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1. Introduction

Let d > 2 be an integer, G := SL(d,R), I" := SL(d, Z), and p be the Haar measure on G
normalized so that the measure of a fundamental domain of the lattice I' is equal to one.
In this paper, we introduce a generalization of the Farey sequence from number theory
(2.1) which we call a translated Farey sequence (8.1), prove geometric and dynamical
properties of translated Farey sequences (Section 8.1 and Theorem 1.7), and use these
properties to prove shrinking target horospherical equidistribution for a certain diagonal
flow (1.1) on the space of unimodular lattices I'\G, extending the result for d = 2,
namely [22, Theorem 1.1]. Like the Farey sequence, a translated Farey sequence has
useful geometric and dynamical properties, namely that it is discrete and equidistributes
on a distinguished section (1.2) of I'\G, and these properties allow us to rescale in space
and time, providing a remormalization, which, as we shall see, is a powerful tool in
studying geometric and dynamical questions such as the type of equidistribution results
considered in this paper and may have further applicability. Even for d = 2, the technique
in this paper allows us to consider any horocycle, instead of just the periodic horocycles
considered in [22]. The technique from [22], the double coset decomposition and the
method of stationary phase, seems to only be useful for periodic horocycles.
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1.1. Shrinking target equidistribution and preliminary notation

On a finite-volume space with cusps and with a geometric object that, under a flow,
equidistributes on that space, a natural question to consider is what happens to the
equidistribution restricted to a target set shrinking into the cusps. This question is thus
about the relationship between two dynamics, the rate of the equidistribution of the
object and the rate of the shrinking of the target set. If the target shrinks too quickly
relative to the equidistribution of the object on the whole space, then we expect that
no equidistribution occurs on the shrinking set. If the target shrinks slowly enough
with respect to the equidistribution of the object on the whole space, then it may be
possible to obtain equidistribution on the shrinking target, suitably normalized for the
shrinking of the target. For d = 2 and the equidistribution of periodic horocycles, such
shrinking target equidistribution is possible for not just the modular group but also any
cofinite Fuchsian group with at least one cusp [22, Theorems 1.1 and 1.2]. Moreover, this
dichotomy is sharp, namely there is a critical exponent of relative rate ¢, under which
the target shrinks slowly enough relative to the equidistribution so that, normalized by
the rate of the shrinking of the target into a cusp raised to the normalizing exponent c.,
one obtains (a slower) equidistribution on a related fixed target, called the renormalized
target. In the notation (1.1), (1.3) of this paper, the results [22, Theorems 1.1 and 1.2]
show that the pair (c,, ¢.) is (2, 1) and invariant over the aforementioned Fuchsian groups.
We note that our results, Theorems 1.1, 1.3, 1.5, 7.2, 7.19, and 7.23, in this paper are in
agreement and give this pair as (d,d — 1) for I".

The notion of shrinking target equidistribution for horocycles has been precisely for-
mulated for d = 2 and the aforementioned Fuchsian groups at [22, (1.2)]. We now extend
this definition to d > 2 and T, noting that for d = 2 and T the definition in [22] and
in this paper are essentially the same, with each being more general than the other in
different aspects. Let Iy be the ¢ x £ identity matrix. Define the diagonal flow

e I, to
P! ;:( Od ! e(d_l)t> (1.1)

and the unipotent elements

@ = (1 T) aa a@= (M5 F).

where the abelian subgroups
Nt :={n,(x): 2R} and N~ :={n_(z):xcR¥}

are the stable and unstable horospherical subgroups, respectively, for ®¢. Let dz (and
dZ) be the Lebesgue measure on R9~! normalized so that it is a probability measure
on T 1. For a set B C R?1, let
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NTB):={n (z):z€B} and N (B):={n_(z):xcB}.

Fix L € G and let A; be defined as in Section 8.2. Given a bounded subset
A C Ay with measure zero boundary with respect to dx, we refer to TLN~(A) as

a (left- Jtranslated horosphere and say it equidistributes on a p-measurable subset U of
NG if

/IL;,, (Ln_(z)®") dz oo, w(Uf) / 1a(z) de
Rd-1

Here 15 is the indicator function for a set S, and the argument of 1, is considered as an
element of T\G. When L = I, we also say the horosphere and the horosphere equidis-
tributes.? Translated horosphere equidistribution has been studied in various setups in
a number of papers such as, for example, [6, Theorem 1.2], [11, Proposition 2.4.8], [14,
Theorem 5.2], and [5, Theorem 1.1]. Note that the horosphere and translated horospheres
are all regarded as objects in the space I'\G, and their equidistribution is with respect
to the right-action of ®!.

For shrinking target equidistribution, we replace the fixed target & with a shrinking
target. Let

H{(X(;1 tf):AESL(dLR),bGRdl} and T'yg:=TnNAH.
Let g be the Haar measure on SL(d — 1, R) normalized so that the measure of a funda-
mental domain of the lattice SL(d — 1,Z) is equal to one, and pg be the left-invariant
Haar measure on H normalized in the same way with respect to the lattice I'y. Ex-
plicitly, we have that dugy = dpedb (c.f. [13, (3.4)]). We begin defining shrinking target
equidistribution by considering a section

Sl = F\FH{(I)is G Rzo}, (12)

which is a closed embedded submanifold of T\G [13, Lemma 2], and we are, in particular,
interested in the subset

ST = F\].—‘H{Q_S IS Rzé lOgT} (1.3)
for T > 1. By thickening Sy or one of its subsets, we obtain a shrinking target Ur to be

defined precisely below. Note that Sy and, thus, Uy shrink into the cusp as T'— oo. For
such a target Uz shrinking into the cusp slowly enough with respect to the rate of the

2 There are some extra complications in the proofs for generic L versus L = I4 for which having termi-
nology distinguishing these cases is convenient.
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equidistribution of a translated horosphere, we expect, provided we normalize to account
for the shrinking target, that the translated horosphere equidistributes as follows:

Td_l/]luT(Ln_(x)cbt) de — T¢  u(Ur,) / Iy(x) de (1.4)
A Rd-1

as T — oo and t — co. We refer to (1.4) as shrinking target horospherical equidistribution
(STHE). Here Ty > 1 is a fixed constant and U, is a fixed target, which we refer to
as the renormalized target. The normalization to account for the shrinking target is to
divide by (%)d_l, and, since it is the same for all of our results in this paper, we
refer to its exponent as the normalizing exponent.® Note that STHE is closely related to
Diophantine approximation in that Diophantine approximation can be regarded as the
critical limit of STHE in a suitable sense, and this relationship and its implications for
number theory will be elaborated upon in [23].

1.2. Construction of shrinking targets

We construct the shrinking targets Uz by thickening. Fix a subset B C T !. Since
we are considering the equidistribution of a translated horosphere, it is natural to con-
sider the thickening in the stable horospherical directions, namely the set SpNT(B).
(See Corollary 5.11 for u (SNt (B)).) More generally, we will consider the analogous
thickenings of subsets of St, and these subsets are given in terms of (5.6), the Grenier
coordinates. These are the most convenient coordinates for our technique in this paper
as the fundamental domain ¢(.%)), defined in Section 5, associated to these coordinates
has a “box shape” in the cusp (see Section 5 for details).

Let us define a useful subgroup of

K :=S0(d,R),

namely

K = {(’0"’ tlo) keSO — I,R)}.

Let dk denote the probability Haar measure on K and dk denote the induced Haar
measure on K'. By (5.4) and Remarks 5.3 and 5.4, we can form a subset on S;, which
we refer to as a Grenier box, by choosing a measurable subset

K C K/, (1.5)

3 This normalizing exponent is the same as that in [22] even though the notation in that paper is slightly
different.
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and constants as, Ve, 35, ﬁ; as follows:

0< B <miy < B <1/2 for j=2,---,d—1
~1/2< By <wy; < B <1/2 forj=d o

! ! if d is even,
~1/2< B <m; <BE<1/2 for2<i<j<d
I<ay <y <y <00 for0=1,---,d—1 (1.6)
0< By <aiy < B <1/2 for j=2,---,d
—1/2< B <wi; <P <1/2 for2<i<j<d if d is odd.
1< <y << oo for6=1,---,d—1

We will denote a Grenier box by C := Cr_ 1, = C(a,y,[?,ﬂi;,ﬂ;;) where a =
(o1, ag—1), ¥ := (71, ;7a-1), and

d—1 d—1
d ._ 2(d—k) d ._ 2(d—k)
T = I_IadilC , Ty :== Yok -
k=1

k=1

The constants T_ and T, are the lower height and upper height, respectively, of the
Grenier box. Our shrinking targets Uy thickened in the stable horospherical directions
from subsets of St are then given by

CrN*(B) := Co—# 1oeT/T* ) N gy

Alternatively, in view of the Iwasawa decomposition of G, which gives a natural coor-
dinate system for G, thickening in spherical directions is also natural and, perhaps, more
useful than in stable directions. Let e, - - - , e; be the standard basis vectors of R¢ and
S1 be the sphere in R? of radius one centered at the origin. If we thicken by a subset
of K, we, in fact, only thicken in the directions given by the unit sphere S?~! because
the directions corresponding to the subgroup K’ (whose elements fix, from the right, the
vector eq) are contained in the section S;. Moreover, we have the identification

St = K'\K (1.7)
as the d-th row of any element of an equivalence class is invariant under the class. We
will use similar notation to that in [14, Section 5.2]. Let D C R9~! be an open bounded
set. Define a smooth mapping

FE:D— K (1.8)

such that 0 — I; and the induced mapping

D>z egE(z) e sttt (1.9)
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is injective and has nonsingular differential at every point of D (c.f. the mapping into
the d — 1-dimensional unit sphere in [14, Corollary 5.4]). Define

£:=&():={E(2)"':z€D}. (1.10)

Let us now write

B(z)' = (A t“’) — <A(Z) t“’ z)) € SO(d, R). (L.11)

v Cc

Elementary properties of K imply that

viv+c? =1 (1.12)
vA + cw =0.
We choose D so that
¢(D) > 0. (1.13)

A simple example of our shrinking targets Ur thickened in spherical directions is Sp&€
under the restriction (1.13), and this is the target considered in Theorem 1.5. More
general spherical thickenings are considered in Section 7, and these are obtained by
removing the restriction (1.13) and by using certain Grenier boxes in their construction.
We will consider all of these thickenings in this paper. Note that, in this paper, the
renormalized target Ur, is constructed via the same method of thickening as the shrinking
target Ur.

1.3. Statement of main results

Our first result, Theorem 1.1, is for shrinking targets constructed from Grenier boxes
thickened in the stable horospherical directions. These are the most general shrinking
targets thickened in the stable directions that we consider.

Theorem 1.1. Let 0 < n < 1 be a fized constant, L € G, A C A be a bounded subset
with measure zero boundary with respect to dx and

KcK'

be a measurable set with respect to dk. Let a, v, 61-;,61-‘; be constants defining a neigh-
borhood in 81 with lower height > 1 and define the following neighborhood of Sy

C:=Cr 1, :=Clo,y, K, 85,85

for constants co > Ty >T_ > 1. Let
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(T-) Z\R ifd=2
BcC _
(2 (T o\ R s

be a measurable set with respect to dx. For the family of neighborhoods of T\G
CrN*(B) = Co— 4 1oe(T/T2* ™) gy
then we have that

i1 / 1, e sy (- (@)8') dz =% 792 (€N (B)) / 1(2) da
A Rd*l

uniformly for all T € [Tfl/z(d_l)7 edtn).

Remark 1.2. Since our result is for ¢ — oo, we may assume, without loss of generality,
that edtn > p¥/2(d=1

), By Corollary 5.10, the right-hand side is also equal to

lim 79 (G N+ (B)) / 1La(z) dz

t—o0
Rd-1

Finally, note that one could obtain an explicit (and complicated) formula for u (CN*(B))
in terms of the variables x;;, y, (recall that K is fixed) from (5.6) using Grenier coordi-
nates.

A special but useful case of Theorem 1.1, which does not involve Grenier boxes, is
Theorem 1.3 in which the shrinking target is a small thickening of the section S7. Let
€ >0 be small, y € R4,

~ ~ ~ ~ e
NF(F) = {n+(:c) ENT:|E -l < 5} and N := NX(0).

Translating St along the stable direction by n(y) and slightly thickening, we obtain
our shrinking target Sy N (y). Note that Sy N (y) has positive u-measure.

Theorem 1.3. Let 0 < n < 1 and Ty > 1 be fized constants. Let L € G, y € R¥™!, £ >0
be small, and A C Ar be a bounded subset with measure zero boundary with respect to
dx. Then

d—1 t tooo L a4
T /]lSTN;@)(Ln(m)@)dw—>d<(d)€ / 14 dz

A Rd-1

uniformly for all T € [Ty, e®"].
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Remark 1.4. We may assume, without loss of generality, that e > T,. By Corol-
lary 5.11, the right-hand side is also equal to

Jim. T (STNF () / Iy da
Rd—1

We also note that € does not have to be very small. By Theorem 1.1, we can choose it
to be any positive value strictly less than

1Ty ifd=2

L&) itdzs

Our second result is for thickenings of St in spherical directions and is a special case of
the generalizations for certain more general Grenier boxes, Theorems 7.2, 7.19 and 7.23,
that we give in Section 7. We can even remove the restriction (1.13). Let

1 ifd=2

bo := a1 ~
CTVAR)T ifd>3

Theorem 1.5. Let 0 < n < 1 and Ty > g be fized constants. Let L € G and A C Ap, be a
bounded subset with measure zero boundary with respect to de and let (1.13) hold. Then

741 / Laxspe(@, Ln_(2)®") do =2 T 1u(Sp, &) /]lA(:c) de | (1.14)
Rd-1 Rd-1

uniformly for all T € [Ty, ).

Remark 1.6. We may assume, without loss of generality, that e?*” > Tj,. By Theorem 5.13,
the right-hand side of (1.14) is also equal to

Jim T4 (Sr€) / Iy(x) dx
]Rd—l

Our final result is the equidistribution of translated Farey sequences (defined in
Section 8.1) and a generalization of Marklof’s equidistribution result for the Farey se-
quence [13, Theorem 6], which we quote as Theorem 2.1.* We use our final result as a

4 Even when L = I, the subsets of the translated Farey sequence in our result and the subsets of the
Farey sequence in Theorem 2.1 are slightly different. As Marklof’s result and our result are key to the proofs
of STHE for horospheres and translated horospheres, respectively, both results are stated for clarity.
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geometrical and dynamical tool to prove STHE in our other results. The subsets SQ of
the translated Farey sequence corresponding to TLN~ are defined in (8.6).

Theorem 1.7. Fiz 0 € R. Let L € G, A be an open ball in R4 of radius ro > 0, and
f:AXT\G—=R

be the product of a bounded continuous function with an indicator function of a subset
T C AxT\G such that the set

{(z,M): (z,'M ) e T} (1.15)

has measure zero boundary with respect to de duy ds. Then, for Q = eld=D{E=) e
have

—d(d—1)o / /
t—00 #(JQ) o §Q (e %] Qq
g

=(d— 1)/ / fla, M®®) da dpg (M)e~ U415 ds
g AXFH\H

with f(x, M) := f(z,'M~1).
1.4. Outline of paper

We prove all of our STHE results for the case L = I, first, deferring the case of
generic L € G to after the definition and development of translated Farey sequences
in Section 8.1. Our renormalization technique and Marklof’s result on the equidistribu-
tion of the Farey sequence (Theorem 2.1) are the two key ingredients in the proof of
Theorem 1.3 given in Section 3. Theorem 1.5, the first case of spherical thickenings, is
proved in Section 4. Cuspidal neighborhoods and Grenier coordinates (used to define
Grenier boxes) are introduced and developed for our setting in Section 5, allowing for a
proof of Theorem 1.1 in Section 5.3 under the assumption of disjointness (Lemma 6.1).
Disjointness is shown for all of our setups for both stable horospherical and spherical
thickenings in Section 6. Three generalizations of our spherical thickening result are
stated and proved in Section 7, and the key ingredient in these proofs is a reverse outer
product Cholesky factorization. Theorem 1.7, the equidistribution of translated Farey
sequences, is proved in Section 8.4, and it is the key tool for proving our STHE results
for generic L € G in Section 8.5. Finally, we note that a key ingredient in the proof of
Theorem 1.7 (and also Theorem 2.1) is a version of Shah’s theorem (Theorem 8.14 for
the case of translated Farey sequences). This version of Shah’s theorem is a consequence
of mixing and does not require Ratner’s theorems. We do, however, directly compute, in
a simple way, orbit closures in Section 8.2 for our (limited) setting.
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2. The geometry and equidistribution of the Farey sequence

A key ingredient in our proofs of STHE for the case L = I; is Marklof’s result for
the equidistribution of the Farey sequence. In this section, we state Marklof’s result and
give a heuristic overview of the geometry of the Farey sequence, especially in relation to
the horosphere. We give a precise description of this geometry in Section 8.

The key geometrical observation concerning the elements of the Farey sequence is
that they, roughly speaking, anchor the horosphere to the section &;. In particular, the
local intersection of the horosphere with S; is exactly one point (Theorem 8.3), and
these intersection points correspond to, as shown in [13], the elements of the Farey se-
quence (see Theorem 8.10 for a precise statement). For conciseness, we identify these
intersection points with their corresponding elements of the Farey sequence. Under our
flow ®' (for ¢t > 0), these elements of the Farey sequence (i.e. these intersection points)
remain in the section &; and, moreover, move higher into the cusp within &; (see Sec-
tion 3). Consequently, the dynamics of the horosphere under the flow is determined by
the dynamics of the Farey sequence under the flow, the latter of which is governed by
the powerful equidistribution result of Marklof. This allows us to analyze the dynamics
of the horosphere under the flow in a flexible way. Note that, in the case L = I, we have
that Az, = T9"! (Theorem 8.12).

To state Marklof’s result, let us introduce some notation. Let ds be the Lebesgue
measure on R. Let Z¢ := {a = (ay,--- ,aq) € Z% : ged(ay,-- - ,aq) = 1}. The elements
of the Farey sequence

Form{Le ) e B 0<q<q) (2.)
become equidistributed on Sy as Q — co. Precisely,
Theorem 2.1 (/13, Theorem 6]). Fiz o € R. Let f : T4 x I'\G — R be the product of
a continuous bounded function with an indicator function of a subset T C T4™! x I'\G

such that the set

{(z, M) : (x,'M~1) € T} (2.2)
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has measure zero boundary with respect to da duy ds. Then, for Q = eld=D{=) e
have

lim ————— Z fr,n_(r)®")

=d(d — 1)/ / fla, M®®) da dpg (M)e~ U=V gs
g TdﬁlxI‘H\H

with f(x, M) := f(z,'M~1).

Note that

d

|Fol ~ %M) as @ — oo. (2.3)

We will always set ¢ = 0 when using this theorem as this corresponds to our section Sj.

Remark 2.2. The generalization of Theorem 2.1 to any translated Farey sequence is given
in Theorem 1.7.

3. Renormalization: proof of Theorem 1.3 for L = I,

In this section, we prove Theorem 1.3 for the case L = I;. Let d& be the Haar measure
on R41 induced by the Haar measure dn on N+, normalized so that the induced mea-
sure on T%"! is a probability measure. Let Q := (¢~ 1t Recall the definition of NI (y)
from Section 1.3 and A from Section 1.1. Let us translate and thicken St in the stable
directions with N (y). The notions of stable directions and of translating and thickening
in these directions are well-defined in G because we can take the coordinates given in
(5.11) in Section 5.2. In particular, there is a unique point of intersection of a (piece of
a) horosphere with the section S;. We will estimate the volume of the intersection of a
translate of A with the (translated and) thickened section Sy N (y).

Note first that, for £ € R?~!, conjugation gives us:

ny (&) = ik log(T/To) p, (%5) &~ 1 log(T/To) (3.1)
Also recall that, for B C I'\G, g,h € G, we have that

1gn(g) = 1p(gh™). (3.2)

(Note that we use the convention that the argument of the indicator function is consid-
ered as an element in the homogenecous space I'\G.)
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Recall that taking the transpose together with the inverse is an isometry and that
(see [13, Equation(3.54)]) the point

rt (n_(r)fI’tf1 € Si.

If the point I (n_(r)®") " intersects the section Sy C Sy, then the N*-volume of the
horosphere through this unique intersection point and meeting the thickening is given
by

-1

Fre(r,n_(r)®t) == / 1oxsoNz @) (r,t(n_(r)cbt) n+(i)> 47 ().

N+

Recall that we are given T' € [T, e¥7] and hence, in particular, we have that

lim (t - élog(T/To)) = o0, (3.3)

which also allows for equidistribution when the Farey points are pushed with this slower
time.

Lemma 3.1. Let

Q _ e(dfl)(tfi log(T/To)) )

We have that

_ d—
% Z fT,g(T,n_(’r')(I)t) = T(’)" : Z ITy.e (ran—(r)q’ti%log(T/TO)) :

d
reFqQ Q refs

Proof. Since

Lsens@) (H(n-(M)2") "0 (@) = Ls, (“(n-(m)2") )

holds by (3.2), we have that multiplying on the right by ny(y) and using the right
invariance of the measure dn gives

-1

rera- (8 = [ Lo, weo (! (- ()0

N+

n+(5)) 47 ().

We note that, using (3.2), the multiplication right-translates the center of the thickening
to the point Tt (n_(r)®*) "

Now consider slowing the speed of the flow pushing the Farey points from t to ¢t —
110g(T/Ty). Using the observation that
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St = STOCI)_é log(T'/To) (3.4)

—1
holds, we see that I'(n_(r)®!)”" meets Sy if and only if I'* (n_(r)q)t—% IOg(T/TO))
meets St;,. Let us denote these intersections as follows:

I(r,t,T) =T (n_(r)d") "' NSy
1 —1
I (r.t,T) :=T" (n,(r)@t—a 1°g<T/T0>) N Sr,.

Thus, in particular, we have that the mapping

Z = zq)_é log(T/To)

is a bijection
o:Jr,t,T) — Z(r,t,T)
whenever either set is nonempty. Since Ft(rL_(r)QEt)_1 € & for t large enough, applying
the flow ® to n_(r) (i.e. considering n_(r)®*tt) for £ > 0 keeps it in Sy, and, when
t is large enough, it will be (and stay) in Sp,. Hence these sets will be nonempty and
continue to be nonempty for increasing ¢, which is guaranteed by (3.3).
Recalling that S C Sr,, we have that the (piece of the) horosphere zN; (0) for z €

J(r,t,T) (whenever the set is nonempty) corresponds to the (piece of the) horosphere
through ¢(z), which is namely the set

2N (0)®~ 2 BT/ = o ()N 1 (0),
where the equality follows by an application of (3.1). We want the pieces to exactly

match (i.e. p(z) NI (0) = ap(z)N;T/TO (0)), and, hence, we have that

T
=5
€ T

Thus we have

Fro.5(r,n_(r) @@ 108(T/To)) (3.5)

_11 - .
[ sty o (7t (r-me= i) " @) aia)
N+

= Laxsy, (r,t(n(r)CI)t_zlilOg(T/TO)>_1) / Lyt (o (n+(Z)) di(T)

N+

—1
= IL.AXSTO (T,t(n(T)(I)t_%IOg(T/TO)> ) / 1[757“0 ETO}d—l (EE) di

Rd—1
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Py ¢ t—Llog(T/To)) "
=¢ Td—l]]"AXSTO T, (n,('r)q) d )

d—1

e (ron (ot hesTY

T $

Here we have used the fact that

[t @) di@ = [ 1

N+ Rd—1

(%) da.

517

ol

Let @ = QT_%. Now, at time ¢, we have that » € Fg, but, in particular, if it
determines a z € Z(r,t,T), then r € F5 because all r € ]-'Q\]-'@ will correspond to
points on the horosphere that lie in S1\St, and hence the following three sums, which
gives the sum of the Haar measures of the intersections, are equal:

S frelrn_(r)@) = " fro(ron (r)@) = Y fre(r,n(r)®).

reFq ’I‘E]:Q‘ 7'6]:5

We note that horospheres through different right-translated Farey points It (n_ (r)®!) ™"
are disjoint, and thus the sum is over disjoint pieces, giving the total measure of the
pieces with respect to the Haar measure dn.

Note that Q? is, by direct computation, the Haar measure of ® *N_ (T4 1)®* on N~
(this is the Haar measure normalized so to induce the probability Haar measure dx),
and, likewise, Q7 is the Haar measure of ®~!+a 10&(T/T0) N_ (T d=1) gt~ ¢ loe(T/Tv) on N~
Applying ¢ to the horosphere on Nt changes the Haar measure by the factor L TaT - and

hence preserves the ratio of Haar measures:

Qd S fralrn(r) Z Fros (r n_(r )(btfélog(T/To)). (3.6)

reFq r€.7:~

Using (3.5), we obtain the following:

Z fre(r,n_(r)®') = i;l Z IToe (T,n,(r)fbt_élog(T/To)).

reFq Q 'I‘E]:é
This gives the desired result. O

Remark 3.2. Note that, in the lemma, when we apply ¢, we also pull down St to S,
and, thus, the number of intersection points of the expanding horosphere with St is the
same as with St,.

Lemma 3.1 allows us to apply Theorem 2.1 to Td_lfT,E (r,n_(r)®?) as follows. Recall
that | Fo| ~ %&) as @ — oo.
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We have that

hm fre(r,n_(r)®") (3.7)
t—o00 |FQ‘ TEZ]:Q
= hm fry e(r,n_(r)® tfélog(T/To))
t—o0 |]: | TEZ]-" 0,€
Td ! 1 -1
= lim % — Z e Ml axsy, <r7t(n—(r)<1>tdl‘3g(T/T°)> )
t—o00 |]:©| Te]__@

— lim 2o Z 6dAMXsTO (rvn_(,r)q)tfilog(T/To))

= d(d—1)T¢ 1ed! / / Laxsy, (T, M®™*) de dpg (M)e= @1 ds

0 Td—1xTy\H

=d(d— ledl/ /11A ) da e~ U415 g

% log(Ty) Ta—1

=gdt / 1a(x) de.
Td-1
Note, in particular, that, using the isometry given by taking transpose and inverse, we

have applied Theorem 2.1 in the third equality to a product of a continuous bounded

function with an indicator function, as required.
Since Q¢ = ¢4~ is the Haar measure of ®*N_ (T4 1)®* on N~ and we have that

I (n_(r)®") les,

the proportion of the translates of A meeting Sy NI (y) for all T > Tj is uniformly (as

/d
long as limy_, o % < 1) the following;:

- t 1 _
T / leSTNj(g)(xvn—(m)(I)t)d ﬁ}dg(d)ed ! / 1a(z) de.

Td-1 Td—1

Here the indicator function is preserved under the isometry given by taking transpose
and inverse. This proves Theorem 1.3.

4. Spherical directions: proof of Theorem 1.5 for L = I,

We now consider, in a simplified setting, thickenings in spherical directions or, equiv-
alently (see (1.7)), by subsets of SO(d,R). The simplified setting is as follows. First, we
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require that thickenings be given by a chart contained in an open hemisphere because,
as we will prove in Section 6.2, such thickenings do not self-intersect. Second, we restrict
the set we thicken to all of Sy. In particular, in this section, we will prove Theorem 1.5 in
the case L = I;. We defer thickenings by more general sets, including the whole sphere,
and thickenings of more general Grenier boxes in Sy to Section 7.

We adapt the proof of Theorem 1.3 to give a proof of Theorem 1.5. Recall the defini-
tions of D, &, v, and ¢ from Section 1.2. Let

2= c(z) t(2), (4.1)

Cmin := min({c(z) : z € D}).
When (1.13) holds, we can change coordinates from coordinates involving the sphere

(via (1.7)) to coordinates involving the expanding horospherical subgroup N* (for the
precise definition of the latter coordinates, see (5.11) and the beginning of Section 5.2):

o SE(z 2') (4.2)
—twz")  e(tw)
ef(dfl)sc
/(d— 1) _ 'LUZ ) c—leds(tw) esc_l/(d_l)ld,l tO
= 1 0 ef(dfl)sc
- ( cl/(d= 1) _ wz) C—leds(t'w)> P—s+loge/(d—1)
= 1 .

Here the first equality follows by (4.1). It is immediate that
det(A —'wz’) = ¢t (4.3)

Also, setting s = 0 in (4.2), taking the inverse, and rewriting gives the following:

> *n, (2')E(z) (4.4)
_ gsmtose/@) (VDA = twz) L w))
N 0 1
_ (bfsflogc/(dfl) Cfl/(dfl)(A_t,wz/)fl _Cfd/(dfl)(A_th/)fl(tw)
B 0 1
_ ( MDA et et (A - f;uz'rl(fw)) g-s-loge/(d-1),

Consider the family of thickenings in spherical directions:
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Observe that, unlike for NT, the action of the flow &~ a108(T/To) ig not uniform on g,
and, thus, the “shape” of these neighborhoods will change under different T
Using (4.2), let us express Sr€ in terms of the coordinates involving N7:

Lemma 4.1. We have that
Sré = {STCfd/(d—nmr(z') :z €D}

Proof. Applying (4.2), we have that

Sr&€

=TI\I'H { (Cl/(dfl)(é —twz’) cfledf(tw)> @7S+logc/(d71)n+(z') .2cDands> é lOgT}.

Fix z and s temporarily. By (4.3), have that

™ (cl/(d_l)(gl _ t,wz/) c—ledls(tw)> _ g

and, consequently,
r\rH (01/(d_1) (A~ tawz) C—1eds(tw)> Hstlose/ (@1 (1)

0 1
_ F\FH(I)ferlog c/(dfl)n_i_ (Zl).

Taking the union over all z € D and s > élogT yields the desired result. O

As in the proof of Theorem 1.3, we have that, if the point T*(n_(r)®!) " intersects
the section Si, then, using Lemma 4.1, the NT-volume of the horosphere through this
unique intersection point and meeting the neighborhood Sr€ is given by

-1

fro(rn-(r)®") ZZ/ILAX{S n+(:¥)) dn(&).

N+

(z’):zeD} (r’t("f(r)q’t)

Te—d/(d—1) T+

More generally, for any o > 0, we have that the NT-volume of the horosphere through
the unique intersection point and meeting the neighborhood

{Sre-asa-nny(az’): z € D}
is given by

—1 ~ ~ i~
To—d/(d—1) T+ n+(a")) dn(w)

fT’D’a(r,n,(r)CI)t) = / ILAX{S

N+

(az’):zED} (’I", ‘ (’n’* (T)(I)t)
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Now note that Sp.-d/@a-1) C St and Sr,.—a/@-1) C S7;, because ¢ < 1. Moreover, ¢
can be 1 because 0 € D. Thus, we have that

U STc—d/(d—l) = ST and U STOc—d/(d—l) = STO-
z€D z€D

Let @ € Sp. Then the intersection of the horosphere through @ with the neighborhood
{Sre-asa-nny (az’) : z € D}
is the set
UNT0p = UNgTop =N N{Spca/a1yns (az’): 2 € D}.

Let u € St,. By (3.1), we have that
—Llog(T/To) _ — L log(T/To) T .
UNT, 0 0P =ud 4 ny | v ) ny(v) € Nryap ¢ -
0

Recalling that the intersection of any expanding horosphere with the section S; is a
unique point, we have that

1 1 T
ud 4 log(T/To)NTaT/TO,D — ud— 4 los(T/To) {n+ (?Ov) ‘ny(v) € NTo,a,D} . (4.6)

Consequently, we have shown that
ud— 7 10g(T/To)NT)aT/TO7D _ UNTO,a,D‘I)fé log(T/To) (4.7)
We now show the analog of Lemma 3.1.

Lemma 4.2. Let

Q = e(d=D(t=5 1os(T/T0))

We have that

Td-1 ~ o T n t— 1 log(T/To)
G 2 Frolrn @) = S 37 fr p(r.n(r)atd s/,

d
refqQ Q reF;

Proof. Recall the definitions of

I(T,t,T), j(’l",t,T), ¥
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from the proof of Lemma 3.1. Let w € J(r,¢,T). We have that the intersection of the
horosphere through w with {SToc—d/(d—l)nJ,_(ﬁzl) iz € D}, namely the set wNr, g,
corresponds to the (piece of the) horosphere through ¢(w), namely the set

w7, 5 2@~ 118T/T0) = G(W)Np 77, D (4.8)

where the equality follows from (4.7). We want these pieces to exactly match, and, hence

we must have that
Ty
=2
Consider

fTo,D,B (r,n_ (r)cl)t*% lOg(T/To))

-1
_ t t—1 log(T/To) ~ ~=~
o e (33 (TSR G IERE) R

N+

:ﬂAXSTocfd/ufl) <’I‘,t< (r )(I)t——log(T/To)) 1) /HNT 5o (e (x)) dn(z).

N+

Note that, we have

[ Wy (0430 @) N/+ Loy (1 () ) @)

N+
I
it [ Lo (04 ) ()
N+
by changmg variables y = :I: which implies that dy = I°" . 4% and, thus, dn(y) =
0
n(x).
Conbequently7 we have

Tt

Fro,p(rn_(r)@'= a8/l (49)

Fra (e, (r) @161/ — 20

Using the same proof as in Lemma 3.1 to obtain (3.6), we obtain

Qd Z fTD (r,n_ Z fTo,DB (7, n_(r )q>t——log(T/To)) (4.10)

reFq ’I‘E}—\

Using (4.9), we obtain the following:

Td 1
Z fTD r,n_(r)®') = Z fTO’ r,n_ )q)t—%log(T/To))_

reFq 'r'e]:\
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This gives the desired result. O
As in the proof of Theorem 1.3, we use Lemma 4.2 to apply Theorem 2.1
hm fTD r,n_(r)®") (4.11)

t—o00 |FQ‘ TGZF:
Q

- d ' 4 log(T/To)

_1; t— = log 0

’I'E]:é

7‘6.7-'\

_1 -1
_tllglo ‘J’-' | Z Jl.AXS P (r,t(n_(r)@t 71 g(T/To)) )

/1NT01D<n+< ) dii(@)

N+

Patel ‘f Z Taxs, Jemd/@-D) <r, (n_(r)qﬁfilog(T/To)))

re]—'

]]‘NTOI’D (nJr( )) dn( )
N+

oo

=d(d — 1)T¢! / / LAxS,, ajar, (@ M®)

0 Td—1xDpy\H N+

LNgy o (N4 (2)) di(Z) da dpgr (M)e~4Ud=1s g

oo

— d—1 — ~
_d(d - 1)T0 / / / ILAX{STofd/(dﬂ)n+(Z’):zeD} (:B, Mo ny (:B))

0 Td-1xTy\H N+

dn(2) da dpg (M)e~ 1415 4

=d(d - 1)Tg™? /1A(a:) de

d—1

oo

—s ~ =~ —d(d—1)s
/ / / ]l{SToc—d/(d—l)n+(zl):z€D}(M® ny (x)) dn(z) dpg(M)e ds

0 Ty\HN+

(@1 u5n8) | [ La(a) do

d—1
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The last equality follows by Theorem 5.12. Now, as in the proof of Theorem 1.3, we
have that the proportion of the translates of A meeting Sp& for all T' > T} is uniformly
log(Tl/d) < 1)

7

i t—o0 i :
(as long as lim the following

71 / Laxspe(z,n_(z)®") dz 1o, TI (S, €) / Ta(z) de | . (4.12)

Td-1 d—1

This proves Theorem 1.5.
5. Cuspidal neighborhoods

In this section, we define the family of cuspidal neighborhoods that we consider in
Theorem 1.1. We use the Grenier fundamental domain [9,8] (first considered by Hermite
and also by Korkine-Zolotareff [12]) because this domain is well-suited for the geometric
constructions that we need to make as it has a “box shape” in the cusp (see ezact box
shape in [21, Section 1.4.3]). For similar reasons, the Grenier fundamental domain is
also used in other settings such as in the construction of an Eisenstein series in harmonic
analysis (see, for example, [10, Chapter 6] or [21, Section 1.5]) or working with the Epstein
Zeta function [17]. For an introduction to this domain, a discussion of its history, and
a comparison with the best known fundamental domain, the Minkowski fundamental
domain, see [21, Section 1.4]. The facts about the Grenier fundamental domain that we
use have been conveniently collated in [10, Chapter 1].

Let G := Gy = GL(d,R) and [:=Ty:= GL(d,Z). Here, [ is a discrete subgroup
of G. Let G and T be as before. Let us denote the determinant one hypersurface of the
space of positive symmetric matrices by

ISP =SPy:={g9'g: g€ GL(d,R),|det(g)| = 1}.
The actions of G and ' on . 2 are by
9]Z == gZ'g (5.1)
for Z € S and g€ Gorg € .5 Let us consider a recursively-defined family of
coordinates, called partial Iwasawa coordinates (see [21, Page 14] or [10, Pages 14-16]

where “coordinates” are replaced by “decomposition”). The first member of this family
is the first-order Iwasawa coordinates

= (1 tp(d—1) atli/(d—l)g(dq) to
Z_[ 0 1 0 a;l (5.2)

5 This gives us a left action as in [10, Chapter 1], not the right action of Grenier.
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where Z(@-1 ¢ S P41 and 24D is a column vector with d — 1 entries. The element
Z4=1) can also be expressed in first-order Iwasawa coordinates

Z(d—l) _ I;_o tm(dfz) a’cli/—(f_Q) Z(d72) 0
0 ! 0 agly

where Z(4-2) ¢ S Py_o and tx(472) is a column vector with d — 2 entries. Directly
computing, we obtain the second-order Iwasawa coordinates

Iy o ta(@=2)  tgpld-1) atli/(dfl)ailé(ii*2)2(d—2)
Z=1| 0 1 S/ 1
d d-1
0 0 1 i

Recursively repeating this decomposition into higher order Iwasawa coordinates, we ob-
tain, at the final step, the full Iwasawa coordinates for Z [10, Page 16, Equation (5)]:

(Ya—1Ya—2 - y1)?
1 Lij
4 (Ya—1Ya—2)* )
Yi—1
1
where y := aq, yl? = a%;l)/eagl for an integer 1 < ¢ < d—1, and z;; is the entry in the
i-th row and j-th column of

1 te) .. tp(d=2) tap(d-1)
1z 0 1
=10 0
1 : : 1
0 0 0 1

Note that the partial Iwasawa coordinates allow us to embed lower rank spaces . Z,,
into . &4, which we regard as an identification [9].

The subgroup [ acts properly continuously on . % and a fundamental domain %
(the Grenier fundamental domain) is recursively defined as the set of all ZeSDP
satisfying for all primitive vectors (p, q) € Z? the following three properties [10, Page 17-
18:

= (tp
Gren 1 a4(p,q)Z ( p ) > 1.

Gren 2 Z(d-1) € Fq_1.
(d—1) -
0< x; <1/2 ifj=1
Gron 3 {|m(d—1j>|<1/2 ifj=2-,d—1
7 = .]_ ) ) .
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Note that the notation x; denotes the j-th entry of a vector x. The fundamental domain
Z4 can be identified with the space I'\.#” 2. For d odd, we note that I'\.¥ % = I'\.7 %
and thus note that %) := .%; is a fundamental domain for I'\.”%. For d even,
the domain of f\&” P is strictly smaller. Since we have that I = {T",T'v} where
v = diag(l,---,1,—-1), it follows that %) = F#; U [y].%4 is a fundamental domain
for T\ 2.0

Because our targets are shrinking into the cusp, we do not need to work with the fun-
damental domain .%, but may instead work with geometrically simpler sets (Lemma 5.1).

—~(d
These geometrically simpler sets are the Siegel sets for .7, denoted by Sie(T) for a real
number T > 0 and defined as follows (notation as in (5.3)):

0<m,;<1/2 forj=2,---,d—1
ZeSP: 1] < 1/2 forj=d if d is even,
|z < 1/2 for2<i<j<d
Siew) — yZ2>T for 0=1,---,d—1 (5.4)
0<m,;<1/2 forj=2,---,d
Z2eSP S |yl <1/2 for2<i<j<d if d is odd.
y;>T for=1,---,d—1

The importance of Siegel sets is that they bound the Grenier fundamental domain:
o (d) , o (@)
Lemma 5.1. Sie; ~ C .7 C Sieg .

Proof. The proof is analogous to the proof of [10, Chapter 1, Theorem 5.1] with our

—~(d
Siegel set Sie;) and domain % replacing, respectively, the Siegel set Sieg,ii ) and domain
FF defined in [10, Page 20-21]. O

To identify . &2 with the group N A where A C G is the subgroup of diagonal matrices
with all positive entries and N C G is the unipotent upper triangular subgroup, we apply
the diffeomorphism ¢ : .¥% — N A in which [n]a? — na. (Our diffeomorphism ¢ is the
inverse of the diffeomorphism ¢* from [10, Chapter 2, Proposition 2.2].) This is well-
defined because our Lie groups are defined over the real numbers.

Now recall the definitions of K and K’ in Section 1.2. Consider the following

RY-(rHEDEY e

S Our choice of ~ is for convenience. Let Agq C I' be the subgroup of diagonal matrices with £1 as
diagonal elements. Then replacing v with another element of determinant —1 in {+I3}\Ag will yield
another fundamental domain for I'\.¥ 22 when d is even. Our results are not affected by this choice except
for the explicit construction of Siegel sets in (5.4) and of Grenier boxes (defined in Section 1.2). The explicit
constructions for any of these choices can be easily derived if desired.
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where B € SL(d — 1,R) and can be uniquely written in Iwasawa coordinates as B = Zk
where k € K’ and ¢~ 1(Z) € .¥24_1. (Here we are using the identification of . %2, ;
with the subspace of ./ & given by the partial Iwasawa coordinates.) Let us apply the
diagonal flow ™2 to (5.5) on the right:

Lemma 5.2. We have that

B tp y1/2(d71)]’d71 to
0 1 0 y—1/2

Yd—1Yd—2 " Y1
1 Lij

_ ) —1/2 kE *o
B “- Yy Yd—1Yd—2 0o 1)/)°

1 Yd—1

Proof. We will use the diffeomorphism
(p,id): P XK =G ([nal, k) — nak.

Equation (5.5) yields

B tb yl/Z(d_l)qu to
0 1 0 y71/2

(I, B\ (Z to\ [(yY/*4DI,, to kE 'o
L0 1 0 1 0 y12)\o 1)

to the right-hand side of which we apply the diffeomorphism (¢, id)~! to obtain

I, '] [z to] [y/2€@-Vp,_, to k 'o
0 1]|o0o 1 0 y=1/20\0 1
B I tp yl/(d—l)w—l(z) to Lk to
- 0 1 0 y1)\o 1))

Applying first (5.3) and then the diffeomorphism (i, id) to the right-hand side of this
equation yields the desired result. O

Note that any point z in H{® ® : s € R} can be uniquely expressed in the form
(5.6), which we refer to as the Grenier coordinates, and the value of y in this expression
is called the height of this point, a well-defined notion because of the uniqueness of the
expression. Moreover, in Grenier coordinates, the height can be expressed as
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d—1
2(d—k
y? =TT va% " (5.7)
k=1

Let us denote the height of z by h(z).

Remark 5.3. The Grenier coordinates yield a fundamental domain (%)) K’ for the left-
action of I' on TH{® * : s € R}, and, therefore, allows us to identify ¢(.%})K’ with Sy

—~(d
and @(Siei ))K’ with 8.7

—~—(d —~(d
Remark 5.4. For conciseness, let us identify ¢(.%)) with %), cp(Sie;)) with Sie;), and,
henceforth, omit ¢ from the notation.

Recall from Section 1.2 the definition of a Grenier box C := Cr_ 1, := C(a, 7, I?, ﬂi;,
,8;; ) and its lower height 7_ and upper height 7. Since (5.7) holds, we note that the
height of any point in C lies between T and T'y. Note that C C S;.% Also note that (5.6)
relates two sets of coordinates for the points of S1, namely the left-hand side, which we
refer to as first-order section coordinates and the right-hand side, which we refer to as
full section coordinates.

By considering full section coordinates, we see that the only way to approach the cusp
is to let at least one of the y, — 0o; consequently, should at least one of the components
of v be oo, then our neighborhood meets the cusp and conversely. This equivalence can
be reformulated in terms of the upper height:

Lemma 5.5. The set Cr_ 1, is relatively compact if and only if T, < oo.

Proof. We first prove the direct implication. Every point in the set Cr_ 7, can be written
in coordinates given by (5.6). Using the definition of the Grenier domain and the fact that
K is relatively compact implies that each yj, coordinate must be bounded. Consequently,
Ty < oo.

We now prove the inverse implication. Since the height of any point in the neighbor-
hood is less than or equal to T and since all of the y;’s are bounded from below for
any point in the Grenier domain, the condition (5.7) implies that all of the y’s for this
neighborhood are bounded from above, which gives the desired result. O

7 One can also give a fundamental domain for the left-action of I' on G using the Grenier coordinates.
As the kernel of the representation v +— [y] of I' in Aut(.#4?) is £14 [10, Page 6] and under ¢ the action
given by [-] is mapped to the left-action on G, we have a fundamental domain for the left-action by I'" on
G to be ¢(F,)K when d is odd. On the other hand, we have —I; € T for d even and thus ¢(F))K is
a fundamental domain where K is a set of coset representatives of K\+I;. While many choices of K
exist, we require that every element of K has nonnegative (d, d)-th entry. Note that, as the condition that
the (d, d)-th entry is equal to zero yields a measure zero set, we have that ¢(%,)Ky is a Borel set. Also
note that, in particular, K’ C K, and, thus, our Grenier boxes (defined in Section 1.2) lie within this
fundamental domain for the left I'-action on G.

8 Here and below, we identify C with I'\I'C using context to distinguish between them if needed. This
allows us to more quickly develop our main results. Since the lower heights of interest to us will always be
large enough so that C lies in a fundamental domain for the left I'-action, this identification is justified.
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5.1. Applying the flow to C

Let T' > 0. Using (5.6) (or, equivalently, the standard coordinates [10, Page 15] under
) and that

Tl/(d_l)]’d,1 to
(M o 5:9)

commutes with K’, we have the following relationship:
CT =C ((ala s, 0g—2, Td/(d_l)ad—l)a (’Yla oty Yd—2, Td/(d_l)’yd—l)a I?a 6137 ﬁ;;)

~ Tl/(d—l)] _ 1))
:C<(a17”‘ ,adfl)v(’}/lv"' 7’Yd71)aKa5ij, :g) ( 0 d-1 71" (59)

In particular, note that applying (on the right) the flow given by (5.8) to C changes only
the y4_1-coordinate and that letting 7" — oo flows the neighborhood C towards the cusp
along only the y;_1-coordinate, while leaving invariant all other coordinates.

5.2. Volumes

We must compute the volumes of the thickenings of C, CT. To do this, we parametrize
G following [13] to obtain a convenient normalization for the Haar measure on I'\G.
For d > 3 and odd, let

~ Ij o 10
Ig 1= < o _1). (5.10)

Now given y := (y1,--- ,yq) € R? where yg # 0, set ¥’ := (y1,--- ,y4—1) and form the

matrix
—1/(d—1) t
Ya , Iq— 0) ifyg >0
My = yl/(d 1) s
(7yd)7 B Id—l 0 if 0
-y’ —Yd HYa <
and note that the mapping
(M7y>'_>MMy ifys >0
H x RO\RI x {0}) = G (M,y) = —I14MM, if yg < 0 and d is even
T t
(M,y) — <Id0—1 01> MM, ifys <0 andd is odd

(5.11)
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provides a parametrization of G (except for the null set {A € G : (0,1) A *(0,1) = 0}).
Also note that the use of
Iiy 'O
0 -1

is a natural choice, but not the only one. Other choices would lead to different parame-
terizations, but would not change the results in this paper.
Using Iwasawa coordinates, we have that

—1/(d—1) ‘ t
(yd la— O) ( Iflfl, 0) for yg >0
M, = 0 P vay, L)
(—ya) V1 0 Iar 10 ’
( 0 iy y;ly’ 1 for yg <0

which allows us to derive the following explicit formula for the right Haar measure on
{My € G:yeRN\R" x {0})},
namely

dyg dyy - -+ dya—
dy = |yd|dﬂ% —dy; -+ dyg. (5.12)
Yl |Yal

Note that the leading factor of |y4|? is the modular function. Recall that dug = duo db
is the left Haar measure on H, normalized so that upy (Cy\H) = 1, which, in turn,
implies that the Haar measure on G in this parametrization is

dpg dy. (5.13)

It, thus, must be a constant multiple of the Haar measure p on G, normalized so
that u(I'\G) = 1. Now, a well-known result of Siegel shows that the volume of T'\G
is ¢(d) - - - ¢(2), which implies that

d
ap<l = (¢d)-¢) 7 der(x) T] ax, (5.14)

ij=1

where X = (X;;) = t'/?A € GL"(d,R) and A € G. Thus, in view of our parametrization,
we have that (c.f. [13, Equation (3.39)])

dp=¢(d)™" dpg dy. (5.15)

See [1, Section 4.1] for a similar construction.
Finally, we have
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Lemma 5.6. We have

thH—l = d/,LH.

Proof. Note first that the measure dug on SL(d — 1,R) is invariant under taking the
inverse, which is an involutive anti-automorphism, because SL(d — 1,R) is unimodular
([4, Proposition 1.3]).

As

A W\ (AT A

0 1 B 0 1
and det(A~!) = 1, we have the right-invariant Haar measure dug-1 = duodb. As taking
the transpose is another involutive anti-automorphism on SL(d — 1,R), we have the

left-invariant Haar measure dptg-1 = dpodb = dpy. O

5.2.1. Volume ratios of C and CT and section coordinates

Let
- 1/(d-1) ] to
— Yy d—1 .
@.—{( 0 y_1>.y>0}.

In this section, we express the left Haar measure of the group H ® in terms of first-order
and full section coordinates and use the latter to compute the ratio of the volumes of C

and CT. First note that H is normal in H &), which leads to the modular function y~¢
and thus a left Haar measure
_ d
v ] (5.16)

for H® in first-order section coordinates.

We now give a left Haar measure in full section coordinates. Let dn be the Haar
measure on the subgroup N of upper unipotent matrices in G (under the usual identi-
fication [3, Chapter V, Lemma 2.2]) and da denote the Haar measure on the subgroup
A of diagonal matrices of G with all positive entries on the diagonal (under the usual
identification [3, Chapter V, Lemma 2.3]). With the modular function

p(a) = H iy (5.17)

the measure p(a) dn da is a left-Haar measure on N A [3, Chapter V, Lemma 2.4]. Recall
that dk is a Haar measure on K.

Lemma 5.7. We have that p(a) dn da dk is a left Haar measure on H® = NAK'.
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Proof. By (5.6), we have that H® = NAK'. Let pnak and pgs be the modular func-
tions of NAK' and K', respectively. As K’ is compact, we have that pyax/|x = 1 and
pr = 1. Consequently, it follows that there exists a (left) N AK’-invariant regular Borel
measure v, unique up to scalar multiple, on the homogeneous space NAK’/K’ such that
dv dk is a left Haar measure on NAK' [2, Corollary B.1.7]. Pushing forward v via the
homeomorphism NAK'/K' = N A yields a left Haar measure on N A. The desired result
now follows. O

Thus by (5.16) and the lemma, we have that
—d dy -
Yy de? = Cop(a) dn da dk (5.18)

for a fixed positive constant Cy. Using this, we could compute the measure of CT explic-
itly, but we only need a ratio:

Lemma 5.8. We have that

///]lcT(naE)p(a) dn da dk = %///%(naz)p(a) dn da dF.

Proof. Recall from (5.9) that CT and C have the same K and, hence, the integral over
dk cancels. Recall that the flow
Tl/(d_l)Id—l to
0 T-1!

commutes with K’ and hence we can change coordinates

PR Tl/(d_l)Idfl to
0 ')

Note that
ler (nak) = le(nak).
Using (5.17) and the coordinates given by (5.6), we have that

(@) = mg(0)

and, hence, we have that
N ey g~ ~ e 1 ~
/ILCT (nak)p(a) da = / 1le(nak)p(a) da = Td 1e(nak)p(a) da.

Finally, recall that the z-coordinates of CT and C are the same. Consequently, we have
our desired result. O
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5.2.2. Volumes of thickened neighborhoods
Let B C T4 1. Let us now thicken our neighborhoods:

CNT(B) and CTN*(B).

Theorem 5.9. We have that

u(CN*(B
= /=1, to —d dy
=@ / (//%( < 0 g1 )Y d,uH? .
Proof. Using (5.12) and (5.15) and changing variables yq — y~!, we have
uCN*(B))

yl/a-y to I to 4 dy 4, dy’
0 [ e (e ("0 0 ) (1) )t
- yl/ (= 1)] I, 0 oy dy’
1 d—1 d—1 d—1
Jre (o (” o)) ([ (G 7))

Now we have that

Iio1 'O\ 414y I 'O
/I].NJr(B) <<y51/1y 1 )) Yy 1yd—1 = 1N+(B) Z/l 1 dy,

giving the desired result. O

Corollary 5.10. We have that

w(CTNT(B 1 w(CNT(B

1/d-1)g, to B d
/ﬂs ) (e (ar (01 ) )t ).

Proof. Conjugation gives

T/, to -1 o T/, to
N+(B):< 0 d—1 P! N+(T d/(d 1)8) 0 d—1 o)
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Since the diagonal flow preserves the Haar measure, we have that
u(CTN*(B)) = (CNT (T~ 0B)),
which, using Theorem 5.9, gives the desired result. O
Using full section coordinates, we could explicitly compute volumes for CT to obtain
a formula in terms of «,~, K, B;;, Bi;, and T'. However, we will do this only in the case

of STI

Corollary 5.11. We have that

HSINT(B) = ey | s

Rd—1

Proof. Changing variables y = e(?~1)*

W(SrN* (B)) = ‘E%d)l (m / 1s(y) dy’ ( // 1s, (M®*) dpugg e~4(d=Ds ds>
= % (R/ Ls(y') dy’ 7 e dd=Ds g

-t G log(T)

in Theorem 5.9, we obtain

1 1
= 15(y’) dy’.
@ | W) o
Rd-1
Finally, recall the definition of £ from Section 1.2. We now compute the volume of

Sré€ (also see Theorem 9.1 for a generalization).

Theorem 5.12. We have that

—d(d—1)s ~
(STE /// Spo—d/d—1yn+(2’): zeD} <M(I) n+( )) d'uH(M)e ds dz.

-1

Proof. Using (5.12), (5.15) and Lemma 4.1 and changing variables y4 — y~—', we have

1/(d71)1 tO I, tO
Yy d—1 d—1
=0 346,y (4 (07 0) (i |

_ dy 41 dy’
Y dd,uH—yd 1ﬁ~
Y Y
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Changing variables y = e(4~1*  we obtain

w(Sré)

- st -s Id_l ‘0 —d(d—1)s ’
B @ /// l{sTrd/(dﬂ)mr(Z’):zED} (M(D < y’ 1 )) dpme ds dy’,

giving the desired result. O

We also have an analog of Corollary 5.10 for Sp& (also see Theorem 9.2 for a gen-
eralization). First note that we can choose a convenient parametrization of G using full
section coordinates (see (5.6)) and the Iwasawa decomposition of G. Namely, any element
of G can be expressed as

Yd—1Yd—2 - "Y1

—1/2 k o
y Yd—1Yd—2 0 1

1 Yd—1

1 Tij

)

(5.19)

where k € K\ SO(d,R). Recall dk is the probability Haar measure on SO(d, R). It is
well-known that p(a) dn da dk is a Haar measure on G [3, Chapter V, Lemma 2.5].
Since SO(d,R) and K’ are both unimodular, there exists ([2, Corollary B.1.7]) a
right K-invariant regular Borel measure dk’ (unique up to positive scalar multiple) on
K’\ SO(d,R) such that

dk = dk dk'. (5.20)
Theorem 5.13. We have that
Tt
WSETE) = gy H(STE).-

Proof. We use full section coordinates and, in particular, Lemma 5.8. Let C := Sp,, and

T\ T

Then, by (5.9), we have that cT = Sr. Since St, contains all of I'\T'H, then, using (5.5),
we have that K is all of K’ where K is the set defined in (1.5).

For g € SO(d, R), let us denote its image under the natural projection map SO(d, R) —
K’\ SO(d,R) by [g] and, similarly for subsets £ C SO(d,R), let us denote its image by
[€] := {[g] : g € £}. We note that [KE] = [£]. Using (5.20) and Lemma 5.7, we have
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/// 1.7, (nak)p(a) dn da dk
_ //// Loz g (nakk')pla) dn da dF 4k’
. < /// 17 (nak)p(a) dn da dE) ( / Lig) (k') dk’)
_ % ( /// Le(nak)p(a) dn da d’l%) ( / L) (k') dk’)
_ % //// Lejey(nakk)p(a) dn da dF di’

-1
= T?i—l /// leg(nak)p(a) dn da dk,

where the third equality follows by an application of Lemma 5.8 with C and cT. Since

p(a) dn da dk is a positive constant multiple of the Haar measure p, the desired result
is immediate. O

5.3. Proof of Theorem 1.1 for L = I,

Recall the definition of C from Section 1.2 and that, in particular, it has lower height
T_ (which is a fixed constant). Set

Ty := 7?01,

~1y(d=1)/d

Now consider the neighborhood C(T7o , which, by (5.9), is

~ TT; 1) @-D/d

Cp = C — Co—alos(T/To) (5.21)

and, using (5.6), has lower height T72(=1)/¢ Note that the lower height of Sz, is the
same as that of C, and the lower height of St is the same as that of C}.

Recall that C; C Sy and we can (translate and) thicken this neighborhood by Nf(y),
namely we consider the set 5TN€+ (y). As in the proof of Theorem 1.3, if the point
I'*(n_(r)®) " intersects the neighborhood Cr, then the N*-volume of the horosphere
through this unique intersection point and meeting the thickening is given by

~ -1 .
fre(r,n_(r)®") = / 1 e Nt @) (r,t(n_(r)fbt) n+(a:)) dn(z).
N+
Recall that we are given T € [Til/ 2(d=1), ed]. We have the following lemma:
Lemma 5.14. Let

Q — €(d_1) (t—% log(T/To)) )
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We have that

Q Z ng r,n_ (I)t) T()d 1 Z fToe( . ( )(I)tf—log(T/To))

reFq Q ’I‘E]:*

Proof. Replace Sg, with C and Sy with C and use (5.21) in place of (3.4) in the proof
of Lemma 3.1. We note that the set

I (n_(r)@t =4 o5/ ) "

is nonempty for all ¢ large enough by (3.3) and Theorem 2.1. This yields the desired
result. O

Using Lemma 5.14 in place of Lemma 3.1 in (3.7) yields

hm Z ng r,n_(r)®") (5.22)

t—o0 |‘FQ| reFo

=d(d—-1)T¢ ted 1/ / Laxe(x, M®*) da dpg (M)e~Wd=1s ds

— T3 1d((d)u (CNF (@) / 14(z) da.

Td—1
Since
el = / 11Nj(g)(yl) dy’,
Rd-1

the second equality follows by changing variables y = e(4~1)* in Theorem 5.9. Conse-
quently, we have that

tim 0 S Fretron )0 =T @) [ 1) da.
rcFq Td-1

Now following the rest of the proof of Theorem 1.3, we have that
— t—o00 ~
71 / Le, vz g (n—(2)@") dz =2 T8 (CNS () / 14(x) d,
A Td-1

which completes the proof of Theorem 1.1 (when L = I,) for B = NX(g).
Finally, note that if we replace NI (y) with N*(B), the proof works provided that
the thickening given by CrNT(B) does not self-intersect on I'\G. By Lemma 6.1, the
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latter condition is satisfied by choosing B C (ﬁ (%)(d_l)/2 T) Z4~1\R9~1. This proves
Theorem 1.1 for L = I,.

6. Disjointness of translates of neighborhoods of S

In this section, we give conditions for the disjointness of translates for stable directions
and for spherical directions. Our aim is to understand how much we can thicken without
overlaps. Pick a T' > 1. Recall that the lower height of Cr is the same as that of S, and,
thus, C~T C St. Consequently, it suffices to consider the disjointness of translates of Sy.

6.1. Stable directions

Consider elements of the set
F\FH{@iS HERS R2% IOgT}nJ’_(il) ﬂF\FH{(Dis HCES Rz% logT}n_A,_(%Q).

Without loss of generality, by setting & := ®; — T3, we may consider instead elements
of the set

T\[H{® *:5 € Ryt jogr}ng (@) [ |T\TH{® *: 5 € Roijour}
Such an element can be expressed as the following equality
VMO .y (F) = FM® 3, (6.1)
for some v,5 € T, M,M\G H and s,5 > logT/d. Let
) ) (Y
Computing using (6.1), we obtain the following:
T = el Topp. (6.3)
Note that, by (5.6), M is an element in the Grenier domain of height 1.
Lemma 6.1. We have that
T\[H{® * : 5 € Ryt ioqr}ny (@) [ JT\TH{® * : 5 € Rosjoup}n (B2) =0

for all €, # 5 mod (CyT)Z4 1, where Cy is a constant depending only on T and d
and, for which, we have the following bounds:

Cqa
Cyq

1 ford=2
(%)(dfl)/2 for d > 2.

Vv

1
Vd
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Proof. For d = 2, we have that B = 1 by the definition of H, and, using this in (6.3),
the desired result is immediate.

For d > 2, let n € Z4~'\{0} and a € R. Using (5.6) and the observation that M has
height 1, we have that

Yd—1Yd—2 " Y1

Since n € Z41\{0}, multiplying the matrices gives us that
1 Tij
(n,a) > 1.
1

o0

Recalling that all the y3_, > 3/4 ([10, Chapter 1, Lemma 4.1]) and that the rotation

k '0

0 1
is invariant under || - |2, we obtain our desired result when we set « = —ntg, setp=mn
in (6.3), and note that

(p.—p'd) M = (pB,0). O
Remark 6.2. Note that Cy < 1 in the lemma because we have that
1y, Ig—q 'O\ ~_14
ol ng+(ejT) = ( céjl 1)@ 4 logT
for all j where {e;} is the set of standard basis vectors of Z4~1.
6.2. Spherical directions

Recall the definitions of z, F/, D, and £ from Section 1.2. Recall that

1 ifd=2

[’J = d—1 .
’ m(g)dz ifd>3

Pick T > bo. Using Iwasawa decomposition and (5.6), we have that every element of
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H{®™": 5 € Ru1 0,7} SO(d, R) (6.4)
can be uniquely written as
Yd—1Yd—2 "1
1 Tij .. k ‘
—1/2 . 0\~
Yy Yd—1Yd—2 (0 1 ) k
1 Yd—1
1

(6.5)

where k € SO(d — 1,R) and k € K’\ SO(d,R). Now (1.9) yields a diffeomorphism, call
it ¢, between D and a submanifold of S%~! because it yields an injective immersion
immediately and is, in fact, a proper map. To see that v is a proper map, one notes
that any compact subset K of ¥(D) is closed and, hence, so is 1»~!(K), which because it
also bounded must be compact. Consequently, we have made the first part of following
observation:

Lemma 6.3. Given (v,¢) € eqE(D)™!, there exists a unique z € D and its corresponding
element

such that

Moreover, for each z € D, E(z)~! lies in a unique equivalence class of K'\ SO(d,R).

Proof. For the second part, note that if E(z) and E(Z) lie in the same equivalence class,
then

E(z) = (’g t{)) E@3)

for some k € SO(d — 1,R). Applying ey on the left yields the desired result. O

Remark 6.4. Hence, the lemma implies that for any element of £ C SO(d,R), we may
identify the equivalence class E@?l with the element E(z)~! in (6.5). This continues to
hold true even if, in (6.4), we replace H by a subset of H comprised of elements expressed
uniquely as in (5.5) for a proper subset K from (1.5). In particular, if we replace k by
E(z)71, the decomposition (6.5) yields unique coordinates for the elements of

H{Q_S CES RZ%IOgT}g'
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6.2.1. The hemispherical case
We will first consider the case in which

¢(D) > 0 (6.6)

holds. We note that in this case the induced diffeomorphism (1.9) is really into a hemi-
sphere.

Theorem 6.5. Let (6.6) hold and T > Y. For z1,z4 € D, we have that
T\[H{® *: 5 € Rut g7} E(21)  (JT\CH{® ™ : 5 € Ros o r}E(22) ' =00
whenever z1 # 2.
Proof. The set
T\CH{® *:5 € Rutjor} E(z1) [ \T\CH{® ®: 5 € Rut g7} E(22) !
is equivalent to the set
D\CH{® ™ : 5 € Rys gtk [ JI\CH{® " 1 5 € Ru 0,7}

where
k= FE(z1) 'E(z). (6.7)

Recalling (6.2), we note that such an element can be expressed as the following equality
VMO 5k =M d 2, (6.8)

for some v,75 € T, M,J\/ZE H and s,5 > logT/d.

Setting
(A tw
=)

(where A is a d—1xd—1 matrix and c is a real number) and using the same computation
for the derivation of (6.3), we obtain its analog for spherical directions:

(d—l)s+§p§. (6.9)

v=e

Since T > g, we have that e(@=Ds+5 > g and the proof of Lemma 6.1 implies that
any nonzero entry of v is strictly greater than 1, which is not possible for k£ € SO(d, R).
Consequently, we have that
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and
c=q=det(N)==l1.

Let us write

st = ()= () )
et = ()= (0 ).

Using (6.7) and the fact that E(z3) = *(E(2z)) ", we have that
’Ult’vg +ci1c9 = 1,

which implies that

(v1,c1) = (v2,¢2), (6.10)
or
vty + cren = -1,
which implies that
(v1,¢1) = (—v2, —c2). (6.11)

Both implications follow from the fact that the vectors are unit. The second implication
is, however, not allowed by (6.6). Consequently, only (6.10) holds and we, moreover,
must have that

c=q=det(N)=1. (6.12)
Lemma 6.3 now implies that

Z1 = Z2

E(z1)7!' = B(z2) 7",
from which the desired result is immediate. O

Remark 6.6. Theorem 6.5 will remain true if we replace the condition (6.6) by the con-
dition ¢(D) < 0 because the only time we used (6.6) is to exclude the second implication
from the proof of the theorem.
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Remark 6.7. Let

OnsD := {v € D\D : there exists an open neighborhood of v
on which the induced diffeomorphism ( 1.9) has

nonsingular differential}.
If, in Theorem 6.5, we replace the condition (6.6) by the condition
¢(D) > 0 or ¢(OnsD) > 0,

then the proof shows that the only elements that may intersect are those for which
¢(OnsD) = 0 holds. Note that, by making this change, we are allowing some points on
the boundary of the hemisphere. Moreover, for each such element z € dygD for which
¢(z) = 0, there is at most one other element 2z’ € dygD that it intersects with. This
one other element is its antipodal point (see (6.14)) and also lies on the boundary of
the hemisphere. This observation about antipodal points will generalize to the complete
spherical case.

6.2.2. The spherical case

This case is the general case. There are two natural ways to handle the general case
and, since they are both potentially useful for further applications, we give both. In either
way, we handle even and odd d differently. In particular, for even d, there is a canonical
choice, which will become apparent later, and, for odd d, there is a number of natural
choices, which will also become apparent later. (Our way of handling the odd case will
work for the even case too, but the canonical choice for the even case simplifies the proofs
and may be useful for later applications.) We choose one of the natural choices, namely

I "0
0o -1
for d > 3 and odd. Recall that I;_; is defined in (5.10). Other choices would give results
analogous to ours.

using

Let us assume that we still have the mapping E from the hemispherical case; in
particular, it satisfies the condition (6.6). The first way to handle the general case is to
use E to define two related charts on S%~1, which allows us to define the following subset

of §d-1.

{E(z)"':2€D}u {—Ei(z)‘1 :z € D} if d is even,
{E(z)"':zeD}U {(Idl ‘0 > E(z)"t:ze€ 'D} if d is odd.

£ = (6.13)

0 -1
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The fact that the two unions are disjoint follows by Lemma 6.3. Note that we will not
need to consider points for which ¢ = 0 in this first way, as such points form a null set
and do not affect any of our other results in this paper. For z € D, let us also define

B {E(z)1, —q(z)*l} if d is even,
£(z):= {E(z)—l, (Idol t_(’l) E(z)_l} if d is odd.

Lemma 6.8. We have that

I_1 'O i1 "0 _
(0 )\ e )=

In particular, given

we have that
I '0 A B\ (I, ‘0 _ Iy ALy —Igq'b
0o -1 0 1 0o -1 0 1 '

Proof. Compute. O

Theorem 6.9. Let T' > by. For z1,z2 € D and

Efle&(z) E;'eé(z),
we have that
T\[H{® *: 5 € Rutjoqp} By [\ T\TH{® ™ : 5 € Rt jour} By ' =0

if and only if z1 # zs.
Moreover, if z1 = zo =: z, then

T\TH{® " :s € Ruspoup} By  =T\TH{® " :5 € Ru1poup} By .
If d is even, we have the even stronger assertion that, for any point
pe\IH{®*:s € Ru1og7},

the set

pE(z)

consists of exactly one point in T\G.
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Proof. Write

Z1
Z1

Bl = Aq twl
I " \v1 ¢
Bl = Ay th
2 T \ve e )

Following the proof of Theorem 6.5, we have either (6.10) or (6.11).
The case (6.10) yields that ¢; = ¢o (and does not equal zero by assumption). If ¢; > 0,

— z2
= -

(21)
(21)
A(z2) w(z2)

)

c(2z2)

then we are exactly in the same case as in Theorem 6.5 and we obtain the same answer,
namely E7; = FEs. If ¢; < 0, then, by construction, we have that —Efl, —E{l, when d is

T t T t
(Id01 _0)E2—1 (Idol _0>E2_1’

when d is odd, are in the chart defined by ¢ > 0. Lemma 6.3 now implies that z; = z5
and E1 = E2.
The case (6.11) yields that ¢; = —c2 (and does not equal zero by assumption). Without

even, or

loss of generality, we may assume that ¢; > 0. This implies that F; and Fs are in different
charts. Moreover, by construction, we have that E L and By ! when d is even, or

Io1 'O —1
( o -1)F2
when d is odd, are in the chart defined by ¢ > 0. Lemma 6.3 now implies that z; = 25
and that

—E;l if d is even,
Ef' =9 (Tay 0 pa
dal ) Be ifdis odd.

The first assertion is now immediate.
We now show the second assertion. We have that By ', E;* € £(z). When d is odd,
we may, without loss of generality, assume that

T t
Erl= <Id01 _01) Byt

I,.1 "0
0 -1

commutes with 7%, is an element of I', and is its own inverse, the desired result follows

Since

by an application of Lemma 6.8.



44 J. Tseng / Advances in Mathematics 432 (2023) 109255

When d is even, we may, without loss of generality, assume that E; 1 —-E5 ! This
case of the second assertion and the third assertion follow because —I; commutes with
all elements of SL(d, R), which implies that pE(z)~! and p (—E(z)~') lie in the same
equivalence class in I'\G. O

Let us now assume that our mapping F is no longer constrained by the condition
(6.6). The second way to handle the general case is to only use the original chart, but we
note that a function (defined in Proposition 6.10) with values in SO(d — 1, R) depending
on the smooth mapping E arises. In the special case of the exponential map, which allows
us to use one chart for all of the sphere but a single point, the function is particularly
simple and, potentially, useful for later applications.

Let us introduce some notation. Given a point z € D, its antipodal point 2z, is the
unique point in D, should it exist, for which

(v(2ap), e(2ap)) = (—v(2), —c(2)). (6.14)

The uniqueness follows immediately from Lemma 6.3. Clearly, we also have that
(Zap)ap = %, and hence we say z, 2, are antipodal. Using Lemma 6.3, we, likewise,
refer to F(z)~! and F(z4p) " as antipodal. Let us define

§< ) {E(2)7', E(zqp)~'} if the antipode of z exists in D,
z) =
{E(z)7'} if the antipode of z does not exist in D.

Proposition 6.10. For any antipodal pair z,zq, € D, the mapping

E~Y(2)E(2ap) : T\TH{®® : s € Ry1 1057} = D\[H{® " : s € Ru1 157}

p—=pE N(2)E(zap) = q

is a smooth automorphism. This automorphism is solely a function of z. Moreover, the
heights of p and q as elements of the Grenier fundamental domain are both equal.

Proof. Since k := E~!(2)E(z,p) is invertible, it suffices, for the first assertion, to show
that ¢ is in

].—‘\].—‘.I:I{¢_‘S RS Rzé IOgT}’
Write

E(z)l—(“z) t“g;))) E(zap)1—<Aap(z) twap<z>)_

<
—~

I\
~

o

Since v(z)'v(z) + (¢(z))” = 1, we have that
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k= (A(Z)tAap(z) Jatw(z)wap(z) i()l)

(- (A(Z)tAap(z)0+ "w(2)wap(2)) t{) if d is even,
= ~71 t ~71 AZtAapZ t,wz,wapz t . .
(IdO _01> <Id (A(2)" Aup( 3+ ()wap(2)) ?) if d is odd,

where  — (A(2)! Aap(2) + 'w(2)wep(2)), if d is even, and Iy i (A(2)!Aap(2)+
fw(z)wey(2z)) are in SO(d — 1, R). Since

for all R € SO(d — 1,R) and k commutes with ®°, Lemma 6.8 gives the first assertion.

We now show the second assertion. Let yM®~° be the element of the equivalence
class p and ﬁ]\/] ®~* be the element of the equivalence class q in the Grenier fundamental
domain. Using (6.8) with (6.2) and solving for k, we have the analog of (6.9):

~

0 — e(d—l)s+§pB

9

from which we may deduce that p =0 as B is invertible. This implies that
q =det(N) = —1,

which further implies that s = 3, which is the desired result.
Since z4p depends only on z, the automorphism depends only on z. O

Remark 6.11. We will refer to the elements p,q € T\TH{® ®: s € Rz log T} S associ-
ated elements for the antipodal pair z, z4p.

Theorem 6.12. Let T > hy. For z1,z2 € D and
Ei' € E(z1) E;'eé(z),
we have that
T\[H{® *: 5 € Rutjoup} By [\ T\TH{® ™ : 5 € Rt our} By =0

if and only if z1 # z2.
Moreover, if z1 = zo =: z, then

P\TH{® *:5 € Ru1157} B(2) "  =T\[H{® ™ : 5 € Ru1 1057} E(2ap)
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Proof. Write

Following the proof of Theorem 6.5, we have either (6.10) or (6.11).

The case (6.10) yields that ¢; = co. Here, we also allow ¢; = ¢o = 0. The first assertion
for the case (6.10) follows as in Theorem 6.9. The case (6.11) yields that ¢; = —co. Here,
we also allow ¢; = ¢o = 0. Likewise, the first assertion for the case (6.11) follows as in
Theorem 6.9.

The second assertion follows from Proposition 6.10. O

7. Spherical directions: the general case

The general case has two independent aspects. We first consider thickenings of subsets
of St defined by lower bounds for the y;-coordinates on the Grenier domain. Then we
consider thickenings by general subsets of the sphere, including all of the sphere. Recall
the definitions of D, E, £, v, and ¢ from Section 1.2 and 2z’ and ¢, from Section 4.
Before we show either aspect, we consider measurable sets in SO(d,R) induced by our
smooth mapping FE.

7.1. Subsets of SO(d,R) induced by E

Recall, from Section 6.2, that E induces a diffeomorphism ) from D onto a submani-
fold of S~ = K\ SO(d,R). Let P : SO(d,R) — K’\ SO(d, R) be the natural projection.
Then Lemma 6.3 implies that

Ple : € - (D)

is a bijection. We say a subset U C SO(d,R) is induced by E if

For any U C SO(d,R) induced by E, define the slice of U through E~'(z) as the
following;:

Ky(z) =K'E '(2)nU.
Lemma 7.1. For any subset U induced by E, we have that

| | Kv(z)=U.

z€D
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Proof. The disjointness follows by Lemma 6.3. Let g € U. Then P(g) = ¢(z) for some
z € D. Now P~1(¢)(2)) = K'h for some h € SO(d,R). Consequently, both g and E~1(2)
are in K'h, which implies the desired result. O

We note that the largest set induced by F is K'E, as it contains every set induced
by E. The largest set is also an open subset of SO(d, R) because D is open and K'E =

P~H((D)).
7.2. Thickenings of subsets of St and Cholesky factorization

To state the result precisely, recall from Section 1.2 our definition of the neighborhood

C:= CT,,T+ = 0(0’77 [?751‘;’ ﬁ:g)

in the fundamental domain .%). Let us restrict our consideration of such neighborhoods
of Z) to those for which the values for any z,; are only constrained because they are
the coordinates of a point in .#:

S:=8(z) := §T_7T+(z) = g(a,%ff(z))

where T_, T, ¢, and ~ are as in Section 1.2, and, for any z, IN((Z) is a subset of K'.”
Set

Ty = T%24=D), (7.1)

Now apply the flow to these neighborhoods using (5.9):

Sp 1= 8r(z) = §TT NV = S los(T/To), (7.2)

9 As an aside, which is not necessary for our proof, note that we have precisely the following. Set

S(e, v, K(2)) = Cler, v, K(2), B, B)

with
B, =0 and Bf; = 1/2 forj=2,---,d~1
B1; = —1/2 and ij =1/2 forj=d if d is even,
Bi; =—1/2and Bf =1/2 for2<i<j<d
= + _ i=92 ...
Br;=0and ff; =1/2  forj=2,--- .d if d is odd.

2 + o
B; =—1/2and B, =1/2 for2<i<j<d

See Section 1.2.
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which, using (5.6), has lower height 72(¢=1)/¢_Note that the lower height of S, is the
same as that of S, and the lower height of St is the same as that of Sy. Also note that,
for any L € G, the set Ay is as defined in Section 8.2.

Theorem 7.2. Let 0 < n < 1 be a fized constant, L € G, Ty > T_ > hg(dfl)/d, AcC Ap
be a bounded subset with measure zero boundary with respect to de, U C SO(d,R) be a
subset measurable with respect to dk and induced by E, and let (1.13) hold. Let

g(z) = gT,,T+ (2) := g(a,'y,IN(U(z)E(z)> ,

and St be defined using (7.1), (7.2). Then

d—
T [ L5 (oymen (@ D (@)8) de
Rd-1

oo, 42,15 E(2) : 2 € DY) / La(@) dz | (7.3)

Rd-1
uniformly for all T € [Tgm(d*l)7 edtn].

Remark 7.3. Without loss of generality, we may assume that /2= < edt. By The-
orem 9.2, the right-hand side is also equal to

lim 791y ({gT(z)E_l(z) 1z € D}) / 1a(x) de

t—o0
Rd-1

Also note that one could obtain an explicit formula for p ({§T(Z)E*1(z) 1z € D}) in

terms of the variables x;;, y¢ from (5.6) using Grenier coordinates and the induced subset
U C SO(d,R).

The proof for the case L = I; will be a modification of the proof of Theorem 1.5 for
the case L = I; and will be given in Section 7.2.3. The proof for generic L € G is given
in Section 8.5.

7.2.1. Preliminaries

An important precursor to the proof, for d > 3, is to recognize that the left-
multiplication of the expression A — ‘wz’ from (4.2) with any k€ SO(d — 1,R) is,
heuristically and non-rigorously speaking, a “rotation” up to a symmetric factor. We
now make this precise and explicitly determine the factor to precisely understand its
affect on the subset of Sp. Also, note that we are requiring ¢ > 0 because (1.13) holds.
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Let us assume in this section (Section 7.2.1) that d > 3 unless we explicitly state that
d = 2 is under consideration.

Lemma 7.4. Let d > 3 and k € SO(d — 1,R). We have that

" _ 7t t7.
k(A—"wz)"(A—"wz")'k =11+ k:'u;72wk:

tyv

t(A_th’) (A_th’) =141+ e

Moreover, these products are invertible:
Lt L t
det (Id—l + u;;v) = ¢ 2/(d=1) = et <Id_1 + ?) .

Proof. We prove the first assertion. The second is proved in an analogous manner. Re-

calling (1.11), we have that
(A tw) t<A tw) - I
— 14d,
v c v c

which yields

APA +Tww =1 (7.4)
A'v +'we="0
v'A+cw=0

viv+c2 =1
Simplifying, we have that

1 1 2
(A- th’) t(A — th') = A'A— ZAlvw — “twvlA + @tww
¢ ¢ ¢

2
=TI, 1+ ww (1 + ||v2||2>
¢

tww

2’

=1Ili1+

where the last two equalities follow by applying (7.4). Since Ktk = 141, we have shown
the first assertion.

The final assertion concerning determinants follows immediately from (4.2) and our
requirement that ¢ > 0. O
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To compute the factor, we wish to find a d — 1 x d — 1 upper triangular matrix B
satisfying the following equation

ktww'k
B'B=T; 1 +—2". (7.5)
C

Let 0; denote the i-vector with all zero entries.

Theorem 7.5. Let d > 3, ke SO(d — 1,R), and (wy,- - ,W4—1) := wtk. The solution to
(7.5) is the matriz

Ba1 ‘tsao tsq_z - sy
0, ﬂd—z
B=| 0 Ba-3
042 B
where
1+ Zn k=1
51% = * e ~9 fOT B
TR — <k<d-
1 + 62+w§l+1—k+"'+w371 fO’I“ 2 S ]{/’ < d 1
and
7 5 ST Sy _—
eferars on e Ban) o
Sg 1= Wa—k (61,.'.,ﬁd717k) f07'2§k§d—2'

\/(c2+@3+17k+--~+w371)(02+ﬁ57k+--~+@§71)
This is the only d — 1 x d — 1 upper triangular matriz that is a solution.

The symmetric factor mentioned above is, indeed, B and the rotation mentioned above
is the following.

Corollary 7.6. Let d > 3 and k € SO(d — 1,R). We have that
B~k (A~ twz') € SO(d - 1,R).

Moreover, given an open, respectively measurable, subset K cC SO(d — 1,R), we have a
smooth, respectively measurable, mapping

~ _ t ~ 17
R:K xD — (SO(dO LR) 10) (k,z) — <B 1k(A0_ fwz’) t?)

such that R(-, z) is injective for any fived z € D.
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Proof. Apply Theorem 7.5 and Lemma 7.4 to (7.5). Note that the invertibility of B
follows from the fact that, for any z € D and ke SO(d — 1,R), we have that 8 > 1 for
every k=1,---,d—1.

The proof of the injectivity statement is as follows. Recall that B depends on k. Let
B and Bs be as in the theorem for El and %g, respectively. Note that By L= nya; and
By L' — nyas for some upper triangular unipotent matrices nq and ny and some diagonal
matrices a; and ag with all positive diagonal entries. Hence,

R(%l,z) = R(’];Q,Z) <~ B;lﬂl\fil = BEIEQ <~ 77,10,17%1 = nQGQEQ.

The latter expression is in Iwasawa coordinates for SL(d — 1,R), and, hence, it follows
that ny = ns, a1 = as, and k; = ko, which gives the desired result concerning injectivity.
This proves the corollary. O

7.2.2. Proof of Theorem 7.5

Let us continue to assume in this section (Section 7.2.2) that d > 3 unless we explicitly
state that d = 2 is under consideration. First, we make a simple observation to be used
later. Let us use the notation 0;x; to denote the ¢ x j matrix of all zero entries, and
recall that the notation [-] is defined in (5.1).

Lemma 7.7. Let ]/\4\, N be square matrices of the same dimension i. We have that

<[’J]j\7’ Oixj) - |: M Din:| < N O'L><j>
0j><i Ij iji Ij Oj><i I]
Proof. Compute. 0O

Also, we note that Lemma 7.4 applied to the general theory of positive definite ma-
trices (see [7, Theorem 4.2.1] for example) implies that

kww'k
Cr:=1g-1+ T

is invertible and symmetric positive definite. Consequently, we are guaranteed that there
exists a unique decomposition of the form U!U where U is upper triangular using
Cholesky factorization (see [7, Theorem 4.2.5] for example).

The proof will be a computation. We will follow the general idea of the outer product
Cholesky factorization [7, Section 4.2.5], except the block decomposition of the matrices
will be different to allow us to obtain a U'U decomposition directly. The details of this
reverse outer product Cholesky factorization are as follows.

Recall that we are in the case for which d > 3. Set £ :=d—1 and w := (u1,- -+ ,up) :=
(w'k)/c. Note that we have
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u% Uiz ULU3 te Ui1Uy
¢ U2U1 u% UgU3 cee U2Uy
uu =
2
UpUl  UpU ce UpUp—1 Uy

Let us distinguish the upper £ — 1 x £ — 1 block and add it to I;_1:

1+ u% ULU2  ULUS S UL Up—1
UoU7 1+ u% UaU3 s UoUp—_1
D1 =
2
Up_1U1  Up_1Uz 0 Up_1Up—2 1 Huy_

Let us also distinguish the last element of the last row and add one to it
B?i=1+4u?, (7.6)
and let us denote the rest of that last row
r= (Uiug  Ugug - Ug—q1Up). (7.7)
Consequently, we have that
a-(% %)

Recalling the definition of the notation [-] in (5.1), a direct computation gives us the
following decomposition:

t t
Igfl T1 Dl_ T17T1 tO
C, = B B . 7.8

' {o ﬂi]( o 1 5

This is the first step in the reverse outer product Cholesky factorization.
If d = 3, this first step will suffice. Note that we have

B%zl—i—u% 1= UUs Dlzl—&—u%7

from which it follows that

t 2
171 ul 2
D — ——t=14—1_ =52
1 612 1+U% ﬁQ

Applying Lemma 7.7 to (7.8) yields
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from which Theorem 7.5 for d = 3 immediately follows.

Consequently, from this point forth, we may assume d > 4 and thus ¢ > 3. We now
use recursion. Let us distinguish the upper £ — 1 x £ — 1 block of the second matrix from
(7.8):

17T
C2 = D1 — )
1
Note that
2,2 2 2 2
Uyuy UrU2Uy UruzUy e UrUp—1Uy
2 2,2 2 2
‘ U2U1 Uy Uy U2U3 Uy R U2Up—1Uy
Ty =
2 2 2 2 2
Urg—1UIUy  Up—1U2UY s Up—1Up—2Uy Uy Uy

and that Dy and - 1” are symmetric. Consequently, for each row of Co, we only need
specify the elements at and to the right of the principal diagonal.

Let 1<i</{—1and 1< j</¢—1such that i < j. Computing the elements on the
principal diagonal, we have that

2

(02)“ =1+ > 1.

3
1+ u?

Computing the elements to the right of the principal diagonal, we have that

Uil
(Ca)ij
1 + W
Thus, we have
14+ LERID Ui U3 .. Urte—1
1+u1, 1—‘,—u%2 1+u% 1+u%
U U Us uzu3 e UzUe—1
C o 1+u5 1 + 1+u? 1+u3 1+u? . D2 t’l"Q
2 T\ 72 5
Up—1U1 Up—1UD . Ug—1Up—2 1 +
1+u% 1+u% 1+u§ 1+u

where we have, analogous to the previous step, denoted the upper £ — 2 x ¢ — 2 block
by Ds, the last element of the last row by 35, and the rest of the last row by 73. The
analogous direct computation from the previous step gives us the following;:

tp tror t
c, = | T2 w| (P25 0, (7.9)
0 p 0 1
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If d = 4, two steps will suffice. Note that we have

2 2

2 2 2 U3 U2U1 uj
ﬂ1:1+U3 ﬂ2:1+1+u§ 7’1:(U1U3,U2U3) 7’2:1_’_”% D2:1+—1+u§7
from which it follows that
t 2
ToTro ul 2
Dy — —==14 ——-— =: (5.
S S

(Note that this computation is direct and is similar to the computation for (Cg41)11 in
Lemma 7.8 below.) Applying Lemma 7.7 to (7.8) and (7.9) yields

- U1u U1 U
10 \/11+Z§ 1 \/(1+u.2)21j»u2+u.2) 0 Pz 0 0
Cy=10 1 “uweuw N o 0 1 0
! vizd | |9 B v
0o "4 ]Lo 0 1pto ol
_5 UL U2 Uius
3 Vtud)(+uitu3)  /1+u3
=10 B2 |
1+usg
L 0 0 B1

from which Theorem 7.5 for d = 4 immediately follows.
Consequently, from this point forth, we may assume d > 5 and thus ¢ > 4. Setting Cj
to be the upper £ — 2 x £ — 2 block of the second matrix

tT2T2

g3

we recursively repeat the decomposition in step 2 until we arrive at Cy. We now show

03 = D2_

that this recursion is valid and that C, is a number.

Lemma 7.8. Let 2 < k </l —1. Let 1 <i<f+1—kand1 <j<{+1-—k such that
1 < j. We have that Cy is an £ +1 — k x £ 4+ 1 — k symmetric matriz with entries

2

P ? - ()
(Ck)zz*1+1_~_u2 +---+u221 and (Ck)11*1+u2 T+t w2
{+2—k 4 {+2—k 14
Moreover, we have that
2
u? wyuy wyug L Ui gk
14 TFul, o u? 1+u,§+27k+-2--+u§ TFul, + o Fu? TFuZ,,  +Fu?
wpuy 14 2 wyug L U Upy1_y
C Ttuf, o+ +uf Ttuf, ++uf Ttuf, o+ +uf T+uf, o+ +uf
b=
Upp1—k UL Uet1-kUsz ~ . Uppr—k Uik 1+ ouf+]—k ~
Ttuf , + - Fuf Ituf , o+ tuf Ttuf , +Fuf Ituf , o+ tuf

_. (D 'ry
\rr B}
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where Dy, is an £ — k x £ — k matriz and ﬂ,% s a real number.

Proof. The proof is by induction on k. We have already shown the case k = 2. Assume
that the case k holds. We have that the (recursive) definition of Cj41 is

tTk-’l”k
B
By the induction hypothesis, Cy and thus Dy are symmetric, which further implies that

Cl+1 is symmetric. The size of Cy41 is the same as that of Dy, namely ¢ — k x ¢ — k.
Let us set

Cry1:= Dy —

n:=¢+1—k and a::1+uf+2_k+~o+u?:1+ui+1+~~+u§

for convenience of exposition. This notation and the induction hypothesis gives us that

@28t = ala-+u3)

and that
2,2 2 2 2
ulun2 ulgg’gn U1U3u72L ulun,lug
trkrk 1 U2U Uy, U Uy, U2U3 Uy, U2 Uy —1Us,
2 2
B alatuy)

2 2 2 2 2
Up—1UTU,  Up—1U2U, Up—1Un—2U;, Uy —1 Uy

Let 1 <i<n-—1and1<j<n-—1such that i < j. (Recalling that we are now in
the case that d > 5 and thus ¢ > 4, we have that n — 1 > 2.) We have that

ey uu? by pry, uu u?
2 - B} and 3 = 72 .

The induction hypothesis further gives

2

u.
D)., =1+ 4
(Dr)ig =1+~

Consequently, we have that
2

Crat): =1+ v and Cri1),, = - )
(Crr1)y iy o+ +uf (Crrt)y Ltufy o+ +uf

which yields the desired result. O

Lemma 7.9. We have that

LR R IR BRI
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Proof. We note that the proof of Lemma 7.8 (namely, the induction hypothesis) yielding

u.
T T

2
)

(Crg1);; =1+

for 1 <7 <n—1is still valid when k = ¢ — 1. This yields the desired result. 0O

Remark 7.10. Lemma 7.9 also holds for £ = 2 and ¢ = 3, as we have shown when we
considered the cases d = 3 and d = 4, respectively.

Proposition 7.11. For 1 < k < /{—1, we have that

t tper
Oy = {fe—k ﬁ—} Dy — e 10])
0 b 0 1
Proof. Applying Lemma 7.8 to the analogous computation as for C; gives the desired
result. 0O

We now finish the proof of Theorem 7.5. We will use zero vectors of different lengths.
For clarity, we use the notation 0; to denote the i-vector with all zero entries. Also, note

that the vector r;, is an £ — k-vector and that Cy isan £+ 1 — k x £ + 1 — k matrix.

Lemma 7.12. We have that'°

t t t
(I)ka ? reralRER €k+1 tOélfk =1y -+ "0p1
—k k L=k
C1=|0r—(x-1) Br—-1 0¢—(k—1) 1
0¢—1 631 0,1 1

for1<k</-1.

Proof. We induct on k. The case k = 1 is Proposition 7.11. Assume that the case k
holds. Applying Proposition 7.11 with Lemma 7.7 and directly multiplying yields

I_y, 5= ;::11 e gt Cry1 00y, 0p—k—1y - 0y
O¢_i B 0¢—r 1

0/ (k-1 Br—1 0¢— (k-1 1
0,1 b1 01 1

10 Note that the matrix in the square brackets is upper triangular and the matrix in the round brackets is
symmetric.
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Crrz  "Op_oy1y "0p—p -+ 00
00— (kt1)

0, 1 1

0/_1 1

where Cpyq is the £ — k x £ — k block

~ I rae
Cryq = | EED By |.
Or—k+1)  Bir+1)

Multiplying the matrices in the square brackets yields the desired result. O

Proposition 7.13. We have that

fren Ires 0 tm
BZ Be—1 Be—2 b1
0, B
Ci=1 02 Be—2
01 B1

Proof. Apply Lemma 7.12 with k& = £ — 1 and, to the result, apply Lemmas 7.9 and 7.7.
This yields the desired result. O

Consequently, using the proposition, we have proved Theorem 7.5. Note that the
values of 8y and s come from (7.6) and (7.7) and Lemmas 7.8 and 7.9.

7.2.8. Proof of Theorem 7.2 for L = I

We adapt the proof of Theorem 1.5 for the case L = I; to give a proof of Theorem 7.2
for the case L = Ij. The key equation to use is (4.2), which we now restate in a more
convenient form:

O CE(z) 'ny(—2) =2 (Idl Cl(tw)> (Cl/(d_l)(A —fwz’) t?) Pploge/(d—1)

0 1 0
(7.11)

Define the natural projection map
t
L: K’ = SO(d— 1,R), <k 0) - k.

The analog of Lemma 4.1 is
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Lemma 7.14. We have that

~( T T
{S <62T041, ch’ydfl, 1) 77,+(Z/) A D}

{ET(z)E—l(z) Lz D}

if d=2 and

{gT(z)Efl(z) :ZGD} = |_| g((gj_;ah-.. ’%ad_%%ad_l) ,

keKy (z)

— T ~
(gj_;%; R %W—% %%ﬂ) ,R (L (k:E(z)) ,z)) ny(2'):z € D}

if d > 3. Here, B¢ is as in Theorem 7.5.

Remark 7.15. Note that application of the flow ®~*° does not affect the K coordinate.

Proof. Applying (7.11), (5.6), (5.9), (7.2), we have that an arbitrary element g € Sré is
of the form

Yd—1Yd—2 1
1 Tij .
_ . ~1/2 A k10
9= . Yy Yd—1Yd—2 0 1
1 Yd—1
1
Iio1 7 1(lw)\ (/4=D(A —twz") 0 tloge/(d-1) /
( 0 1 0 1) n+ (%)
where z € D, v, > y; > «; for i = 1,---,d — 2, T__d/2(d_1)T'yd,1 > Yg1 >

T:dﬂ(d*l)Tad_l, and k € f(U(z)E(z). (The only constraint on x;; is that g lies in

F".) Since
(D) 1) ~( )G )

and the diagonal element
Yd—1Yd—2 "Y1

~1/2 -
Y Yd—1Yd—2 (7.12)

Yda—1
1

acts by conjugation on the subgroup of upper triangular unipotent matrices, we have
that
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Yd—1Yd—2 Y1

. .
_ . —1/2 : k 0
9= R Yy Yd—1Yd—2 (O 1 >

1 Yd—1
1

1/(d=1)( A _ ty 1\ t
(#/)9Y goun ),

Consider the case d = 2 first. Equation (7.11) implies that ¢'/(?=1) (A — twz’) = 1,
from which the desired result follows by an application of (5.9).
Now consider the case d > 3. Multiplying matrices, we have

~ Yd—1Yd—2 "Y1
1 .’Eij
_ . —1/2 :
9= . Yy Yd—1Yd—2
1 Yd—1

2 (74 ot

where B is as in Theorem 7.5. Also we have

Bd-1

(5 0)=m| 7y

1

f1

C

where n(B) is an upper triangular unipotent matrix. Using the conjugation action of the
diagonal element from (7.12) yields the desired result.

Note that the disjointness of the union follows from the injectivity assertion in Corol-
lary 7.6. O

For convenience of notation, let us denote some of the sets in the lemma by

§ (o1, rra-1,1) ifd=2,
R s/ ( Ba T
St(z) = uéeﬁu(z) S ((Bj;alv T v%o‘d—% CTd%(dl)o‘d—l) )
(gj;’h, e ,%’Vd—m CTﬁé(j;l)Wd_1> R (L (EE(Z)) ,z)) if d > 3.
(7.13)

Lemma 7.16. For any z € D, the lower height of §T(z) is

T2(d~1)/d
2(—2d+2)/d(d—1)
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Proof. The result for d = 2 is a direct computation. For d > 3, a direct computation
yields that the lower height is
T2(d 1) )
(m@ﬁ ﬁd1>

Applying Theorem 7.5, (7.5), and Lemma 7.4 yields the desired result. O

1/d

Corollary 7.17. We have that

U Srz)cSr and | S (2) C S,

zeD zeD

Proof. Apply the lemma with the fact that 0 < ¢ <1. O
We now follow the proof of Theorem 1.5 for the case L = I, but replacing
Spe—dsa—1) With §T(z) and Sr, .—a/(a-1) with §T0 (2). (7.14)
We have the analogs of
Froo(ron_(r)@') and frpo(r,n_(r)®).
Letting

ue U Sr(z) and u € U S, (2)

zeD zeD

we have the analog of (4.7) also.

Also, the statement of Lemma 4.2 is unchanged. Its proof is changed as follows. First,
we also make the changes in (7.14). Next, the definitions of Z(r,t,T) and J(r,t,T) are
slightly altered as follows:

I(r,t,T) =Tt (n_(r)@") ' n | Sr(z
zeD

J (e t,T) :=T! (n_(r)CDt_’log T/Ty) ) N Sn (=

zeD

The reason that J (r,t,T) is nonempty for all ¢ large enough is exactly the same as in
the proof of Lemma 5.14. The mapping ¢ is the same and a direct computation using
(5.9) shows that it is a bijection. The proof up to and including (4.9) is the same. To
prove the analog of (4.10), we use the same proof along with Corollary 7.17. The rest of
the proof of the lemma is the same.

The proof of the analog of (4.11) is also the same, except we replace Theorem 5.12
with Theorem 9.1. The remaining proof to obtain the analog of (4.12), which is also the
desired result, is the same. This concludes the proof of Theorem 7.2 for the case L = I.
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7.3. Thickenings by subsets of SO(d,R)

In this section, we generalize Theorem 7.2 by removing the restriction (1.13). As
discussed in Section 6.2.2, there are two different ways of removing this restriction,
leading to two slightly different generalizations (Theorems 7.19 and 7.23).

7.3.1. Two charts with c(z) bounded away from zero

The first generalization is in the context of Theorem 6.9, namely for the induced
diffeomorphism 9 (i.e., the mapping from (1.9)) to still satisfy the restriction (1.13), but
from which we construct two charts € for S9! (see (6.2.2)), one for one hemisphere and
the other for the other. For this context of the two charts, we generalize the notion of
an induced subset of SO(d,R) (see Section 7.1). First note that, in order for a subset
U C SO(d,R) to satisty the constraint given by Theorem 6.9, we require

-U if d is even,
U= T t 7.15
U (Ido—l _°1> if d is odd, (7.15)

where Iy_; is defined in (5.10). A subset U C SO(d,R) is induced by & if it satisfies
(7.15) and if

For any U C SO(d, R) induced by &, define the slice of U through E~1(z) as the following:

K (z) = K'E"Y(2)nU

—-E71(2) if d is even,
and slice of U through T t as the following:
f g (Idl 0 ) E(z)"'  ifd s odd 8
0 -1
B K'(-E~Y2))nU if d is even,
K;(z):= 7 t
vl2) K’ <Id0_1 _01> E(z)™'NnU ifdis odd.

We also have the analog of Lemma 7.1.

Lemma 7.18. For any subset U induced by g, we have that

|| (f(g(z) N f(,;(z)) ~U.

z€D



62 J. Tseng / Advances in Mathematics 432 (2023) 109255

Proof. The disjointness follows by Lemma 6.3 and the fact that the charts are in different
hemispheres and thus correspond to disjoint sets. Let g € U. Then P(g) = ¥(z) or —i)(z)
for some z € D and the rest of the proof is similar to that of Lemma 7.1. O

Theorem 7.19. Let 0 < n < 1 be a fized constant, L € G, Ty >T_ > hg(dfl)/d, AcCAg
be a bounded subset with measure zero boundary with respect to da, and U C SO(d,R)
be a subset measurable with respect to dk and induced by €. Let

§(2) = 8F 1, (2) =8 (a7, K (2) E(2))

- - g(a,%f{a(z) (—E(Z)D if d is even,
S (2z) := ST,,T+(Z) = §(a,~y,f{§(2)E(z) (Id01 i01>) if d is odd,

and g;f, g{« be defined using S := St(2), S := S8~ (2) in (7.1), (7.2), respectively. Let

{5;(Z)E*1(z) Lz D} L {5;(z) (~E-Y2)): z € D}

if d is even,

SH=)E(z) = {g;(z)E1(z):zeD}u{§T(Z)<(Lol i01>E1(z)>:zeD}

if d is odd.
Then
Tt fRd—l ]l_AX (gi(z)g(z)) (x, Ln_ (m)q)t) de (7.16)
100, pd/2 (Si ) )) (Jgas La) dz)

uniformly for all T € [Td/Q(d 2 edtn).
Proof. There are two charts whose points are given in pairs by (6.13). Fix a point z € D.
Let p € §T(ZJ).

Consider d even. Then Theorem 6.9 gives the points pE~!(z) and p (—~E~!(2)) are
the same point in T'\G. Since —1; € T’ commutes with all elements of G and (7.15) holds,
we can apply Theorem 7.2 to both charts to obtain the desired result.

Finally consider d odd. Applying Lemmas 5.2 and 6.8 to §T(z), we have that

<:f¢101 ‘0 >5T( )(Idol iol) :§T(z). (7.17)

Now (7.17) and Theorem 6.9 give that there exists a unique point q in the embedded
submanifold St(z) such that pE~1(2) and



J. Tseng / Advances in Mathematics 432 (2023) 109255 63

a(fr ) e

are the same point in T'\G. Since (7.17), (7.15) hold, we can apply Theorem 7.2 to both
charts to obtain the desired result. O

Remark 7.20. This proof works for both the case L = I; and the case of generic L € G.
For L € G, we apply Theorem 7.2 for this L and note that the proof of Theorem 7.2 for
generic L is in Section 8.5.

7.3.2. The general case: removing the restriction on c¢(D)

In this section, we remove the restriction (1.13) and, in particular, we have that
—1 < ¢(D) < 1. We will use one chart.

Let us first show that, when ¢ = 0, there is no contribution. We will show this in
general. Define

Ko = {(j} tg’) eSO(d,R):c:O}.

Lemma 7.21. There exists a null set N with respect to dx such that, for everyt € R, we
have that

{x e R :n_ ()0 € S1 Ko} CN.

Moreover, N' can be chosen to be a countable union of affine hyperplanes in R4~ of
dimension d — 2.

Remark 7.22. Note that A is independent of ¢.

Proof. Let z € R and t € R be elements such that n_(x)®* € S;Ky. Then there
exists an v € I' such that

-~ B tb 1/2(d—1)]_ tO A t'w
(5 () (3 ) et

Let
(p.q) = (0,1)7, (7.19)

and applying it on the left yields
(y~/%v,0) = (e 'p, eV (p'w +q)).

In particular we have
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p'x+q=0. (7.20)

If p = 0, then (7.20) implies that ¢ = 0, and, thus, v has a row with all entries zero,
which is not possible. Thus p # 0, and there exists an entry p; # 0. We now have
that x; is some linear combination of the other entries translated by —q/p; along the
i-th coordinate, yielding an affine hyperplane in R~! of dimension d — 2. As ¢ and the
entries of p are integers, there are only a countable number of such affine hyperplanes.
This yields the desired result. O

We have the following generalization of Theorem 7.2.

Theorem 7.23. Let 0 < n < 1 be a fized constant, L € G, Ty >T_ > hg(dfl)/d, AC AL
be a bounded subset with measure zero boundary with respect to de, and U C SO(d,R)
be a subset measurable with respect to dk and induced by E. Let

8(z) =811, (2) == § (@, 7. Ko (2)E(2))
and Sy be defined using (7.1), (7.2). Then

t—o00
—_—

d—1
T / ]]‘AX{gT(Z)Efl(z):zeD}(m’Ln— (m)q)t) de
Rd—1

T2 u({S(z)E~1(2) : z € D}) /]lA(a:) dz | (7.21)

d—1

uniformly for all T € [Td/z(d_l),edt"].

Proof. We prove the case L = I; and defer the proof of the case of generic L € G
to Section 8.5. We will partition the chart into a sequence of upper and lower charts
as follows. Let m > 2 be an integer. Replace the open bounded set D with the open

D :=DNE! ({(‘;1 t?)eSO(d,R):c>%}),
D —=DNE ({(f t'g’) eSO(d,R):c<;}>.

The restriction of the chart to D;} and D,, give the upper and lower charts (for a given

bounded sets

m), respectively. Note that E~! in the definitions of D;} and D, denotes the preimage
of the smooth mapping E (defined in (1.8)) and should not be confused E~!(z), which
is the inverse in SO(d,R) of E(z).
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The restrictions of the smooth mapping E to D, and D,, are smooth mappings.
Thus, replacing the chart given by D by the upper chart given by D;} allows us to apply
Theorem 7.2.

For the lower chart given by D

m)

we have two cases: d is even and d is odd. For
both cases, we note that Theorem 6.12 implies that the thickenings given by E~1(z) and
E~1(z4p) are the same set. Moreover, given a point pE~!(2) in the thickening (thus in
I'\G), there exists a unique point E~!(24p,) in the thickening of E~'(z,,) such that
pE~1(z) = qE!(z4p) by Proposition 6.10. (Note that p,q € S7(z).) Consider the case
of even d first. Since —I; € I' commutes with all elements of G, we can apply Theorem 7.2
to lower chart given by D,, by replacing E~!(z,) with —E~1(2,,). This concludes the
case d even.

Consider the d odd. As in the proof of Theorem 7.19, we have (7.17), which implies
there exists a unique § € Sy (z) such that

T t (T t B
(o0 ) e =a (e ) e

This allows us to apply Theorem 7.2 to the lower chart given by D, by replacing
E~1(2z4p) with

I ' —1
< 0 _1>E (Zap)-

This concludes the case d odd.
Thus, we have the desired result restricted to the upper and lower charts given by D
and D, , respectively, for all m > 2. Explicitly, we have

t—o0

d—1
T / Ly (3r(=)B-1(s)2eDhupi } (B, 1 (%) 1) da
Td-1

Tﬁmu({g(z)E*l(z) :z€ DL UD;, Y / Ta(x) de (7.22)

d—1

for m > 2. To lift this restriction, what remains to be shown lies in the restriction of the
(original) chart to the sequence of domains

D\ (D}, uD;,) DD\ (D}, ,UD,,.,)-
Note that

U (P} uD;,) = De. (7.23)

m>2
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We now use the following approximation technique. First note that

H{S()E'(2) : = € D)) = u({S(2)E~'(2) : = € DY)

because K is a null set of K (see [16, Pages 19-20]). Recall that T" depends on ¢ and, for
the duration of this proof, we will make this explicit by using the notation T'(¢). Using
(7.23) with the continuity of p from below and using (7.22), we have that, for every
e > 0, there exists ty > 0 and mg > 2 such that, for every t > tg and m > mg, we have
that

T(t)4? / ]]'.Ax{gT(t)(z)E*l(z):ze’Dj{LU’D;L}(w7n*(x)q)t) dx (7.24)
Td-1

T92({8(2)E-1(2) : = € D}) /]lA(a:)da: <e.

d—1

Using (7.23) to apply the monotone convergence theorem, we have, for every ¢ > 0,
that

. d—1
n}gnoo T(t) / ]1A><{§T(t)(Z)Efl(z)izGDﬁmUD;m}(m’n_

Td-1

(x)®") der (7.25)

d—1
=T / ]lAX{gT(t)(Z)E_l(Z):ZE'DOO}(w7n_(m)q>t) de.
Td—1

Taking the limit as m — oo in (7.24) and applying (7.25) yield

T(t)d*1 / ]le{§T(t)(z)E*1(z):zeDoc}(w’n—(w)q)t) dzx (7.26)
Td-1

T2 4((8(z)E-Y(2) : z € D}) /]lA(w)d:c <c

d—1

for every t > tg. Taking the limit ¢ — oo, we obtain

. d—1
tliglo T(t) / ]le{§T<t)(z)E’1(Z):z€Doo}

Td-1

(x,n_(z)®") dx (7.27)

T2((3()E () : = € D}) /ILA(:B)dw <e

d—1
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As ¢ is arbitrary, we have shown the desired result when ¢ # 0.
For ¢ = 0, apply Lemma 7.21. This yields the desired result for the case L = I;. O

Remark 7.24. Note that, as long as
{z,zap} C D} UD;,

holds, we obtain the thickening given by E~!(z) for the upper and lower charts. Thus,
different open bounded sets D may yield the same thickenings, and, as long as one of
every antipodal pair is in the open bounded sets, then we obtain the same thickening.

8. Translated horospheres

In this section, we consider STHE for translated horospheres. All of the STHE results
that we have proved for the horosphere can also be proved for any translated horosphere,
as we show in Section 8.5. First, we need to find the correct analog of the Farey points,
which is done in Section 8.1, and to prove a suitable generalization of Theorem 2.1,
namely Theorem 1.7.

The proofs of our STHE results for translated horospheres are essentially the same
as that for the horosphere considered in the previous sections. The changes are, briefly,
checking that (a piece of) a translated horosphere intersects S; through a unique point
along the NT-directions and that our generalization of Theorem 2.1 can be applied. The
details are as follows.

Recall that a translated horosphere corresponds to a fixed L € G. Checking the inter-
section property is easy. Let us assume that T'(Ln_ (:c)@tfl intersects S;. Then a nearby
point T*(Ln_(y)®) "' = IL~1n, (—y)®~* on the ®-translate of the translated horo-
sphere is in the N*-directions with respect to the intersection point It (Ln_(z)®?) " =
IL~'n, (—x)®~*, an observation which follows by applying (3.1). We now simply need
to check that the NT directions do not locally lie in the section S;, namely that the
intersection is transverse.

Lemma 8.1. Let L € G and n,n’ € N*. If Ln,Ln’ € H{® % : s € R}, thenn=n'.

Proof. Let

Thus we have
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Since Ln,Ln’ € H{®™* : s € R}, we have that C + Dz = 0 and C + Dz’ = 0 and
that the diagonal blocks must not have determinant 0. In particular, we have that the
number D # 0 and thus the desired result. O

Lemma 8.2. Let L € G and n,n’ € N* such that n,n’ lie in a small neighborhood. If
Ln,Ln’ € 81, thenn =n'.

Proof. Since the left action by an element of G is continuous, Ln and Ln’ lie in a small
neighborhood, which we may assume is small enough so that it lies in some fundamental
domain for the I' action. Applying Lemma 8.1 yields the desired result. 0O

Theorem 8.3. The intersection of any left-translated horosphere with Sy is transverse.
Moreover, the local intersection is a point.

Proof. Apply Lemma 8.2. O

Consequently, the (local) geometry of intersections between our original horosphere
(i.e. when one sets L = I;) and S; and between a translated horosphere and S; are the
same for us. Note that we can, using Lemma 6.1, give a good estimate of what nearby
means in this case, but it is not necessary for this proof.

8.1. Translated Farey sequences

Up to now, we have restricted the Farey sequence to lie in T?~! (see Section 2),
but it is more convenient in motivating the definition of translated Farey sequences to
regard the Farey sequence as lying in R~!. Thus, we consider the Farey sequence as the
following subset of R4~1:

F =

Fom
1 Q

(G

(Fo+2%7).
1

(@

Q

It is shown in [13] that .7?@ corresponds to the intersection points of the horosphere
HUN~=®") " with the closed embedded submanifold T\TH{®~* : s > ¢}. (Recall that
Q = eV for a fixed o € R.)

We now use the analogous correspondence to define the elements of a translated Farey
sequence on R4~1. The translated Farey sequence (corresponding to TLN~ ) is the subset
J of R4~! where 3 :=J(L) := Ug-1Jq and

Jo Z:jQ(L) = (8.1)

{<ﬂ7--~ ,ad_1> e R (1, ,aq) = (0,17 L7 v e Ty\I,0 < ag < Q}
(0 %] (0%
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First we note that, using the bijection ([13, (3.18)] or [20])
Ly\l = Z¢ Tyy e (0,1)y,

we have that {(0,1)y'L™" : v € Ty\I'} = Z4L~" is the set of primitive points of the
lattice Z4 L=, or, equivalently, the set of the points of the lattice Z#L~" visible from
the origin of R? [14, Section 2.4]. Let

(zdtL_l); = {(al7 S aqg) € 7MLl 0 < ag < Q}

and

~ + ~
(Z””L‘l) — {(al, ag) €ZUL7Y 0 < ad} .

~ +
It is easy to see that Jg and (ZdtL_l)Q are in bijection for every Q € N and that J is

~ +
in bijection with <ZdtL_1) .
Let A € G and 0(A) = Ag 4 be its (d, d)-th entry. Recall that we have the parametriza-
tion (5.11).

Lemma 8.4. Let v € T'. We have that 6(vA) > 0 if and only if there exist M € H and
y:= (v',yq) € R4 x (0,00) such that
—1/(d—1
NA =M (yd / /)Id—l tO)
Yy Yd

and that §(yA) < 0 if and only if there exist M € H and y := (y’,ya4) € R4 x (—00,0)
such that

(=ya) V"V, 10

—I,M Ly u if d is even,
A= s, ~1/(d~1) t
<Id0_1 _01> M ((—yd) Ly T4 _2d> if d is odd.

Moreover, whenever it exists, the decomposition is unique.

I ‘0
0 -1

is one of several natural possible choices. We can regard this decomposition as coordinates

Remark 8.5. Recall that the use of

and will refer to it as (H,R%)-coordinates. The H-coordinate and R<-coordinate will
refer to the H-part and the R%part, respectively, of the (H, R%)-coordinate. Note that,



70 J. Tseng / Advances in Mathematics 432 (2023) 109255

regardless of whether §(yA) > 0 or §(yA) < 0, the d-th entry of the R?-coordinate of
~vA is always > 0.

Proof. (= ). Set y = (0,1)yA. Thus we have that yq # 0. If y4 > 0, then we may set
—1/(d—1 -1
(17 o)
Y Ya

which is easy to see is in H.
If yq < 0, then set

(¥ 9a) = ¥ = (0,1) (~IayA) if d is even,
t
(Y, 9a) =y =(0,1) <Id0—1 o ) YA if d is odd.

Thus, we have y = —y. In particular, we have that y4 > 0, and applying the above proof
for positive d-th coordinate with 4 in place of y and

—1Igy if d is even,
I ‘0 .
< 0 _1)7 if d is odd,

in place of v yields the desired result.

( <=). This is immediate.

To see uniqueness, we note that the intersection of the following subgroups of SL(d, R)
is the trivial group:

—1/(d-1) t
Hﬂ{(yd y Iga yg) :y'ERd_l,yd>O} ={I;}. O

The lemma has an immediate corollary:

Corollary 8.6. Let v € I and t € R. We have that yYANT®t intersects

—1/(d-1) t
H{(yd e y0> Ly = (v ya) € R x (0, oo)}
d

if and only if §(vA) > 0, and yANT®~ intersects

—1/(d-1) t
—rar{ (0 T 0) sy ) € R 000
d

when d is even,

7 t —1/(d-1) t
(T ) {(w, 1 10) iy = o e B x 0.

Yy Yd
when d is odd,
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if and only if 6(vA) < 0.
Lemma 8.7. There exists a v € ' such that 6(*L~y) > 0.

Proof. We first show that there exists a v € " such that §(*L~) # 0. Assume not. Then
§(*Ly) = 0 for all ¥ € . Hence §(*L) = 0 and (w’,0) = (0, 1)* L. Consequently, for every
v € I', we have that

(07 l)tL'Y = (w/7 0)7 = ('u’7 O)

for some u depending on . Now, since the last column of an element of I' can be any
standard basis vector of R¢, it follows that R¢ C lt('w’,())l, which implies that w’ = 0
and that L is not invertible. This yields a contradiction and shows that there exists a
v € T such that §(*L~) # 0.

For this v € T, if 6(*Ly) > 0, then we have shown the desired result. Otherwise, we
have 6(*Lvy) < 0 and, in this case, taking the v and replacing it by

v(=1I4) if d is even,
I, 'O .
y < o _1 if d is odd,

yields the desired result. O

For i € {1,---,d}, let ;4 € T be the matrix with all entries either 0,1, or —1 such
that left-multiplying by it performs the elementary row operation of replacing the i-th
row with the d-th row and either replacing the d-th row with the i-th row or replacing
the d-th row with the negation of the i-th row, depending on which choice corresponds
to det(s;,q) = 1.

Now, for

Cm apm

M = (AM th) € G,

we make the following observation:

Iy t0 Ay b .
< -t )( o 1M> if det(Ap) #0,

CMA]T; 7CMAJT41th “+ ap
t

M = (8.2)

N

la_1 Ay ‘b : _
Sid (EMAM1 —en Ayt +aM> ( 0 1 if det(Anr) =0,

where
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and the index ¢ is chosen such that det(gM) # 0. Since M € G, we have that

_ 1 PN - 1
—C]\/[AMlth +apy = M and — CMAMlth +ay = m (83)
M

Lemma 8.8. Let M € G such that (M) # 0 holds. Then there exists i € {1,--- ,d} such
that 5(3;7;M) #0 and 6(M~1s; 4) # 0.

Proof. Let

M = (AM th) .
C)Nr apnr
Using (8.2), we have two cases.

Case: det(Apr) # 0. We will show that the lemma holds with ¢ = d. It is enough to
show that §(M 1) # 0. Note that we have

-1 _ p-1t Id—l tO
M—l = (A(])\/I AA{ bM) ( —CMA;; 1 > .

1 —1
—cv Ay tbytany  —em Ay tbytan

Now —cMAX;th + apr # 0 for, otherwise, det(M) = 0, which leads to a contradiction.
Thus
1

S(M~1) = -
—cm Aty +am

(8.4)

is the desired result.
Case: det(Aps) = 0. If @py # 0, then replacing M with s;;M in the previous case

yields the desired result. Now for any j € {1,--- ,d}, we can consider
A, th,
(g‘? a”?) = 5 4M,
j J

~

and, if there does not exist j such that det(A;) # 0 and @; # 0, then det(M) = 0, which
leads to a contradiction. Thus such a j exists; setting ¢ = j gives the desired result.
This completes the proof of the lemma. 0O

Remark 8.9. Note that we have v/ L' NT®~ intersects

—1/(d—-1) t
FH{(yd ) y‘;):y:=<y',yd>eRd—lx<o,oo>}

for every v € T (i.e. regardless of the value of §(y*L~!).) Corollary 8.6 implies this
for 6(y'L™1Y) # 0. If §(y*L~1) = 0, then, for some choice of i, (5(8;’;’}/tL_1) # 0 and
Corollary 8.6 will again imply this.
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Given A € G such that §(A) > 0, let AgA, be the unique decomposition from
Lemma 8.4 where Ay € H and y = (0,1)A. Note that, for all M € H, we have that

Theorem 8.10. Fiz 0,t € R and let Q := (V=9 The set of intersection points of
the translated horosphere {(TLN~®") " with T\TH{® % : 5 > o} is

{{TLn (/5 )" (o) € T0)

i ).

Proof. Let L := ‘L1, First, let us show that these points are intersection points. Let
y = (y1,- - ,¥4) € Jo. Then there exists v € I'y\I' such that y = (0,1)yL and
0 < ya < Q. Thus 6(yL) > 0 and Lemma 8.4 gives the unique decomposition

~ *1/(d 1) t
vL = (v ) ( y' Y

which yields
YLn i (—y' [ya)®~" = (L) p @ a5 € H{®7 15 > o},

This shows that these are the desired intersection points.
Let us show all intersection points are of the desired form. Let

HTLN™®) ' NT\TH{® ™ : 5> o} # 0.
Then there exist v € I' and € R%~! such that
yLng ()t = MO~
where M € H and r > 0. Hence, we have
VL = MO "in (—z).
A direct computation shows that §(yL) = e(@=D(=7) > 0. Lemma 8.4 gives that

—1/(d-1); t0>
d-1 =M ((®d ", (-2
y/ Yd ( +( ))

(B (4

where (y’,yq) = (0, )yL and that this decomposition is unique. This uniqueness implies
that M = (yL)g and
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—1/(d-1) t
Ya lg—1 0) = o " Tin, (—a).
( y/ Ya +( )

Thus € = —y'/yq and yq = eld=D({t=) < Q. This concludes the proof. O

Remark 8.11. Let (y’,y4) € Jg and 7(y,y,) be an element of T' for which

(Oa 1)7(1;',%)z = (y’, yd)~ (8'5)

It is easy to see that the only elements v € T' for which (0,1)72 = (y’,yq) holds
are exactly the elements v of the coset I'g7y(y,,,). Note that each element (y’,ya) €
Jg is in bijective correspondence to the following collection of intersection points of
YTLN-®) "' with H{® % : s > o}:
{’yzn_s_(fy’/yd)q)*t . for all y € T such that (0,1)yL = (y',yd)}

= Ty o) Ly (=4 [ya) @

Consequently, each element (y’,yq) € Jg is in bijective correspondence to exactly one
intersection of the translated horosphere with Ty\H{® ®:s > o}.

Let us consider the following finite subset of Jg,

Q)

! Qg

Q= {(—1 e 1) €Jo:0<a; <Qfori=1,--- ,d—l}, (8.6)
Qq Qg

for which J = U"Q":ﬁ@.“ Hence, the set SQ is comprised of the points of the set Z4 L~

in the region [0, Q]! x (0, Q], and, using the Gauss circle problem or its various gener-

alizations (see [15, Proposition 3.2] for example), we have the following asymptotics:

#G0)~
Q) ~ @ as @ — oo. (8.7)

8.2. Points on a translated horosphere in the same I'-coset

In this section, fix ¢t € R. Let « and y be two distinct elements of R, When the
cosets TLn_(z)®' and T'Ln_(y)®' are equal, we refer to them as I'-duplicates. As T-
duplicates are identified on T'\G, we wish to find a (maximal) region Az in R%~! which
corresponds to points of the translated horosphere with no I'-duplicates. As the following

theorem shows, Ay, is either all of R?~! or the fundamental domain of a torus lying in
R?-1. Let s;,4 and 4(-) be as defined in Section 8.1.

1 Note that the sets ﬁQ are defined in a slightly different way than the sets Fg from (2.1).
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Theorem 8.12. We have Ap, = R~ for Haar-almost all L € G. Otherwise, for L in the
complementary subset of G, we have

s T4t (Aoy)  if det(4) #0
- a1 (A) i det(A) =0
det(A) if det(4)
Here,
A t’U, L Lil
v ¢ )
and, if det(A) =0,
~
<%‘ g) =L s, 4 (8.8)

where the index j is chosen such that det(A) # 0.

Remark 8.13. Note that such a j always exists. Also, as the proof below is independent
of t, the region Ay is independent of t.

Proof. Two points, I'Ln_(z)®" and T'Ln_(y)®*, on the ®’-translate of the translated
horosphere are I-duplicates if and only if there exists a v € T'\{I} such that'?

YL =In_(y—x). (8.9)

_ At N ¢
Ll_('u Zl’) ry—(p (;) s=x—1v,

we have that (8.9) can be rewritten as

EHEDCrED

which yields four equations, two of which are

Letting

AN = Ij—1) +"up = 041,41 (8.11)
Alr +tu(g—1) ="0.

Expressing this pair of equations in matrix form, we obtain

12 Note that, if we let v = I; in (8.9), then we have that = = y. The converse of this statement also holds.
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. t
(A tu) (N pId—l q—rl) = (A ‘tw)(y—I) =04 14,

or, equivalently,

t
(*y — 1) ( 5) = 0g,d—1-

Here, 0; ; denotes, for 4, j € N, the ¢ x j matrix with all zero entries.

Consequently, a necessary condition for the two points to be I'-duplicates is for the
first d—1 rows of L™! to lie in the eigenspace of some v € T'\{I,} for the eigenvalue 1. By
the rank-nullity theorem, the geometric multiplicity of this eigenspace for any element
of T\{I4} is at most d — 1. As I is countable, we have that, when I'-duplicates exist, the
first d — 1 rows of L~! lie in a countable union of d — 1-dimensional hyperplanes in R?.

We now show that such L lie in a set of Haar measure zero. Let M~! € G. Now, if
the first row of M~ lies in a d — 1-dimensional hyperplane p in R%, then the first row of
t1/4 M1, for every real number ¢ > 0, also lies in p. Thus, by (5.14), we have that M ~*
lies in a set of Haar measure zero. As the Haar measure on G is invariant under taking
inverses, we have that M lies in a set of Haar measure zero. By the countable additivity
of measure, we have shown that I'-duplicates exist only for elements L in a set of Haar
measure zero. This proves the first assertion.

We now prove the rest of the theorem. Now let L lie in the set of Haar measure zero for
which I'-duplicates exist. Consequently, (8.10) holds for some s € R%\{0}. Now (8.10) is
equivalent to the two equations from (8.11) and the following two additional equations:

sA=v(N—14-1)+cp

stu =vlr 4+ c(qg—1).

Moreover, these four equations are equivalent to

A tu N—Id,1 tr o Od_174_1 tO
('u c)( p qg—1) "~ sA stu ) (8.12)

Multiplying by L on both sides and solving for p yields
p=04(L)sA. (8.13)

There are two cases: det(A) # 0 and det(A) = 0. For det(A) # 0, we have that A is
invertible and, thus, s = p;;‘(—;) where §(L) is computed as in (8.4). Using (8.3) gives the
desired result. Finally, for det(A) = 0, we have that det(A) # 0. Using (8.8) and

t

(Jg é:) = sjjcll'ysjd e I\ {I4}
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in (8.10) allows us to apply the previous case to obtain the desired result. This proves
the theorem. 0O

8.8. FEquidistribution of translated Farey sequences: preparation

To prove the equidistribution of translated Farey sequences (namely, Theorem 1.7),
we need the following version of Shah’s theorem ([18, Theorem 1.4]), namely [14, Theo-
rem 5.8].

Theorem 8.14. Let \ be a Borel probability measure on R~1 which is absolutely con-
tinuous with respect to the Lebesque measure and f : R4™1 x T\G — R be a bounded
continuous function. Then, for every L € G, we have that

t—o0

lim / f(x, Ln_(x)®") d\(z) = / f(x, M) dX\(x) dp(M).
Rd—1 Ré-1xI\@

Remark 8.15. Note that the Portmanteau theorem (see [19, Chapter III] for example)
allows us to extend Theorem 8.14 to the indicator functions of continuity sets (i.e. sets
whose topological boundaries have measure zero). Also note that Theorem 8.14 is a

consequence of mixing and does not require Ratner’s theorems (see the end of Section 5.4
in [14]).

8.4. Equidistribution of translated Farey sequences: proof of Theorem 1.7

The proof is an adaptation of the proof of Theorem 2.1 in [13], but with a different
version of Shah’s theorem (namely with Theorem 8.14). Since we are adapting the proof
n [13], Steps 0 — 6 will refer to the original proof in [13]. First, note that multiplying
L on the left by an element of I' leaves the intersection points invariant, and it follows
that, without loss of generality, we may assume

o(L) >0 (8.14)

because, if this were not so, then we replace L by !yL for some € T for which Lemma 8.7
holds. Now, let L :=*L~! and let us define the following subsets of J¢:

0.6 ;:{<ﬂ ...ﬂd—l) eSQ:9Q<ad§Q}

Qg ’ (6%

)

for any 6 € (0,1). The constant 6 remains fixed until the very end of Step 6. By the

~ +
bijection between J and (ZdtL_1> , we have that each element of

o0
aq Qg1 ~
<_’...’ >€U3Q’6
g g oz
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determines a unique element (o, ag) := (a1, -+, aq) for which ag > 0 and also deter-
mines a unique element vy(q/ o,) € Ta\l.

With the change of the version of Shah’s theorem used in the proof in [13] and the
replacement of Fg ¢ with §Q79, we need to make the following changes to Steps 0 — 6.
(The main changes are to Steps 1, 5.)

8.4.1. Step 0: uniform continuity
The assertions in this step are the same for us. However, since we have replaced the

torus T4~ ! with A C R%!, we need to specify the compact support of f. The only
change in this step is that we have compact sets A C R?"! and C C G such that

supp(f), supp(f) € A x T\I'C.
Note that the uniform continuity is expressed as the following: given § > 0, there
exists € > 0 such that, for all (z, M), (z', M’) € R~ x G,
e —x'||2 <e and d(M,M')<e = |f(x,M)— f(z',M")] <d. (8.15)
The same applies to ]7
8.4.2. Step 1: thicken the translated Farey sequence

We thicken the points in the set SQﬁ under the correspondence given by Theorem 8.10
as follows. Let

Co:={(n, - ya) €RY: (yr, -+ ya—1)ll2 < eya, 0 <ya <1}

For any u € R? (thought of as a row vector), define

He(u) = {Me G:ul € Qﬁe}.
An important relationship between G and R? is the following observation.
Lemma 8.16. For every M € G and every u € R?, we have that

MH (uM) = H(u).

Proof. The proof follows from the fact that

uM € ¢, = uMM'Me¢,. O

Moreover, we have that ([13, (3.20)])

—1/(d—1)
A= HE((O,l)):H{(yd Y Lo ;‘;) (', ya) e@}. (8.16)
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We claim that, for each o'/aq € ﬁQ,g and its unique corresponding v := Y(a’,aq) €
Ty \I', we have that their unique corresponding intersection point

_ —1
P =P aq) = t(t'}/ "Ln_ (a//ad)(bt)

lies in H!. We now prove the claim. Since o’/agq € 3@)9, we have that §(yL) > 0 and
Lemma 8.4 gives a unique decomposition

o7, t0>

V=D (0 0

because (o, ag) = (0,1)yL. Consequently, we have that

~ —1/(d-1) ¢ o - _ ag\-1/d-1], | to
p=0L)n <ad o la-1 0>n+ <>q) t(,-yL)H((Q) o d—1 a_d>

Qg Qg Q

where in Step 0 we have set o = 0 and thus have Q = e(?~D*. This shows that p € H_.
Finally, to see that the element of T';y\I" corresponding to a'/ay is unique, we set

(vL)g'vL = L)AL,

from which it follows that ,% are in the same coset in I'y\I'. This proves the claim.
Note that the claim allows us to regard H! as a thickening of the translated Farey
points.

8.4.3. Step 2: disjointness
This step is unchanged. The result is the following [13, (3.22)]. Given a compact subset
C C G, there exists an €y > 0 such that

YHINHINTC =0
for every € € (0,¢€g],v € I'\I'y.

8.4.4. Step 3: apply Theorem 8.1/
This step is essentially unchanged, except we apply a translated version of Shah’s
theorem. The details are as follows. For all M € T'C, Step 2 gives

Xe(M)= Y xl(yM)

’yGFH\F

where ! is the indicator function of H! and x.(M) is the indicator function of the
disjoint union

H.nre:= |J (yHinre).
yel'/Ty



80 J. Tseng / Advances in Mathematics 432 (2023) 109255

Applying Theorem 8.14 and Remark 8.15, we have
tim [ fa I @)% @) de= [ f@ T do du(h)
Rd-1 RI-1xI\G
(8.17)

- / Fla. M)x(M) dz du(M),

RI-1xT\G

8.4.5. Step 4: a volume computation

Except for the fact that the domain of the first variable of the function f is a compact
subset A of R4~1, this step is unchanged. In particular, the proofs are exactly the same.
The result is the following [13, (3.46)]:

Jim / F@, In_(z)8): (In_(2)®') dz (8.18)
Rd-1
|log 6]/(d—1)
_ d—1y d—1 ~
_(d 1) VOQ-I((ngl )6 / f(m,M@is) dz duH(M)efd(dfl)S ds
0 RA-1xTy\H

-~

vol(B¢™H)de? =1 vol(A)

ad
() (1=

for 6, ¢ > 0 coming from Steps 0, 2. Here, B{i71 denotes the open ball around 0 of radius
1 in R%1, and vol is the Lebesgue measure on R4~1.

8.4.6. Step 5: distance estimates

Lemma 8.17. Let &' /ay € 3@79 and 7y := Y(a',ay) be its unique corresponding element of
Ly\I'. Then

’}/zﬂ+(—$)¢)7t S Hi

if and only if

<ee ™ and 0Q<a;<Q
2

hold.

Proof. Recall that Q = e(¢~1*. Consider

~ ~ -1/(d-1) t
O, B (- = .06 Dy (%0t 0 Y (o
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—1/(d—1
=(0,1)<etad Wyt )

et(a —xay) e (@ Dtg,
The desired result now follows by the definitions of the sets H! and €. O

Step 2, the lemma, and the fact that f and fare both left I'-invariant give us that
flx, Ln_(x)®") xc(Lny (—2)® ") da (8.19)
Rd-1

= [ Fe I ca)e s (-a)e ) do
Rd—1

= > / F@,vEn i (—2)d )X (vIny ()@ ") da
YET B\ Ra—1

Z / flx,vIng (—x)@7") d

PPS
:—dEJQ,e |

’
L,w|‘ <ee—dt
ad |,

= Z / f(z, Ln_(x)®") dz.

DS
g—dEJde |

’
ai,mH <ee—dt
ad |,

Applying the uniform continuity with d,¢ > 0 as above gives

d—1 - / /
e L (@)0') do — A (X g (2 0t)

Qaq Qg

|

o’ H —dt
oo x| <eem9t
aq 2

(8.20)

vol(B{~1)ged—1
cd(@—1)t

uniformly for all £ > 0.
8.4.7. Step 6: conclusion

This step is essentially unchanged. Using (8.18), (8.19), (8.20) and the uniform con-
tinuity, we have, as § — 0,

. 1 o o t
tliglo cd(d—1)t Z ! (a—d’Ln_ (a_d) & ) s21)
2 el
de1 |log 6]/(d—1)
= ﬁ / / f(m,Mqu) dx duH(M)efd(dﬂ)s ds.

0 Reé—1xT g\ H
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The asymptotics (8.7) show that

= (SQ\SQﬁ) 0
cd(d—1)t =< C(d)’

lim sup
t—o0

which allows us to take the limit # — 0 in (8.21). This proves Theorem 1.7 for ¢ = 0
and f compactly supported. The general case follows in exactly the same way as in [13].
This completes the proof of Theorem 1.7.

8.5. Shrinking target horospherical equidistribution for translated horospheres

We now prove our STHE results for translated horospheres by adapting our proofs
for the horosphere.

Proof of Theorem 1.3 for any L € G. In the proof of Theorem 1.3 for the case L = I,
replace the Farey sequence with the translated Farey sequence corresponding to 'LN .
All of the proof up to (3.7) remains the same. Applying Theorem 1.7 in place of Theo-
rem 2.1, we obtain the analog of (3.7):

t_m# Go) > fre ( - <Z—;> ‘Pt> (8.22)

ae7

=(d— 1)Tg*15d—1/ / Laxss, (2, M®®) de dpg (M)e= =1 ds

0 Ré-1xTy\H

cd—1
= /]lA(x)d:c.

Rd—1

Finally, as in Theorem 1.3 for the case L = I;, we normalize with respect to the Haar
measure on N~ namely the Haar measure of @ *N_ (T4 1)®t = @t N_([0, 1]~ 1)®! to
obtain the desired result. O

Remark 8.18. The sets §Q7 Fo are defined slightly differently and, in particular, have dif-
ferent asymptotics, namely (2.3) and (8.7), respectively. That these two sets are different
does not affect any of our STHE results.

Proof of Theorem 1.1 for any L € G. In the proof of Theorem 1.1 for the case L = I,
replace the Farey sequence with the translated Farey sequence corresponding to 'LN .
All of the proof up to (5.22) remains the same. Applying Theorem 1.7 in place of Theo-
rem 2.1, we obtain the analog of (5.22):
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Td=1 N l l
lim : 3 Fre (Z—d,Ln_ (g_d) cpt) (8.23)

=(d- 1)Tg_15d*1/ / Laxe(z, M®™*) da dpg (M)e~ @15 ds

0 RdfleH\H

— T8-1¢(d)u (CNF (@) / 14(x) da.
Rd-1

Finally, as in Theorem 1.1 for the case L = I;, we normalize with respect to the Haar
measure on N ~, namely the Haar measure of @ *N_ (T4 1)®t = ®~*N_([0, 1]~ 1)®! to
obtain the desired result. O

Proof of Theorem 1.5 for any L € GG. In the proof of Theorem 1.5 for the case L = I,
replace the Farey sequence with the translated Farey sequence corresponding to LN .
All of the proof up to (4.11) remains the same. Applying Theorem 1.7 in place of Theo-
rem 2.1, we obtain the analog of (4.11):

S Fro (St (S) o) —c@n o) | [ 1a@) de
€Jq d—1

(8.24)

Finally, as in Theorem 1.5 for the case L = I;, we normalize with respect to the Haar
measure on N, namely the Haar measure of @~ *N_ (T4 1)®! = d~*N_([0,1]9"1)d* to
obtain (1.14). O

Proof of Theorem 7.2 for any L € GG. In the proof of Theorem 7.2 for the case L = I,
replace the Farey sequence with the translated Farey sequence corresponding to LN~
and follow the proof of Theorem 1.5. O

The analog of Lemma 7.21 is

Lemma 8.19. Let L € G. Then there exists a null set N with respect to dx such that, for
every t € R, we have that

{x e R In_(x)®' € S\ Ko} CN.

Moreover, N' can be chosen to be a countable union of affine hyperplanes in R4~ of
dimension d — 2.

Proof. Replace n_(x) with Ln_(x) in (7.18) and replace (7.19) with

(p,q) = (0,1)7L. (8.25)
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This yields (7.20) and an affine hyperplane as in Lemma 7.21. Finally, the latter re-
placement gives that (p,q) € J(*L~1), which is comprised of the points of the set 7L,
implying that there are at most a countable number of such affine hyperplanes. This
yields the desired result. O

Finally, we have

Proof of Theorem 7.23 for any L € GG. In the proof of Theorem 7.23 for the case L = I,
replace the Farey sequence with the translated Farey sequence corresponding to LN~
and use Theorem 7.2. For the case ¢ = 0, replace Lemma 7.21 with Lemma 8.19. O

9. More on volumes

In this section, we compute more volumes. These results are used in previous sec-
tions. Recall the definition of Sp(z) in (7.2) and that of Sr(z) in (7.13). The following
generalizes Theorem 5.12:

Theorem 9.1. We have that

H ({gT(z)Efl(z) iz € D})
N % // ]l{gT(Z)M(z'):zeD} (Mo~ n(2)) dpugr (M)e~ 4= ds dz.

Proof. Use Lemma 7.14 in place of Lemma 4.1 in the proof of Theorem 5.12 to obtain
the desired result. O

The following generalizes Theorem 5.13:

Theorem 9.2. We have that

u ({gT(z)E’l(z) ze D}) - ;‘i:u ({g(z)E’l(z) Lz D}) .

Proof. Using Iwasawa coordinates, we have that
dp = Cop(a) dn da dk,

where Cp > 0 is a constant. Equation (7.2) states that S7(z) and S(z) are the same in
Iwasawa coordinates except for a factor of &~ 1°8(T/T0) Equation (5.17) implies that
we obtain the factor

d—1
TO
Td-1’

which is the desired result. 0O
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