stiffness of the thread can

be computed as

k= (8)

which depends on the geometry and material properties of the thread.

As shown in Fig. 2, Yamamoto’s model considers the deflection along the binormal direction es only.
The shear deformation of the thread along e; and the compression deformation of the thread along es
are small enough to be ignorable. Therefore, the displacements of threads of the bolt and nut at their
midpoint induced by the thread interaction can be written in the Frenet Coordinate (O; — ejeze3) as

t_
uf dpes, (9)
n

u, = (5n63.

2.8. Deformation field of the bolt and nut

To model the bolt-nut connection, deformations in the structure must be considered. Here, both bolt

and nut that are subjected to tension and torsion deformations only are modelled as homogeneous elastic

2 2
no — Tni

bars with the uniform cross-sections , A, = 7T7“§ and A, = 7(r ), respectively. Fig. 4 shows a
description for the deformation fields of the threaded connection, where the tension deformations of the
bolt and nut are determined by the translational displacements wy(z) and w, (z), respectively, and their
torsion deformations are modelled by the angular displacements , 8,(z) and 6,,(z). Under the homogeneity
assumption, wy(z), wy(2), Op(2) and 6,,(z) are the functions with respect to the Cartesian axis, z.

As shown in Fig. 4(a), define By, and B, are the midpoint points of the bolt’s and nut’s threads,
respectively, which are a pair of engaging points located in the reference helix curve. Due to the defor-
mations of the main structures, these two coincident points will take certain elastic displacements. Here,
we use uj(z) and uj(z) to denote these two displacements of By and B,. As shown in Fig. 4(b), the
coordinate components of ug(z) and u} (z) in the intermediate coordinate (O; — kikoks) can be written
as

ui(z) = b0y (2)ky + wp(2)ks, (10)
$(5) —

ui(z) = b0, (2)k1 + w,(2)ks.

Using the transformations in Eq. (4), uj(z) and uj,(2) in the Frenet coordinate (Oy — ejeses) are given
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Figure 4: (Colour online) (a) The bolt and nut are modeled as bending-torsional coupling elastic bars. The dashed
rectangle and the solid rectangle are the outlines of the bolt and nut before and after deformation, respectively. bolt’s
tension deformation , bolt’s torsion deformation , nut’s tension deformation and nut’s torsion deformation are denoted by
wp, Wy, Wn and wn, respectively. (b) Before deformation, a pair of engaged points B, and By, on the bolt’s and nut’s
threads, respectively, are located at the origins of (O; — e1eze3) and the intermediate coordinate (O; — kikaks). Due to
the tensional and torsional deformations of the bolt and nut, By and B, will move to B{) and B}, respectively.

by
ui(z) = u{:(z)e1 + w{:(z)eg
= [%wb(Z) + a—fab(z)} e1+ [%wb(z) + a?bab(z)} es; (11)
w(:) = ul(er +wl(2)es
= [%wn(z) + a—jan(z)} e+ [%’wn(z) + a?bgn(z)} €s-

2.4. Compatibility condition for thread contact

Let u, and u, be the total displacements of thread’s midpoint of the bolt and nut, respectively.
According to Eqs.(9) and (11), the total displacements can be written in the Frenet coordinate (Of —
e1e2e3) as

u, =uj +u; = u{:el + (w,’: + dp)es,

(12)

u, =uf, +ud =ule; + (wl +6,)es.

Based on the non-penetration condition between contacting bodies, the two engaged contact points

{Bb, B} should take the same elastic displacements along the binormal direction es, i.e., wl{ + 0y =
wf + 8, which can be rewritten as

6 = —wi, (13)

where 6, = dp — 9,, and wa = w{: - wa are the relative deflection and the normal relative translation

between the bolt and nut threads, respectively. Alone the tangential direction e;, the contact pair

10



{By, B,,} will have a relative displacement

u{f = u{el = (u{: - u{;)el. (14)

Substituting Eq. (11) into Eqgs. (13) and (14) gives the compatibility conditions for a thread contact

5 =—wf
= _%(wb_wn)+ %b(eb_en)v (15)
wf = wy —wn) + C (0 — b)),

which describes the normal relative deflection and the tangential relative displacement between a pair of
engaged threads as functions of the tension and torsion deformations of the main structures of the bolt

and nut.

3. Governing equations for the bolt-nut connection

This section will establish the governing equations for the bolt-nut connection. Firstly, the derivations
of the thread contact force by the contact constitutive relation and the compatibility condition are
presented. Then the differential equilibrium equations considering the tension and torsion of the bolt-nut

connection are established. Finally, some boundary conditions are presented.

3.1. Contact force between threads

According to Eq. (8), we can describe the relationship between the normal contact force f™ per unit
arc-length and the deflection of the bolt thread as

f’n
6() = k_g,
where k;' is the normal stiffness of the bolt thread. Similarly, the thread deflection of the nut subjected
to the reaction force is given by
_fn
571 = J:l )
kn

where k] is the normal stiffness of the nut thread. Thus, the relative deflection between the bolt and nut
threads can be calculated as

kp +k,
57":517*571 :an7
b 'n

which can be rewritten as

=Ko, (16)

here 6, = 0, — 0, and k7 = Fika
where 0, = 0y — 9,, an (ol v w

In the tangential direction e;, the tangential relative displacement uf in Eq. (14) will cause a friction

force f7 = f7e; between the threads of the bolt and nut. Introducing a tangential relative contact

stiffness k7, and considering the Coulomb friction law, the tangential contact force can be obtained as

—klu! it |kTul| < plf,

fr= —ulf”l‘ﬁ—é‘ i kyuf| > plfm)

(17)

11



where p is the coefficient of friction between the threads.
Substitution of the compatibility condition in Eq. (15) into the constitutive relations in Eqgs. (16) and
(17) gives

fr = [ 4wy = wa) = (6, — 6.)]

R e e+ S0 - 0] i (k| < alfl, (18)
i QAR it [kpuf| > 7],

which describe the normal and tangent contact force between the threads as functions of the tension and
torsion displacements of the main structures of bolt and nut.
According to the geometry of the thread illustrated in Fig. 2, the contact force Ff applied on a small

segment of the bolt thread having a length ds can be expressed in the Frenet coordinate as

Ff = Fle, + Fles + Fles
= f7dse; + f" cos fdses + f" sin Bdses. (19)

Using the coordinate transformation shown in Eq. (4), the contact force in an arc-length ds can be

rewritten in the Cartesian coordinate as
F = FiPg
= Fii; + Foiz + Fiig
= [—%Flf sin (%) — F2f cos (%) + %Fg sin (%)} i1
Jiz

+[2F + 27 is. (20)

+ [%Flf cos (2) — F2f sin (£) — %st cos (2)

o lw

As shown in Eq. (1), the arc-length s and the axial length z follows s = 7z, so, ds = $dz. Considering
a bolt connection with the thread number m, the axial force ¢(z) per unit axial length of the contact

force F along iz can then be written as

q(2) :m% =mfT +mgf"sinf. (21)

The torsional torque 7(z) generated from the contact force F per unit axial length along iz can then

be given by

T(Z) = (roof X %) . i3

=m {%acos (f) — %asin(%)}
:m%fT —maf" sin f. (22)

Substituting Eq. (18) into Eq. (21) and (22), it is clear that the axial contact distributed force g(z) and

the distributed torque 7(z) are functions of the tension and torsion deformations. We can write them in

12



a general form as follows,

q :q(wb7 eb) wTM en);
T =71(wp, Op, W, O).

3.2. Equations of equilibrium

As the main structures of bolt and nut are simplified as homogeneous elastic bars, their constitutive

relationship can be expressed as

N; = E; A4,
24
T = @G. T, 9 ( )
K2 (2 'LdZ7

where A; and I; are the area and the polar moment of inertia of the nut’s or bolt’s cross-section, respec-
tively. IV; and T; represent the tension force and the torque applied on the section located at position z,
respectively.

Along the axial direction, the bolt is subjected to a distributed axial load ¢(z) and a distributed
torque 7(z) generated by the interaction between the threads of the bolt and nut. As shown in Fig. 5,
we analyse an infinitesimal segment with a length dz, the balance equations of the infinitesimal segment

can be written as
dNy + ¢(z)dz = 0,

dTy, + 7(2)dz = 0. (25)

Similarly, the nut along its axial direction is subjected to the reaction axial force and the reaction torque.

Therefore, the balance equations for an infinitesimal segment of the nut can be written as

dN,, — q(z)dz =0,

dT,, — 7(z)dz = 0. (26)

Considering Egs. (23) and (24), the tensional and torsional differential equations of equilibrium for

the main structures of bolt and nut can be written as

2
EyAp S + q(wy, Oy, wy, 0,) =0,

EnAndj% - Q(wb, 9()7 Wn, en) = 07
(27)

bebffz” +7(wy, O, wn, On) =0,

2
Gnln% - T('U.}b, eb) Wn, 971) = O

Once the boundary conditions of the bolt connection are given, we can numerically solve or theoretically
analyse Eq. (27) to obtain the deformation field of the bolt and nut.

3.8. Boundary conditions

Depending on the loading environment, different boundary conditions can be assigned for the bolt-nut
connection. Here, we consider a specific situation where the nut is fixed while the bolt is subjected to an

external tension and torque. In this case, the nut takes a fixed boundary at the bearing surface z = L

13
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Figure 5: (Colour online) Equilibrium of an infinitesimal element for (a) bolt and (b) nut .

while the surface at z = 0 has no external load. The boundary conditions of the nut can then be expressed

as

dwn — _
C,lluz =0 - 0’ wn|z:L - 07
N (28)
dé, _ _
ol =0, bl =0.

At the surface z = L of the bolt, there are external tension P and torque I' representing the internal
load of the bolt, respectively. The surface at z = 0 can be considered as a free surface. Therefore, the

boundary conditions for the bolt are given by

du| _o Badm| P
z=0 z=L (29)

dé _ dé —

d_zb =0 - 07 EbAbd_zb . - F?

By using the boundary equations Egs. (28) and (29), the coupled equations in Eq. (27) can be calculated

to obtain the distributions of tension and torsion in the bolt-nut connection.

4. Analytical solution for small lead angle under tension

For the bolt-nut connection under the condition that nut is fixed and bolt is only subjected to an
external tension force, the connection may be self-locked due to friction if the lead angle is sufficiently
small. When no external torque is applied on the bolt, the total torque induced by the friction should
be equal to zero, namely, [ 7(z)dz = 0. At the critical state of Coulomb friction, we have f7 = pf™ and
the direction of 7(z) should be identical. This means that we must have 7 = 0. Accordingly, we can get

from Eq. (22) the maximum lead angle 7. responsible for a self-locked connection,

7. = arctan (Siﬁ ) . (30)
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Clearly, the self-locked lead angle increases as the thread angle 5 decreases. This is the reason why
the trapezoid thread is often used for static connection, while the rectangle thread is used for screw
translation.

For the bolt-nut connection with a small lead angle, i.e., n < 7., we can assume that the static friction
torque generated by the threads take the same direction when the bolt is only subjected to an axial load.
So the equality 7 = 0 still exists. In this case, from Eq. (22) the static friction force can be expressed as
= %f" sin 8. Substituting this relationship into Eq. (21) gives

q:mZ—Zf”sinB, (31)

where the geometrical relationship in the third term of Eq. (2) is used.

Noting that 7 = 0 means that no torsional deformation is generated when the bolt is only subjected
to an axial load. Namely, we have 0(z),, = 0p(z) = 0. Thus, substituting the first term of Eq. (18) into
the Eq. (31) leads to the relationship between the axial load distribution ¢ and the tension deformations
of the main structures of the bolt and nut,

_ mk]'sinf

q= sinn (wb - U}n) = _ka(wb - U}n), (32)

where Eq. (3) is used, and k, = %S:B can be considered as the axial relative contact stiffness between
the threads.
By subtracting the first two equations of Eq. (27), we get

2
ET'A’!‘% = kan (33)

where E, A, = % is the relative tensile stiffness between the bolt and nut. Combining Eqs. (32)

and (33), the governing equation for the distribution of the contact force between the threads is given by

2
o —wl=0, (34)
where
_ ka mk sin 3
W= \/ETA,. - E,.A,sinn" (35)

The governing equation Eq. (34) has an identical form with the governing equation in Sopwith’s and
Yamamoto’s modes [31, 32]. However, the governing parameter w in Eq. (34) has a clearer physical
meaning.

The general solution of Eq. (34) is
q = V1" +1hoe” 7, (36)

where 11 and 5 are integration constants to be determined by the boundary conditions.
In order to determine ¢, and 13, we can use the boundary conditions given by Egs. (28) and (29).

For the free cross-section at z = 0, the corresponding condition related to ¢ can be expressed as

|, = ke S| =0, (37)
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Besides, the integration of the contact force along the whole engagement should be balanced with the

external tensile force, which can be expressed as

L
/ qdz = P. (38)
0

Substituting Eq. (36) into Eqgs. (37) and (38), the integration constants are determined as ¥; = 9 =

Pw

—T—.—wr- Lhen the exact solution of Eq. (36) can be written as

q= ﬁ (ewz + e_wz) . (39)

In Eq. (39), it can be seen that the distribution of the contact force is mainly affected by wL . When
wL > 1, the terms e~“? can be neglected, so Eq. (39) can be simplified as

q= Lre”, (40)

leading to an exponential distribution for the axial load along the axial direction, where the closer to the
load surface, the greater the axial load.
When wL < 1, by using the Taylor expansion e*?* = 1 + wz + O(w?2?), the solution of Eq. (39) can

be rewritten as

q:

bjl“tl

(41)

In this case, the contact force seems to uniformly distributes along the axial direction. Clearly, the
dimensionless quantity wl is a key parameter to influence the distribution of the contact force.

If the lead angle of the bolt-nut connection is greater than the maximum self-locked lead angle,
i.e., n > 0, either a fixed boundary condition or an external torque should be assigned at z = L for

maintaining the connection balance. If a fixed boundary at z=L is assigned, Eq. (29) should be changed

as
d) =0, EBAYE| =F
dé
T o 0, 6],_, =0.

In this case, the condition 7 = 0 is no longer kept, and the torsional deformations must be considered in
the modeling. Therefore, we must solve the coupled equations in Eq. (27) combined with the boundary
conditions in Egs. (28) and (42). The coupling makes the analytical solution having complex expressions
that can not be expressed as a simple form as the case of the thread connection with a small lead angle.
In the following section, we will present numerical solution to demonstrate how the coupling affects the

load distribution.

5. Numerical investigations

5.1. Parameters of the bolt-nut connection

In the following simulations, two cases of bolt-nut connections are studied, where one case is for small
lead connection whose lead angle is smaller than its the maximum self-locked lead angle, while the other

one is for the lead angle bigger than its the maximum self-locked lead angle.
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The parameters of the bolt-nut connections are listed in Table 1. For the case of the connection with
a small lead angle, the pith is p = 3 mm, and the number of the thread is m = 1, so L, = mp = 3
mm. We assign the large lead angle connection with pith p = 4 mm, m = 3, so L, = mp = 12 mm.
The cross-section of the thread for the small lead case is trapezoidal with d = 2.65 mm, h = 2.00 mm
and 8 = 60°, while the cross-section of the thread for the large lead case is rectangular with d = 1.47
mm, h = 2.00 mm and g = 90°. For both cases, the radii of the bolt and nut are r, = 9 mm, r,; = 11
mm andr,, = 15 mm, and the engaged length between the bolt and nut is L = 24 mm. The Young’s
modulus of elasticity and the Poisson’s ratio of the bolt and nut in both cases are the same. In addition,
the relative tangential contact stiffness is k7 = 6.5 x 10 N/m? which is obtained by empirical fitting,

and the friction between the bolt and nut is set as p = 0.1.

Parameters Small lead Large lead  Unit
Pitch, p 3 3 mm
Thread number, m 1 4 —

Lead, L, 3 12 mm
Thread hight, h 2 2 mm
Thread width, d 2.65 1.47 mm
Thread angle, 3 60 90 °

Thread friction, u 0.1 0.1 -

Bolt radius, 9 9 mm
Nut inner radius, 7, 11 11 mm
Nut outer radius, 7m0 15 15 mm
Engaged length, L 24 24 mm
Young’s modulu, E 2 x 10t 2 x 10t Pa
Poisson’s ratio, v 0.3 0.3 —

Tangential stiffness, k7 6.5 x 10° 6.5 x 10°  N/m?

Table 1: Physical parameters of the bolt-nut connections.

In terms of Egs. (2), (3) and (30), together with the parameters shown in Table 1, we can obtain
n = 1.7° and 7. = 6.6° for the small lead case, while n = 6.8° and 7. = 5.7° for the large lead case.
Noting that n < 7. for the small lead case, we can find its theoretical solution for tension load distribution
according to Eq. (39) and the torque 7 = 0 when the bolt-nut connection is only subjected to an external
axial load P. For the large lead case, we have n > .. In this case, no theoretical solution can be found,
and a fixed boundary should be assigned at z = L for balance, even though the bolt-nut connection is
only subjected to an external axial load P. In the following, we will perform FEM analysis for verifying

the above discussions.

5.2. Model validation via finite element method

To validate the proposed bolt-nut connection model, two finite element (FE) models for the small and
large lead cases were developed by using ANSYS WORKBENCH. Fig. 6 shows the two FEM models,
in which the geometrical and material parameters in Table 1 were adopted. The quadratic tetrahedron
element with 10 nodes (Solid 187) was selected to discretise the bolt and nut, and the element sizes of
the main structure and the thread are limited less than 1 mm and 0.2 mm, respectively. The contact
interaction between the threads of the bolt and nut was modelled by using frictional face-to-face elements.
According the boundary conditions for the small lead case as shown in Egs. (28) and (29) , both the
cross-section of the bolt and the nut at z = 0 is set to free, while the cross-section of the bolt and the

nut at z = L is applied to an external force P and external torque I' along z and is fixed, respectively.
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For the large lead case, cross-sections of the bolt and the nut at z = 0 are also free, and cross-section
of the nut at z = L is fixed. However, the rotation of cross-section of the bolt at z = L is limited and
is only applied an external force P along z, which is corresponding to Eq. (42). After solving the FE
models, we can employe the probe tool in the post-processor of the FEM software to obtain the tension

and torsion distribution along the axial direction of the connection.

(a) Small lead (b) Large lead
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Figure 6: (Colour online) Finite element models of the bolt-nut connections for (a) the small lead case with 1 trapezoid
thread and (b) the large lead case with 4 rectangle threads. The quadratic tetrahedron element with 10 nodes was selected
to discretise the connections, and the element sizes of the main structure and the thread are limited less than 1 mm and
0.2 mm, respectively. The contact interaction between the threads was modelled by using frictional face-to-face elements.
Both bolt and nut are shown by a three-quarters view.

To numerically solve the tension-torsion coupled equation Eq. (27) under the boundary conditions as
shown in Egs. (28), (42) and (42), the Euler difference technique [74, 75] was employed. Both the bot and
nut were divided into (k — 1) identical pieces with k nodal points. Besides, a dummy point was added
outside both ends of the nut and bolt to calculate derivations of the end nodal points. Through the dis-
cretisation, the displacement of the connection can be written as X = [wy, 0y, w,,, 0,7 € R*(5+2) | where
wo = [wf i w8, = 00,65 65w = [wl,wh - wit] and 6, = [60,6} - 05",
Eq. (27) can then be discretised into 4k equations, and the boundary conditions in Egs. (28) and (29)
or (42) can be discretized into eight equations based on four dummy nodes. Finally, we can formulate
these discrete equations into a form as AX = B, where A € RE##+8)x(45+48) 5 the coefficient matrix,
and B € R*t8 ig the external force and torque. In our calculations, we set £ = 1000 to obtain the
deformations and load distributions of the bolt-nut connections.

Fig. 7 presents the stress contours of the FE model in a cylindrical coordinate for both the small lead
and the large lead cases, in which only external tension was set on the bolt, where P = 1000 N and
I' = 0 Nm. Figs. 7 (a) and (b) show the normal stress o, distributions for the small and large cases,
respectively. It is seen that the closer to the external load, the greater the magnitude of stress o, is, in
agreement with the findings in [31, 32]. Comparing the shear stress o,¢ for the small lead case in Fig. 7(c)
and for the large lead case in Fig. 7(d), the distribution of the shear stress for the small case is more
uniform, while the magnitude of the shear stress for the large lead case is greater as a whole. Using the

probe tool of the FEM software, the normal stress ¢, and the shear stress 0,9 over the cross-section of
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the bolt or nut can be automatically integrated to obtain the tension and torsion of the cross-section.

(a) Small lead (b) Large lead
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Figure 7: (Colour online) Stress contours of the FE model for (a) the normal stress o.. of the small lead case, (b) the
normal stress o, of the large lead case, (c) the shear stress 0,9 of the small lead case and (d) the shear stress 0,9 of the
large lead case. Both bolt-nut connections are shown by a one-half cutaway view.
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Fig. 8 shows the comparision between the results obtained from the proposed model, the analytical
solution and the FE model. Fig. 8(a) displays the distribution of the relative tension for the bolt Ny =
Ny /P as a function of the relative position 2 = z/L. It is seen that the results of the proposed model
have a good agreement with the FE results for both the small and large lead cases. For the small lead
case, the analytical solutions coincide with the results of the proposed model. For the large lead case,
the difference between the numerical and the analytical results is also small. The distributions of the
relative torsion for the bolt 7, = Tp,/(Pa) as a function of the relative position 2 = z/L are presented
in Fig. 8(b), which shows a good agreement between the results of the proposed model and the FEM
analysis. Figs. 8(c) and (d) present the distributions of the relative tension N,, = N,,/P and the relative
torsion T}, = T, /(Pa) for the nut as functions of the relative position 2 = z/L, respectively. It can be
seen that the load distributions of the nut take an opposite sign with that of the bolt. In addition, both
the solutions of the proposed model and FEM analysis suggest that the torsion of the small lead case is
sufficiently small to be ignorable.

Fig. 9 presents the tension and torsion distributions calculated by the proposed and the FE models

for the small lead connection under different external torques, where boundary conditions in Egs. (28)
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Figure 8: (Colour online) (a) Dimensionless tension Np, of the bolt, (b) dimensionless torsion T} of the bolt, (c) dimensionless
tension Ny, of the nut and (d) dimensionless torsion T}, of the nut as functions of the relative position 2 = z/L for the small
lead (SL) and large lead (LL) cases calculated by using the proposed model (PRM), the analytical solution (ANS) and the
finite element solution (FES). It shows a good agreement between the results of the proposed model and the FEM analysis,
and it is seen that torsion of the small lead case is sufficiently small to be ignorable.
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and (29) were applied. A pre-tension P = 1000 N was applied on the bolt at z = L, and the torque was
set to ' =T'/(Pa) = 0.0, —0.5, —1.0 and —1.5 Nm at z = L. As can be seen from Fig. 9(a), the torque
has very little influence on the tension distribution of the bolt. The result in Fig. 9(b) suggests that the
magnitude of the torsion increases as the magnitude of the external torque increases. For both tension

and torsion distributions, their numerical results are well consistent with the FE solutions.
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Figure 9: (Colour online) (a) Dimensionless tension N, and (b) dimensionless torsion T} of the bolt as functions of the
relative position Z for external torque I= I'/(Pa) = 0.0, —0.5, —1.0 and —1.5 Nm. The results obtained from the proposed
and the FE models are denoted by lines and dots, respectively. As the magnitude of the external torque increases, the
magnitude of the torsion increases, but the tension changes a little.

5.83.  Influence of physical parameters on load distribution

In this subsection, the influence of the geometrical and material parameters on load distribution in
the bolt-nut connection was studied. For the small lead case, there is only one parameter w in Eq. (34)
to be investigated. From Eq. (35), it can be seen that w is a function of the tensile stiffness of the bolt
and nut, the bending thread’s stiffness , shape, number and the lead angel.

Fig. 10 presents the dimensionless tension Nb and the dimensionless axial contact load § = gL/P of
the bolt as functions of the relative position Z under different dimensionless w = wL. It can be seen that
q is the derivative of Ny, with respect to 2. When the value of w is small, the tension of the bolt increases
linearly as Z increases, and the distribution of the contact force is uniform along the axial direction. As
the value of w increases, the distribution of the contact force becomes more concentrated in the area
where the force is applied (2 = 1).

For the large lead case, the torsion distribution in bolt-nut connection was calculated. The dimension-
less circumferential torsion Tb and the dimensionless contact torque of the bolt ¥ = 7L/Pa as functions
of the relative position Z under different leads are shown in Fig. 11. It is seen that the torsion and the
contact torque of the bolt becomes larger at the positions closer to the site of the external force applied.
When the lead angle increases, the torsion of the bolt increases as well. So the torsional strength should
be taken into consideration in the bolt-nut connection with a large lead.

Fig. 12 displays the effect of ratio of radii between the nut and bolt on the tension and torsion
distributions of the bolt-nut connection with a large lead angle. Fig. 12(a) indicates that, as the nut
radius increases, the tension load distribution becomes more uniform and tends to a limit curve. Similar

phenomenon can be observed from the torsion distribution presented in Fig. 12(b). However, the nut
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Figure 10: (Colour online) (a) Dimensionless axial tension N and (b) dimensionless axial contact force § of the bolt vary
as functions of the relative position Z calculated for @ = 0.2, 1.0, 3.0 and 5.0. Numerical and analytical results are denoted
by lines and dots, respectively. As the value of @ increases, the distribution of the contact force becomes more concentrated
near the area where the force is applied.
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Figure 11: (Colour online) (a) Dimensionless circumferential torsion Tj and (b) dimensionless contact torque 7 of the bolt

vary as functions of the relative position Z calculated for La = La/a = 0.9, 1.2, 1.5 and 1.8. It is seen that the torsion of
the bolt increases as the lead angle increases.

22



radius has little influence on the maximum of the torsion. This may shed a light on optimising the torsion

distribution by designing the nut with a proper radius.
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Figure 12: (Colour online) (a) Dimensionless axial tension Ny, (b) dimensionless circumferential torsion Tj, of the bolt vary
as functions of the relative position 2 calculated for rn0/rp = 1.3, 1.5, 2.5 and 5.0. The tension and torsion load distributions
become more uniform and tends to a limit curve as the nut radius increases.

6. Concluding remarks

A comprehensive model that can provide the tension and torsion load distributions in a general bolt-
nut connection was built up for the first time. Firstly, the thread of the connection was simplified as
a classical cantilever beam model to obtain its stiffness. The main structures of the bolt and nut were
modelled as homogeneous bars to consider their tension and torsion deformations. Then compatibility
conditions for the deformations of the threads and the main structures of the bolt and nut were derived.
By using these compatibility conditions, contact force was calculated as a function of tensional and
torsional deformations of the bolt and nut. Finally, the tension-torsion coupled governing equations of
equilibrium in the axial and circumferential directions was built.

According to the critical sate of Coulomb friction between threads, we obtain a self-locked lead angle
responsible for the static balance of threaded connection. For the bolt-nut connection with a lead angle
smaller than its self-locked lead angle, the connection can be balanced by friction under pure tension
load. In this case, the contact torque is zero and the torsional deformations of the bolt and nut can be
neglected. Thus, an analytical model of the tension distribution can be obtained from the tension-torsion
coupled model, which coincides with Sopwith’s and Yamamoto’s models [31, 32]. The analytical solution
indicates that the load distribution is only affected by the dimensionless quantity w = wL, which is a
function of geometrical and material parameters of the bolt-nut connection. When @ is small, the contact
load is uniformly distributed along the axial direction. If & is large, the contact load mainly concentrates
on the area where the external axial force is applied.

The proposed model was validated for both small and large lead cases through FEM analysis. The
tensions and torsions calculated from the proposed model were in a good agreement with the results from
FEM analysis. By using the proposed model, the influence of the geometrical and material parameters
on the load distribution in the bolt-nut connection was investigated.

In conclusion, the tension-torsion coupled model for load distribution can provide a theoretical foun-

dation for the design of general bolt-nut connections with different types of leads under various boundary
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conditions. Future works include the analyses of anti-loosening and dynamical responses of the bolt-nut

connection and their experimental validations.
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