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Abstract—We consider bootstrap inference for estimators which are
(asymptotically) biased. We show that, even when, the'bias term
cannot be consistently estimated, valid inference can be obtained by
proper implementations of the bootstrap. Specifically, we show that
the prepivoting approach of Beran (1987,:1988), originally proposed
to deliver higher-order refinements;.restores bootstrap validity by
transforming the original bootstrap p-value into an asymptotically
uniform random variable. We(propose two different implementations
of prepivoting (plug-in and.double bootstrap), and provide general
high-level conditions that imply validity of bootstrap inference. To
illustrate the practical-relevance and implementation of our results,
we discuss five examples: (i) inference on a target parameter based on
model averaging; (i) ridge-type regularized estimators;

(iii) nonparametric.regression; (iv) a location model for infinite
variance datajand (v) dynamic panel data models.

KEYWORDS: Asymptotic bias, bootstrap, incidental parameter bias, model averaging,
nonparametri¢’regression, prepivoting.

1 Introduction
SUPPOSE THAT € is a scalar parameter of interest and let %1 denote an estimator for which

d
T, :=g(n@, -0)->B+¢&, (1.1)


http://crossmark.crossref.org/dialog/?doi=10.1080/01621459.2023.2284980&domain=pdf

where 9(") = = s the rate of convergence of 9., & is a continuous random variable
centered at zero, and B is an asymptotic bias (our theory in fact allows for a more general

formulation of the bias). A typical exampleis 9(M =" and &~ N(©:¢") ynless B can be
consistently estimated, which is often difficult or impossible, classic (first-order) asymptotic
inference on @ based on quantiles of & in (1.1) is not feasible. Furthermore, the bootstrap,
which is well known to deliver asymptotic refinements over first-order asymptotic
approximations as well as bias corrections (Hall, 1992; Horowitz, 2001; Cattaneo and
Jansson, 2018, 2022; Cattaneo, Jansson, and Ma, 2019), cannot in general be applied to solve
the asymptotic bias problem when a consistent estimator of B does not exist. Examples are
given below.

2

Our goal is to justify bootstrap inference based on T, in the context of asymptotically biased
estimators and where a consistent estimator of B does not exist. Consider the bootstrap

statistic T» = 9(M, =) \where % is a bootstrap version of %, such that

T -B —-,¢£,(1.2)

q

where Br is the implicit bootstrap bias, and ¢ ™ * > denotes weak convergence in probability
(defined below). When &+ =8 =% ®
sense that the bootstrap distribution of Tv is consistent forithe asymptotic distribution of T,

o sup|P(T, < x)=P(T, <x)|=0,(1)
e, x<¢

, the bootstrap is asymptetically valid in the usual

We consider situations where 5 = B s not asymptotically negligible so the bootstrap fails to

replicate the asymptotic bias. For example, thisthappens when the asymptotic bias term in the
bootstrap world includes a random (additive) component, i.e.

d

B, - B— &, (jointly with (L.1))} (1.3)

where &, is a random variable centered at zero. In this case, the bootstrap distribution is
random in the limit and hence cannot mimic the asymptotic distribution given in (1.1).

Moreover, the distribution of the bootstrap p-value, P,i=P (T, =T,) , Is not asymptotically

uniform, and‘the boetstrap cannot in general deliver hypothesis tests (or confidence intervals)
with the desired null rejection probability (or coverage probability).

In this paper, we show that in this non-standard case valid inference can successfully be
restored by proper implementation of the bootstrap. This is done by focusing on properties of
the bootstrap p-value rather than on the bootstrap as a means of estimating limiting
distributions, which is infeasible due to the asymptotic bias. In particular, we show that such
implementations lead to bootstrap inferences that are valid in the sense that they provide
asymptotically uniformly distributed p-values.



Our inference strategy is based on the fact that, for some bootstrap schemes, the large-sample

distribution of the bootstrap p-value, say H(u),  <[°:11 although not uniform, does not
depend on B. That is, we can search for bootstrap algorithms which generate bootstrap p-
values that, in large samples, are not affected by unknown bias terms. When this is possible,
we can make use of the prepivoting approach of Beran (1987, 1988), which — as we will
show in this paper — allows to restore bootstrap validity. Specifically, our proposed modified
p-value is defined as

p,==H_(p,),

H,(u)

where is any consistent estimator of H(u), uniformly over " € (011 The (asymptotic)

probability integral transform b, H(P,) , continuity of H(u), and consistency of H, (1)

then guarantee that P~ is asymptotically uniformly distributed. Interestingly, Beran+(1987%,
1988) proposed this approach to obtain asymptotic refinements for the bootstrap, but did not
consider asymptotically biased estimators as we do here.

We propose two approaches to estimating H. First, if H=H, , Wheregis afinite-

dimensional parameter vector, and a consistent estimator 7 » of y iS'available, then a ‘plug-in’

approach setting Moo= Ay, can deliver asymptotically uniformp-valdes. Second, if
estimation of y is difficult (e.g., when y does not have a closed form expression), we can use a
‘double bootstrap’ scheme (Efron, 1983; Hall, 1986), where,estimation of H is achieved by
resampling from the bootstrap data originated in the first'level.

For both methods, we provide general high-level'conditions that imply validity of the
proposed approach. Our conditions are not specific to a given bootstrap method; rather, they
can in principle be applied to any bootstrap scheme satisfying the proposed sufficient
conditions for asymptotic validity.

Our approach is related to recent.work by Shao and Politis (2013) and Cavaliere and
Georgiev (2020). In particular, a cammon feature is that the distribution function of the
bootstrap statistic, conditional on:the original data, is random in the limit. Cavaliere and
Georgiev (2020) emphasize that randomness of the limiting bootstrap measure does not
prevent the bootstrap from, delivering an asymptotically uniform p-value (bootstrap
‘unconditional’ validity)yand provide results to assess such asymptotic uniformity. Our
context is different, since the presence of an asymptotic bias term renders the distribution of
the bootstrap p-value non-uniform, even asymptotically. In this respect, our work is related to
Shao and Politis (2013), who show that t-statistics based on subsampling or block bootstrap
methods with bandwidth proportional to sample size may deliver non-uniformly distributed
p-values that, however, can be estimated.

To illustrate the practical relevance of our results and to show how to implement them in
applied problems, we consider three examples involving estimators that feature an asymptotic
bias term. In the first two examples (model averaging and ridge regression), B is not
consistently estimable due to the presence of local-to-zero parameters and the standard
bootstrap fails. In the third example (nonparametric regression), the bootstrap fails because B
depends on the second-order derivative of the conditional mean function, whose estimation



requires the use of a different (suboptimal) bandwidth. In these examples, & is normal, but
g(n) and B are example-specific. Two additional examples are presented in the supplement.
The fourth is a simple location model without the assumption of finite variance, where ¢ is
not normal and estimators converge at an unknown rate. The fifth example considers
inference for dynamic panel data models, where B is the incidental parameter bias.

The remainder of the paper is organized as follows. In Section 2 we introduce our three
leading examples. Section 3 contains our general results, which we apply to the three
examples in Section 4. Section 5 concludes. The supplemental material contains two
appendices. Appendix A specializes the general theory to the case of asymptotically Gaussian
statistics, and Appendix B contains details and proofs for the three leading examples, as well
as two additional examples.

Notation

Throughout this paper, the notation ~ indicates equality in distribution. For instance,

Z ~ N(0.1) means that Z is distributed as a standard normal random variables We write ¢
X-=7Y>and ‘Y = X’ to mean that x is defined by y. The standard Gaussian‘cuimulative
distribution function (cdf) is denoted by @ ; Yu s the uniform distribltion-on [0+1] , and

]I 1 = - -
€ is the indicator function. If F is a cdf, F ~ denotes the generalized inverse, i.e. the

SN R. R )\, _ .
Fo(u):=inf{ve ™ F(v)=u}ue™ ynlessspecified otherwise, all limits

=dab/n

quantile function,

are for " = = _ For matrices a, b, ¢ with n rows, we let % and

. _ -1 .
Save = Sap 7 SacSe S assuming that S has full rank:

-
For a (single level or first-level) bootstrap.sequence, say Yo weuse n 0

p

Y >0

, Or equivalently

“>0,P (Y, > 0 :
> Y, > =50 \where P* denotes the

*=0p.(l)

, in probability, to mean that, for-any

n

Y
probability measure conditionalen the,original data D,. An equivalent notation is
(where we omit the qualification “in probability” for brevity). Similarly, for a double (or

o . Y =0.0
second-level) bootstrap sequence, say Yo we write - @ to mean that for all

p

€ * g€ o . e H
> 0P Y, b =0 Avhere P is the probability measure conditional on the first-level

bootstrap data D, “and on Dy,
. .-
' . Y o &
We use ' , or equivalently -

points U € of the cdf of & say © (W)= P(E<W) it holds that P (n W) —SW >, 0

, In probability, to mean that, for all continuity

d

Similarly, for a double bootstrap sequence Yo weuse 'n ¥ d , In probability, to mean

p

PU(Y, <u)-G(u)—>,

that % for all continuity points u of G.



2 Examples

In this section we introduce our three leading examples. Example-specific regularity
conditions, formally stated results, and additional definitions are given in Appendix B. For
each of these examples, we argue that (1.1), (1.2), and (1.3) hold, such that the bootstrap p-

values P~ are not uniformly distributed rendering standard bootstrap inference invalid. We
then return to each example in Section 4, where we discuss how to implement our proposed
method and prove its validity.

2.1 Inference after model averaging

SETUP. We consider inference based on a model averaging estimator obtained as a weighted
average of least squares estimates (Hansen, 2007). Assume that data are generated accarding
to the linear model

y=xB+265+ e, (2.1)

where f is the (scalar) parameter of interest and ¢ is an n-vector of identically and

independently distributed random variables with mean zero and varianee™@ " (henceforth i.i.d.

(0.5%), conditional on WV = (x:2)

The researcher fits a set of M models, each of them based on-different exclusion restrictions
on the g-dimensional vector o. This setup allows for madel averaging both explicitly and
implicity. The former follows, e.g., Hansen (2007). The latter includes the common practice
of robustness checks in applied research, wherethe significance of a target coefficient is
evaluated through an (often informal) assessmentiof its significance across a set of
regressions based on different sets of controls; see Oster (2019) and the references therein.

Specifically, letting Ry, denote a 9 * 9»_selection matrix, the ™ ! model includes x and

-1

ﬁm,n = Sxx.Zmey.Zm

M

Zn = 2Ry 35 regressors, and the corresponding OLS estimator of S is
o =1
and n-1 , the model

@

Given a set of fixed weightss? (@1 @ ) such that @n <[0:1]

ﬁn :=za)mﬁm,n . 1/2 -
averaging estimator. is mo1 . Then Tn =" (B = B) satisfies

2
Tom B0 s = MO ywhere v* > 0 and

Thus, the magnitude of the asymptotic bias B, depends on "“3 . If § is local to zero in the
sense that ¢ = ¢n " for some vector ¢ <" (as in, e.g., Hjort and Claeskens, 2003; Liu,

2015; Hounyo and Lahiri, 2023), then B+ ~» ® = Q¢ wijth Q= PIim Q. g4 that (1.1) is
satisfied with nonzero B in general. Because B depends on ¢, which is not consistently



estimable, we cannot obtain valid inference from a Gaussian distribution based on sample
analogues of B and V°.

FIXED REGRESSOR BOOTSTRAP. We generate the bootstrap sample as ¥ = X+ 29. 7 ¢

where ¢ 1P, =N 0.6,1,).(8,.9,.6,) is the OLS estimator from the full model, and

D, =4y W} Similar results can be established for the nonparametric bootstrap where ¢ is
resampled from the full model residuals. The bootstrap model averaging estimator is given by

,B: ::za’mﬂ:ﬂyn g’ —s ' g V7 .
m-t , Where P Wi owtze | etting To=n 0, = F.)  we can show that

(1.2) holds with B+ = @™ %a sych that, as in (1.3),

d
B,-B,=Qn""(5,-8)> & ~ N(0,v,,), v,,>0,

22

12 , 4
given in particular the asymptotic normality of " (9, = 9)  Because the Bias term in the

bootstrap world is random in the limit, the conditional distribution of: T\ _is also random in
the limit, and in particular does not mimic the asymptotic distribution of the original
statistic Th,.

PAIRS BOOTSTRAP. Consider now a pairs (random design)-bootstrap sample

{yooxe 2zt =120} ‘hased on resampling with replacement from the tuples

{y, . x,z,;t=1,.
representation

- Asis standard, it is useful to.recall that the bootstrap data have the

y = x*,én+2*5n+s*,

& - XB,

where ¢ = (1080 and € disan 1idd. draw from & = Vs
model averaging estimator_is

~ %% The pairs bootstrap

~ M ~
L * R * 4 -1
B,=> o B, Withig = Sx,xx_z; ytze
m=1

and “n = 2 R’ The pairs bootstrap statistic is then

1/2 2 1

(B, -B,)=B, +n""s s

T :=n
n

et

where



B

Therefore, and in contrast with the fixed regressor bootstrap (FRB), the term ~r is stochastic

under the bootstrap probability measure and replaces the bias term B, . This difference is not

innocuous because it implies that T, -8B

T~ Bn and (1.2) does not hold. However, this does not prevent our method from working,

but it will require a different set of conditions which we will give in Section 3.5.

» no longer replicates the asymptotic distribution of

2.2 Ridge regression

SETUP. We consider estimation of a vector of regression parameters through regularization; in

=9X!+€t,t=1,...,n’WhereXtisa

0:g'e9:

particular, by using a ridge estimator. The model is ¥

px1

~ . . 2 - -
non-stochastic vector and " i.i.d. (%@ ) Interest is on testing H " based on

O

ridge estimation of 6. Specifically, the ridge estimator has closed form expression €0 =80y

-1
=S _+n c |
XX

, Where S " » and c, is a tuning parameter that controls the degree of shrinkage

towards zero. Clearly, ¢, = 0 corresponds to the OLS estimator, %) We.are interested in the

. . - -1/2 .
case where the regressors have limited explanatory power, i.e., wheres@=én s |ocal to
zero, which can in fact be taken as a motivation for shrinkage towards. zero and hence for

(@6, - 1) |5

1/2

ridge estimation. To test o we consider the test statistic Tz~

¢ = ¢ 20 (a5in, e.g.,, Fu and Knight, 2000) then, under the null, it holds that
T -B, >, & ~N(0,v)

, Where
B,:=-c,n ""g'S'0=-cn'gS. 6> B=-c,g o
. > =3 c. | = i 9 . . .
with = = wt Colo and %o = 1M S5 SHente, for S > O s asymptotically biased and

the bias term cannot be consistently estimated. Consequently, (1.1) is satisfied, and inference

2 —
based on the quantiles of the < (O Y distribution is invalid unless % = © .

BoOTSTRAP. Considerarpairs(random design) bootstrap sample OyoxGt=1 0} i by

i.i.d. resampling from the-tuples yoxit=1..n} The phootstrap analogue of the ridge

. e Y S..:=S..+n"cl
estimator is ', where ~xx x'x "¢ The bootstrap statistic is

L 1/2 ' # _ ~ . . . ~ * *
Ty =170 (% - 9.) which is centered using % to guarantee that “ and *t are uncorrelated
d
in the bootstrap world. Because we have used a pairs bootstrap, we now have To =By =g
B = —c.n’g’s . é B,-B,=0_.(1)
for " " 9500, However, P

T~ B still satisfies (1.2). Then (1.3) holds with

-1

S 12 o1
with B = ~C" 9 5.0, gch that

~ d
B.-B =-cn'gs. n"(0 -0)->¢ ~N(©O,v,), v,>0,

22



so the bootstrap fails to approximate the asymptotic distribution of T, (see also Chatterjee and
Lahiri, 2010, 2011).

2.3 Nonparametric regression

SETUP. Consider the model

y, = B(x)+e, t=1,..,n (2.2)

-~ - .- 2 - - - - -
where Z() is a smooth function and ¢t ~ i.i.d.(®:@ ) For simplicity, we consider a fixed-

X, =t/n

design model; i.e., . The goal is inference on #*) for a fixed * < (®:1) We apply

By (x) = ()Y K ((x, - x) /W)y,
the standard Nadaraya-Watson (fixed-design) estimator t=1 :

where h = ¢n™ for some ¢ > 0 is the MSE-optimal bandwidth and K is the kernel function.

We do not consider the more general local polynomial regression case, although we
conjecture that very similar results will hold. We leave that case for future-research. The

T = (nh)"* (B, (x) - B(X)) ~B, >, &~ N(O,v)

statistic satisfies "

2

2 2
vVii=o K(u) du>0
I (W) and

/Wwhere

B := (nh)"? (iz ktﬂ(Xt)—ﬁ(X)\ (2.3)
th J

t=1

with K= KX =X /1) The hias B, satisfies

1/2

B, = (nh)"*(h*8 (X)x,/2+0(h*) - B:=c*f(x)x, 12, (2.4)

K, = juzK(u)du

where and A7) genotes the second-order derivative of #(*) . Thus, (1.1)

is satisfied. Estimating B orB, is;challenging because it involves estimating # () and
although theoretically valid‘estimators exist, they perform poorly in finite samples. This issue
is pointed out by Calonico, Cattaneo, and Titunik (2014) and Calonico, Cattaneo, and Farrell
(2018), who propese more accurate bias correction techniques specifically for regression
discontinuity designs and nonparametric curve estimation.

BooTsTRAP. The (parametric) bootstrap sample is generated as ¥ ~ A+ e t=1...

swhere #1207 jiid N(© ) with Do = Vet =11} 44 9 denotes a consistent
2 Br(x) = (nh) 'Y Ky,

estimator of @ ; e.g. the residual variance. Let =1 and

To = (M) (8,00 = £, 0O) Then (1.2) is satisfied with



. w10 SN
B, := (nh) LEZ ktﬁh(xt)—ﬂh(x)J.

Because h = cn | (1.3) holds with

n

. (1 5 ) N e
B, - B, =(nh) Uon kt(ﬂh(xt)—ﬂ(xt))—(ﬂh(x)—ﬂ(x))J—>52~ N (0,v,,),

where Y22 > 9 5o the bootstrap is invalid. Two possible solutions to this problem are to

*

Yo = Ay (44 \yhere g is an oversmoothing bandwidth

generate the bootstrap sample as
satisfying "9 ™ © (e.g., Hardle and Marron, 1991) or to center the bootstrap statisticat its
expected value and add a consistent estimator of B (e.g., Hardle and Bowman, 1988; Eubank
and Speckman, 1993). Both approaches require selecting two bandwidths, which i1sinot
straightforward. An alternative approach suggested by Hall and Horowitz (2013) focuses on
an asymptotic theory-based confidence interval and applies the bootstrap to calibrate its
coverage probability. However, this requires an additional averaging step‘across a grid of x
(their step 6) to asymptotically eliminate &, and it results in an asymptotieally conservative
interval. Finally, a non-bootstrap-based solution is undersmoothing usinga bandwidth h

satisfying nh® - 0 although of course that is not MSE-optimal and may result in trivial
power against certain local alternatives; see Section 4.3.

3 General results

3.1 Framework and invalidity of the standard bootstrap

The general framework is as follows. We have a statistic T, defined as a general function of a
sample Dy, for which we would like to compute a valid bootstrap p-value. Usually T, is a test

statistic or a (possibly normalized) parameter estimator; for example, "+ = 9 (M7, = 05) | et

D. denote the bootstrap sample, which depends on the original data and on some auxiliary
bootstrap variates (which we assume defined jointly with D, on a possibly extended

D

probability space). Let v .denote the bootstrap version of T, computed on ~ - ; for example,

T =9, -0 o L (W)=P (T =) we® gengte jts distribution function,
conditional'onethe original data. The bootstrap p-value is defined as

b= P (T <T)=1L(T).

First-order asymptotic validity of P requires that P converges in distribution to a standard

tﬁn_)du

uniform distribution; i.e., tha 01 In this section we focus on a class of statistics T,

and "+ for which this condition is not necessarily satisfied. The main reason is the presence



of an additive ‘bias’ term B, that contaminates the distribution of T,, and cannot be replicated

by the bootstrap distribution of T .

Assumption 1. T+ = B 4 ¢ where & is centered at zero and the cdf © (W) = P(& = U) g

continuous and strictly increasing over its support.

T, —>,B+¢&

When B, converges to a nonzero constant B, Assumption 1 can be written 1 asin

(1.2). If T, is a normalized version of a (scalar) parameter estimator, i.e., T, =9(m(@,-0,) ,

then we can think of B as the asymptotic bias of 9. because & is centered at zero. Although
we allow for the possibility that B, does not have a limit (and it may even diverge), we will
still refer to B, as a ‘bias term’. More generally, in Assumption 1 we cover any statistic T,
that is not necessarily Gaussian (even asymptotically) and whose limiting distribution1s,G
only after we subtract the sequence B,. The limiting distribution G may depend on/@a

parameter such that T, -8B

n IS not an asymptotic pivot.
Inference based on the asymptotic distribution of T, requires estimating B, and.any parameter
in G. Alternatively, we can use the bootstrap to bypass parameter estimation-and directly

compute a bootstrap p-value that relies on v and T, alone; that.is, We consider

P.=P (T, =T) A setof high-level conditions on v and T, thatallow us to derive the

asymptotic properties of this p-value are described next.

Assumption 2. For some D,-measurable randomvariable B, it holds that: 0] To = Ba=wer
where & is described in Assumption 1; (ii)

(T, =B\ ¢ (&)

l6,-8,)  le)

Fu)=

where & is centered at zero.and P(& ~ <. =Y) s a continuous cdf.

Assumption 2(i) states that T B, converges in distribution to a random variable & having

the same distribution function G as '+ ~ B~ 2 Thus, &+ can be thought of as an implicit

bootstrap bias that'affects the statistic o in the same way that B, affects the original
statistic T,. Assumption 2(ii) complements Assumption 1 by requiring the joint convergence

of ™» = B and B, - B, towards &; and &, respectively; see also (1.1)—(1.3).

Given Assumption 2(i), we could use the bootstrap distribution of T ~B. 1o approximate the

distribution of T+ ~ B+ . Since By is typically unknown, this result is not very useful for

inference unless 2+ is consistent for B,. In this case, Assumption 2 together with



Assumption 1 imply that Pois asymptotically distributed as Yo This follows by noting

that if B~ B = %@ then %= 0 a5 implying that F () = © (W) Consequently,

FA)n = P*(Tn* STn): P*(Tn*_ BAn STn_ BAn)

=G(T, - B,)+0,(1)(byAssumption 2(i))

— G (&, - &,)(by Assumption 2(ii)and continuity of G)
~U

[o.1]’

where the last distributional equality holds by F = G and the probability integral transform.
However, this result does not hold if ®» = B~ does not converge to zero in probability:

specifically, if B~ B2 =4 € (jointly with T» ~ B+ ¢ 1), then

d

n_Bn)_(BAn_Bn)_)él_é:Z~F

T, -8B, =(T -

n n

(U [0,1])

under Assumptions 1 and 2(ii). When & is nondegenerate, F # G _implying that

Po =G =B)+0, () g not asymptotically distributed as a standard uniform random

variable. This result is summarized in the following theorem.

Theorem 3.1. Suppose Assumptions 1 and 2 hold. Then Po 20 G(F (Upoi))

PROOF. First notice that P+ and © (™= =~ B, have the same asymptotic distribution because

Assumption 2(i) and continuity of G imply that, by Polya’s Theorem,

p
[P, -G(T,—B,)I<sup|P (T, - By<u)-6G(u)|—> 0.

ue

Next, by Assumption 2(ii), B 2% such that

d

G(T,-B,)> G(&~¢&)

by continuity.of G and the continuous mapping theorem. Since 17 %2 has continuous cdf F,

it holds that 2 = F Vo) , which completes the proof. i

Remark 3.1. The value of B, in Assumption 2(i) depends on the chosen bootstrap algorithm.

It is possible that %25 % for some bootstrap algorithms; examples are given in Remark B.2

-B

and Appendix B.5. If this is the case, then S = a.s., which implies that



F(u)y=P(, -¢,fu)=P(£,£u-B)=G(u-B),

and hence Assumption 2(ii) is not satisfied. In this case the bootstrap p-value satisfies

d

p, > G(G (U o)+ B).

Note that this distribution is uniform only if B = 0. Hence, the p-value depends on B, even in
the limit.

Remark 3.2. Under Assumptions 1 and 2, standard bootstrap (percentile) confidence sets are
also in general invalid. Consider, e.g., the case where T+ = 9(M (% =) ang T jgiits

bootstrap analogue with (conditional) distribution function L (W) A right-sided confidence
set for 6 at nominal confidence level 1~ ¢ < (9:1) can be obtained as (e.g., Horowitz,'2001,
p.3171) €l " =10, — (M) 4, A @) +=) yhere G, — )= LA a) Then

P(6,eCl“)=P(0,-g(n) "4, L-a)<,)=P(T, <4, (1-a))
=P(L(T,)<l-a)=P(p,<l-a)” l-a
because by Theorem 3.1 P. is not asymptotically uniformly distributed.

Remark 3.3. It is worth noting that, under Assumptions L/and'2, the bootstrap
(conditional) distribution is random in the limit whenever &, is non-degenerate. Specifically,

assume for simplicity that ©» ~ » & . Recall that & @)= P (T, <) w e ® anq et
G,(u):= P (T, =B, <U) |t then holds that
L (u)=G (u-B )=G(u-B-(Bs—B)) 44 (u),
d,(u) < sup |G, (u)-G(ul=0,()
where by Assumption 2(i), continuity of G, and Polya’s

Theorem. Because B4~ B 2% ¢

L(u)—>,Gu-B-¢)

2, it follows that when & is non-degenerate,

, where ~ v denotes weak convergence of cdf’s as (random)
elements of a-function space (see Cavaliere and Georgiev, 2020). The presence of & in

G (U= B - &) makes this a random cdf 2 Therefore, the bootstrap is unable to mimic the
asymptotic distribution of T, which is © ' = B) by Assumption 1.

Next, we describe two possible solutions to the invalidity of the standard bootstrap p-
value P . One relies on the prepivoting approach of Beran (1987, 1988); see Section 3.2. The
basic idea is that we modify P, by applying the mapping b, H(B,) , Where H(u) is the

asymptotic cdf of Py which makes the modified p-value H(p,) asymptotically standard
uniform. Contrary to Beran (1987, 1988), who proposed prepivoting as a way of providing



asymptotic refinements for the bootstrap, here we show how to use prepivoting to solve the

invalidity of the standard bootstrap p-value P This result is new in the bootstrap literature.
The second approach relies on computing a standard bootstrap p-value based on the modified

statistic given by Tv = By see Section 3.4. Thus, we modify the test statistic rather than
modifying the way we compute the bootstrap p-value.

3.2 Prepivoting

Theorem 3.1 implies that

P(p,<u)—> P(G(F "(U,,))<u)=PQU < F(G " (u))) = F(G *(u)) =:H (u)

[0.1] [o11 —

uniformly over " < [%1] by Polya’s Theorem, given the continuity of G and F. Although,H. is
not the uniform distribution, unless G = F, it is continuous because G is strictly increasing.
Thus, the following corollary to Theorem 3.1 holds by the probability integral.transform.
H(p,)—>,U

[0.1]

Corollary 3.1. Under the conditions of Theorem 3.1,

Therefore, the mapping of Po into M (P) transforms P+ into amew p-value, H(p,) , whose
asymptotic distribution is the standard uniform distribution.on ' Inference based on

H (P s generally infeasible, because we do not obserye H(u)» However, if we can replace

H,(u)

H(u) with a uniformly consistent estimator then, this’approach will deliver a feasible

modified p-value P» = H.(P.)  Since the limit distribution of P is the standard uniform

distribution, P» is an asymptotically validp-value. The mapping of Po into Po = Ha(P) by
the estimated distribution of the former_corresponds to what Beran (1987) calls ‘prepivoting’.
In the following sections, we describe two.methods of obtaining a consistent estimator

of H(u).

Remark 3.4. The prepivoting approach can also be used to solve the invalidity of confidence
sets based on the standard bootstrap; see Remark 3.2. In particular, replace the nominal

l-a

level 1- @ by Ho @£ @) and consider ' =10, — 9(n) "4, (H (A= a)) +2) rpan

P (6, ecﬁa): P(PI<H '(l-a))=P(H (p,)<l-a)>1-a,

where the last convergence is implied by Corollary 3.1 and consistency of Ho

Remark 3.5. Corollary 3.1 can also be applied to right-tailed or two-tailed tests. The right-

tailed p-value, say P = F (To > T = 1= L, (M) =170, "has cdf

PP, =w)=P(p, 21-u)=1=P(p, <1-u)=1-H{E=)+ o) hicormly in u. Note that

because the conditional cdf of '+ is continuous in the limit, the p-value Por s



asymptotically equivalent to PIT, 2T, . Thus, by Corollary 3.1, the modified right-tailed p-

p,, =1-H (p,,)

value, , satisfies

- d

p,, = 1-H@- ﬁn,r)+ op(l) =1-H(p, )+ 0p(1)—> U[M].
Similarly, for two-tailed tests the equal-tailed bootstrap p-value,

Poe = 2MINER, P, 3= 2mIngP 1P} oatisfies oo ¢ Yo by Corollary 3.1 and the

continuous mapping theorem.
3.2.1 Plug-in approach

Suppose H=H, W depends on a finite-dimensional parameter, y. In view of

Theorem 3.1, a simple approach to estimating H(u) is to use

H,(u)=H, (u),

where 7 denotes a consistent estimator of y. This leads to a plug-inimadified p-value
defined as

p,=H. (p,)

7

By consistency of 7+ and under the assumption. that f'%is continuous in y, it follows
immediately that

d

p, = H(p,)+0,(1)> F(G *(G(F (U= U

[01]"
This result is summarized next;

Corollary 3.2. Let Assumptions 1 and 2 hold, and suppose H, W

= Hy.n(ﬁn)—nu

is continuous in y for

[0.1]

every u. If 7» 7 » 7 then £
The plug-intapproach‘relies on a consistent estimator of the asymptotic distribution H, but

does not requireé estimating the ‘bias term’ B,. When estimating y is simple, this approach is
attractive since it does not require any double resampling. Examples are given in Section 4.

However, computation of y is case-specific and may be cumbersome in practice. An
automatic approach is to use the bootstrap to estimate H(u), as we describe next.

3.2.2 Double bootstrap

Following Beran (1987, 1988), we can estimate H(u) with the bootstrap. That is, we let

H. (u)=P (p. <u),



where b, is the bootstrap analogue of P. Since P isitself a bootstrap p-value, computing
b, requires a double bootstrap. In particular, let D, denote a further bootstrap sample of
size n based on P+ and some additional bootstrap variates (defined jointly with D, and D,
on a possibly extended probability space), and let T denote the bootstrap version of T

computed on D\ With this notation, the second-level bootstrap p-value is defined as

f): — P** (Tn**

<T)),

D

where P denotes the bootstrap probability measure conditional on = and D,, (making Py

a function of D, and Dy). This leads to a double bootstrap modified p-value, as giveniby
p,=H, (p)="P(p, <p,)

=H_(p)—,U

In order to show that P» 1 we add the following assumption:

Assumption 3. Let & and &, be as defined in Assumptions 1 and.2. For some (D;.D,)_

d

measurable random variable B:, it holds that: (i) To ~Boge ‘51, in probability, and
.

(i) Tn "Bl

Assumption 3 complements Assumptions 1 and 2 bysimposing high-level conditions on the
second-level bootstrap statistics. Specifically; Assumption 3(i) assumes that T has
asymptotic distribution G only after we subtract B, This term is the second-level bootstrap

analogue of Boo it depends only on,thefirst-level bootstrap data D, and is not random
under P~ . The second part of Assumption 3 follows from Assumption 2 in the special case

3 - B =o0.(1

B _ 2ok
that " " ° : , in probability; i.e., when =035, implying F = G. When F * ¢ B

n

is not a consistent estimator of 2~ . However, under Assumption 3,

q

T -B =(T. -Bp.-(B, -B)>,& &, =F

1

(U [011])

B

implying that T, = B mimics the distribution of ™ ~ B+ This suffices for proving the

asymptotic validity of the double bootstrap modified p-value, P ~ H. (P s proved next.

Theorem 3.2. Under Assumptions 1, 2, and 3, it holds that P = H.(P) =, U

[0.1]



PROOF. To prove this result, recall that H»(4) = PT(P, <U) gng

PP, <u) > H (W) =F(C (W) yniformlyin v € ¥, since H is a continuous distribution

function by Assumptions 1 and 2. Thus, we have that

pr=P (T <T)=P" (T -B <T -B))
=G(T -B)+ o (1), byAssumption3(i),

1

=G(F (U, )+ op‘(l), byAssumption 3(ii),

G(F "(Up,))

where is a random variable whose distribution function is H. Hence,

sup [H (u) - H (u) =0, Q).

ue

H(ﬁn)_)du :H‘n(ﬁn)%du

Since 01 we can conclude that Py o =)

Theorem 3.2 shows that prepivoting the standard bootstrap p-value P by applying the

mapping ™ » transforms it into an asymptotically uniformly disttibuted random variable. This
result holds under Assumptions 1, 2, and 3, independently of'whether G = F or not. When G

=Fthen P» 79 Yo (as implied by Theorem 3.1). In this case, the prepivoting approach is
not necessary to obtain a first-order asymptotically‘valid test, although it might help further
reducing the size distortion of the test. This corresponds,to the setting of Beran (1987, 1988),
where prepivoting was proposed as a way of reducing the level distortions of confidence

intervals. When G * F then Pr is not asymptotically uniform and a standard bootstrap test

based on P+ is asymptotically invalid,as shown in Theorem 3.1. In this case, prepivoting
transforms an asymptotically invalid'bootstrap p-value into one that is asymptotically valid.
This setting was not considered by :Beran’ (1987, 1988) and is new to our paper.

3.3 Power of tests

In this section we explicitly consider a testing situation. Suppose we are interested in testing

Ho10=0 against "+ .9  specifically, defining T+ (¢ = 9(M(¢, =) \ye consider the test

statistic " @) The corresponding bootstrap p-value is P.(0) with Pa(9):= PI(T, <T,(9)) .

0 =20

When the null hypothesis is true, i.e., when o with 6y denoting the true value, we find

To(0)=T,(0) =Ty gng Pa(@) = P.(%) = Py \where Toand P» are as defined previously. If
Assumptions 1 and 2 hold under the null, Theorem 3.1 and Corollary 3.1 imply that tests

based on ™ (P+(9)) have correct asymptotic size, where H continues to denote the

asymptotic cdf of P



=9+ 2 for some deterministic sequence a,. Thena, =0

a =a<0
n

To analyze power, we consider 0

under the null hypothesis, whereas corresponds to a fixed alternative and

3, =2a79(") for a <0 corresponds to a local alternative. Thus, we define
z,=9g(n)og,-0)=g(n)a, so that T.0)=T, +7x, .

Theorem 3.3. Suppose Assumptions 1 and 2 hold. (i) If “» ~ * then

1

H(p,(0)) >, F(F" (U[o,l])+”)_(ii) If o =™ ~® then P (H (B, (6) <) > 1 for any

nominal level @ > 0,

PROOF. As in the proof of Theorem 3.1 we have, by Assumption 2(i),
p,(6) =P (T <T (0))=P (T, -B, <T -B +7,)=G(T,-B, +x,)+0,().

-1

If 7o 2 7 then Pr(9) 20 ©(F " Wii)+7) by Assumption 2(ii), so that

d

H (p,(0))—> H (G(F

-1

Y+ 7)) = F(F (U, +7)

( [0.1] [0,1]

p,(6) > , 0 B, :0(1)by

by definition of H(u). If 7+ > ~% then ° because, "

Assumption 2(ii), so that " (P (00) >, H(0) =0 g P, (0)) < o) > 1 g any @ >0

O
It follows from Theorem 3.3(ii) that a left<tailed test that rejects for small values of

H (P, (9)) s consistent. Furthermore, it follows from Theorem 3.3(i) that such a test has non-
trivial asymptotic local power against 7.< 0""Specifically, the asymptotic local power against

xis given by P (1 (Pn(8)) = @) SR (Fes@) = 7). yterestingly, this only depends on F and

not on G. As above, to implement the modified p-value, H (P, (6)) , In practice, we would
need a (uniformly) consistent estimator of H, i.e., the asymptotic distribution of the bootstrap
p-value when the nullshypethesis is true. This could be either the plug-in or double bootstrap
estimators, as discussed in Sections 3.2.1 and 3.2.2.

Note that Assumption 2 is still assumed to hold in Theorem 3.3. That is, the bootstrap statistic

T» s assumed to have the same asymptotic behavior under the null and under the alternative.
This is commaonly the case when the bootstrap algorithm does not impose the null hypothesis
when generating the bootstrap data.

3.4 Bootstrap p-value based on '

The double bootstrap modified p-value P depends only on the statlstlc Tn and their bootstrap

analogues T and ™ . It does not involve computing epr|C|tIy B but in some



applications it can be computationally costly as it requires two levels of resampling. As it
turns out, P~ is asymptotically equivalent to a single-level bootstrap p-value that is based on

bootstrapping the statistic '+ ~ B+, as we show next.

By definition, the double bootstrap modified p-value is given by Pr» = PP, < 8,) , Where
pri=P (T <T)=P" (T -B <T -B)=G(T -B))+ 0 . (1),

in probability, given Assumption 3. Similarly, under Assumptions 1 and 2,

p,==P (T, <T)=P(T/-B, <T, -B)=G(T, -B)+0 (1)

It follows that

p, =P (P, < p,)=P (G(T, -B)<G(T,-B))+0, (1)

=P (T -B <T -B)+o0,(1)
because G is continuous. We summarize this result in the following cerollary.

Corollary 3.3. Under Assumptions 1, 2, and 3, P ~ P Qg By < To =B+ o, (1)
Theorem 3.2 shows that P» ¢ Yo and hencelis.asymptotically valid. In view of this,
Corollary 3.3 shows that removing B from.T, and computing a bootstrap p-value based on
the new statistic, '+ ~ B, also solves the invalidity problem of the standard bootstrap p-

value, P» =P (T =T.) Note thatwedo fot require <2 = ©,i.e. B~ B+ and B ~ B donot
need to converge to zero.

When B, and g, are easy to compute, e.g., when they are available analytically as functions
of D, and D, , respectively, Corollary 3.3 is useful as it avoids implementing a double
bootstrap. When this is not the case, i.e., when deriving 2 and G, explicitly is cumbersome
or impossible, we'may be able to estimate B, from the bootstrap and 8, from a double
bootstrap. Corollary 3.3 then shows that the double bootstrap modified p-value P, isa
convenient alternative since it depends only on T, T , and T . It is important to note that

none of these approaches requires the consistency of B.and B

3.5 A more general set of high-level conditions



We conclude this section by providing an alternative set of high-level conditions that cover

bootstrap methods for which T, -8, has a different limiting distribution than T =Bv This
may happen, for example, for the pairs bootstrap; see Section 2.1 and Remark 3.6.

Assumption 4. Assumption 2 holds with part (i) replaced by (i) T, - B, , Where {7 Is

centered at zero and the cdf ¥ () = P (&1 =) s continuous and strictly increasing over its
support.

Under Assumption 4, T, = B\ does not replicate the distribution of T = Bo This is to be

understood in the sense that there does not exist a P -measurable term 2 such that "= ~ B»

has the same asymptotic distribution as T B,

An important generalization provided by Assumption 4 compared with Assumption2.is to

allow for bootstrap methods where the ‘centering term’, say B depends on-the bootstrap
data. That is, to allow cases where there is a random (with respect to P, i.e., depending on

d

B

the bootstrap data) term ~» such that To = B2 = » % and hence has the safe asymptotic

. p
.
-B -
n n

distribution as T» ~ Bn . Clearly, this violates Assumption 2unless . 0 (as in the

.
ridge regression in Section 2.2). However, letting {3 be such that B, =B =eer - ‘fl, then
Assumption 4 covers the former case.

Remark 3.6. A leading example where To™ B8 <1 and hence has the same asymptotic

distribution as "» ~ Bn is the pairs bootstrap as in Section 2.1 for the model averaging

example. We study this case in more detail in Section 4.1.

The asymptotic distribution of the bootstrap p-value under Assumption 4 is given in the
following theorem. The proof is identical to that of Theorem 3.1, with G replaced by J, and
hence omitted.

Theorem 3.4. If Assurfiptions 1 and 4 hold then P» ¢ J(F (Vwow))

Theorem 3.4 implies that now P (P =W = PO (F WU g)) < w) = FO (W) =i H (u).

Clearly, a plug-in approach to estimating this H(u) based on G as described in Section 3.2.1

would be invalid because © # J in general. However, it follows straightforwardly by the
same arguments as applied in Section 3.2.1 that a plug-in approach based on J will deliver an
asymptotically valid plug-in modified p-value.

To implement an asymptotically valid double bootstrap modified p-value we consider the
following high-level condition.



q*

Assumption 5. Assumption 3 holds with part (i) replaced by (i) T B ,in

probability, where  is defined in Assumption 4.

Under Assumption 5, the second-level bootstrap statistic, To =By replicates the distribution

of the first-level statistic, '» ~ B+ . Thus, the second-level bootstrap p-value is

pr=P (T <T =P (T -B <T -B)=3(T, - é:)+°p‘ 1)

q
1

>0 J (51 - 52) =J (F ) (U [011]))

under Assumption 5. Hence, the second-level bootstrap p-value has the same asymptatic
distribution as the original bootstrap p-value. It follows that the double bootstrap modified p-

value, P = M. ()= P7(P, < 0.) js asymptotically valid, which is stated next, The proof is
essentially identical to that of Theorem 3.2 and hence omitted.

Theorem 3.5. Under Assumptions 1, 4, and 5, it holds that Py = Ho (R

fo.1]

Remark 3.7. Consider again the case with a random bootstrap centering term in Remark 3.6,

d d

where B+ = Ba 2 p 6~ S guch that Tr T B 7 P St Withinuthis setup, we can consider double

bootstrap methods such that, for a random (with respect to P*) term B. we have
o
T = Ba = S in probability. Thus, the asymptotie-distribution of the second-level

B

bootstrap statistic mimics that of the first-level statistic. When ~» and {; are such that

d
B, ~Bi=vie- ‘fl, in probability, then’Assumption 5 is satisfied. As in Remark 3.6 this
setup allows us to cover the pairs bootstrap.

4 Examples continued

In this section we revisit our three leading examples from Section 2, where we argued that
standard boostraprinference is invalid due to the presence of bias. In this section we show
how to apply our‘general theory in each example. Again, we refer to Appendix B for detailed
derivations.

4.1 Inference after model averaging

FIXED REGRESSOR BOOTSTRAP. Extending the arguments in Section 2.1, we obtain the
following result.



Lemma 4.1. Under regularity conditions stated in Appendix B.1, Assumptions 1 and 2 are

satisfied with (56:) = N (0.V) Vi (v i =12

, Where , Is positive definite and

H - 2 o R
continuous in , @, and Zww = PIM Sy

G(u)=d(u/v,)

By Lemma 4.1, the conditions of Theorem 3.1 hold with and

Fu)=@uivy) = Vit V2, = 2%, > 0 Then Theorem 3.1 implies that the standard

1

p, >, d(md (U

2
, where Ve

2, 2 2 .
bootstrap p-value satisfies ea)) with ™ = Ve 'V Because w is known

and © *Zww are easily estimated, a consistent estimator M= M s available, and the plug-
in approach in Corollary 3.2 can be implemented by considering the modified p-value,

p, = @ (M, ® (p,)) Inspection of the proofs shows that our modified bootstrap approach is

1/2
asymptotically valid whether ¢ is fixed or local-to-zero. In the former case, By, is O,pd0 )

rather than °» ) , implying that B, diverges in probability and %1 is not even,consistent

for . Despite this, the modified bootstrap p-value is asymptotically valid.

Alternatively, we can implement the double bootstrap as in Section 3.2:2. Specifically, let
y = xﬂn + Zén +e7,

¢ 1{D,,D'}~ N (0,671 ), (8.5 6.

where ) is the OLS estimator obtained from the full

model estimated on the first-level bootstrap data, and R, =4y W} The double bootstrap

.
B, é=

ok
*k -1
a)mﬂm,n =

o POV =S, .S . .
statisticis = =" %o = A where -1 with P e ze defined as
the double bootstrap OLS estimator from the ™ " model. The double bootstrap modified p-

value is then Pr = P (Po = Po) \yigh Ba =P (T, <T,)

M =

1/2

3

Lemma 4.2. Under the conditions-of Lemma 4.1, Assumption 3 holds with 2» = @™ 90

Lemma 4.2 shows that Assumption 3 is verified in this example. The asymptotic validity of
the double bootstrap medified p-value now follows from Lemmas 4.1 and 4.2 and
Theorem 3.2.

PAIRS BOOTSTRAP. For the pairs bootstrap we verify the high-level conditions in Section 3.5.
To simplify the discussion we consider the case with scalar z; in (2.1) and where we
“average” over only one model (M = 1), which is the simplest model in which z; is omitted

-1

- : ; . . =S_'S :
from the regression. That is, we estimate f by regression of y on x, i.e., Fo=5u39 I this
2 2 2 - -1 1/2
special case, T+~ B 26 NOV) \ith V' =9 E 0 gng Bo = Su Sk S



Lemma 4.3. Under regularity conditions stated in Appendix B.1, it holds that

T -B, >, N,V +x?)

1 1/2 4

3 . - 2 — ' -
“where Br = S.8.n70, ang < 7= d,(8) 2.d,(8) itk

7_2;:2XZ)’

1

d (5):=65(2

Notice that, in contrast to the FRB, the asymptotic variance of ™o fails to replicate that of T,

because of the term =~ > 0 . This implies that the methodology developed in Theorem 3.1 and
its corollaries no longer applies. Instead we can apply the theory of Section 3.5. In particular,

Lemma 4.3 shows that Assumption 4(i) holds in this case with <* = N OV +%) | emma 4.3

also shows that 2+ is the same for the pairs bootstrap and the FRB, such that Lemma 4.1
shows that Assumptions 1 and 2(ii) are verified. This implies that Theorem 3.4 holds for this
example. Using similar arguments, it can be shown that Assumption 5 also holds for this
example, which would imply that the double bootstrap p-values are asymptotically uniformly
distributed.

1/2

Under local alternatives of the form Zo = # 3" " ‘\where # is the valué under the null
(Section 3.3), the asymptotic local power function for the modified psvalue is‘given by

© (@ (a)-alv,) ; see Theorem 3.3. It is not difficult to verify thatthis-s the same power

function as that obtained from a test based directly on Px from the fll model (2.2).

4.2 Ridge regression
To complete the example in Section 2.2, we canproceed as in the previous example.

Lemma 4.4. Under the null hypotheses and the regularity conditions stated in Appendix B.2,
Assumptions 1 and 2 are satisfied with & €20’ = N (O.V) \yherg ¥V = (V) 11 =12 o

positive definite and continuous in.co, o’ sand Zy.

As in Section 4.1, Lemma 4.4'and Theorem 3.1 imply that the standard bootstrap p-value

o N @ o (U 2 _ e -1 N R |
satisfies P 7« PMP Ug)) \wherewenow have ™ = (9 ZuZuZn0) 92,0 Note

that this result holds irrespectively of 6 being fixed or local to zero. Thus, the bootstrap is

invalid unless % (= % which implies m = 1. For the plug-in method, a simple consistent
estimator ofim is'given by ™» = (9 5154 5,8) 0 5,9 anq inference based on the plug-in

=0 (M ' '(p,))

modified p-value P- is then asymptotically valid by Corollary 3.2.

To implement the double bootstrap method, we can draw the double bootstrap sample

exit=ton}t gsiid. from Yo Xct=1-"}  Accordingly, the second-level bootstrap

-1
1

0" =SS .. . _ L T e Y2 (0 ot .
“57 T with associated test statistic T+ =" 9 (Y0 =€) which

n

ridge estimator is

is centered at the first-level bootstrap OLS estimator, % ltis straightforward to show that,
without additional conditions, Assumption 3 holds.



Lemma 4.5. Under the conditions of Lemma 4.4, Assumption 3 holds with
B = —cnn’“Zg'SX’fx*é;

n

Validity of the double bootstrap modified p-value P» = PT(p, < ) now follows by
application of Theorem 3.2.

4.3 Nonparametric regression
Again, we complete the example in Section 2.3 by proceeding as in the previous examples.

Lemma 4.6. Under regularity conditions stated in Appendix B.3, Assumptions 1 and 2 are
satisfied with (5102) = N(OV) yypere V' = (V)1 0= 1,
continuous in @~ and the kernel function.

2 , IS positive definite and

As before, Lemma 4.6 and Theorem 3.1 imply that the standard bootstrap p-value'satisfies

5 ®(md (U
Pr =g ®(M® (Upi)) \where we now have

m’i=4+ (j Kz(u)du)*(j (j K (s-u)K (s)ds)*du —4f K (u)_[ K (u-s)K (s)dsdu)._l_hus’ i this

example, m need not be estimated because it is observed once K.is chosen. Therefore, valid

inference is feasible with the modified p-value P» ~ H(p,) 7 ®(mee” (p,) ; see
Corollary 3.1.

We can also apply a double bootstrap modification. Letwys = #n (X0 + e t=1.n \yhere
2o P D= 5d N (OG0 with Do =4Ye 1=} 904 92" denoting the residual
variance from the first-level bootstrap data: The double bootstrap analogue of T, is

B0 = (nn) 'Y Ky,
, Where t=1 . This can be decomposed as

1/2

T = (nh)"2 (B (x) = B (X))

Tt 4B B, = h)"(nh) S kB (x) — B (X)) o
"t 7 where -1 . Unfortunately, although
satisfies Assumption 3(i), B, _does not satisfy Assumption 3(ii). The reason is that

8B - £ 44 . B,,=(nh)"Y kB, (x,)
TR 2n satisfies Assumption 3(ii), but t-1

n n

)
20 " where s

is a smoothedVersion of B (evaluated at x;) and although B2~ Ba s mean zero it is not

0 M) However, Ban B s observed, so this is easily corrected by defining

T =T =B =B Then we have the following result.

Lemma 4.7. Under the conditions of Lemma 4.6, Assumption 3 holds with T and B«

replaced by " and B, =8, ~(B,,~B,) , respectively.



The validity of the double bootstrap modified p-value P ~
p; —p P (_I__nu

PP, = P where

<T.) , follows from Lemma 4.7 and Theorem 3.2. This in turn implies that
confidence intervals based on the double bootstrap are asymptotically valid; see also
Remark 3.4. We note that Hall and Horowitz (2013) also proposed, without theory, a version
of their calibration method based on the double bootstrap. Our double bootstrap-based
method for confidence intervals corresponds to their steps 1-5, and where we need a
correction they have instead a step 6 in which they average over a grid of x.

Finally, under local alternatives of the form Bo(X) = B +an "= \yhere # is the value under

the null (Section 3.3), the asymptotic local power function for the modified p-value is given
by (D (a)-alv,)

based on undersmoothing; that is using a bandwidth h satisfying nh® - 0 sych that
~ N (0,v)))

; see Theorem 3.3. Alternatively, we could consider a “bias-free” test
B,—> 0

and inference can be based on quantiles of ! . In contrast to our procedure,

- -215 1/2 -2/5
however, such a test has only trivial power against # * 2" because ("N)@n >0

5 Concluding remarks

In this paper, we have shown that in statistical problems involving bias terms that cannot be
estimated, the bootstrap can be modified to provide asymptotically valid inference.
Intuitively, the main idea is the following: in some important.cases, the bootstrap can be used
to ‘debias’ a statistic whose bias is non-negligible, but when.doing so additional ‘noise’ is
injected. This additional noise does not vanish because the bias cannot be consistently
estimated, but it can be handled either by a ‘plag=in’ method or by an additional (i.e., double)
bootstrap layer. Specifically, our solution is simple and involves (i) focusing on the bootstrap
p-value; (ii) estimating its asymptotic distribution; (iii) mapping the original (invalid) p-value
into a new (valid) p-value using the prepivoting.approach. These steps are easy to implement
in practice and we provide sufficient conditions for asymptotic validity of the associated tests
and confidence intervals.

Our results can be generalized in several directions. For instance, there is a growing literature
where inference on a parameter of interest is combined with some auxiliary information in
the form of a bound on.thebias of the estimator in question. These bounds appear, e.g., in
Oster (2019) and Li and Muller (2021). It is of interest to investigate how our analysis can be
extended in orderto incorporate such bounds. Other possible extensions include non-ergodic
problems, large-dimensional models, and multivariate estimators or statistics. All these
extensions are left.for future research.
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Notes

h

L Note that we write "» ~ 27 # “%to mean that * ~ B+ has (conditionally on D) the same

asymptotic distribution function as the random variable &;. We could alternatively write that
d’ d

To =Bo= v S ang "o B ™ <1 where < and & are two independent copies of the same

distribution,i.e’ P(s, = u) = Pl =) \we do not make this distinction because we care

only about distributional results, but it should be kept in mind.

ZThe same result follows in terms of weak convergence in distribution of To 1D,

Specifically, because ™= = (Tv =B+ (B, =B+ B, \yhore T = Ba 22 &0 and (jointly)

d w

B, =B, & with ¢~ < independent of &, we have that Tr |Pn > (B+ e+ ¢)1¢,



