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Abstract. Suppose (f,X , µ) is a measure preserving dynamical system
and ϕ : X → R a measurable function. Consider the maximum process
Mn := max{X1, . . . , Xn}, where Xi = ϕ ◦ f i−1 is a time series of obser-
vations on the system. Suppose that (un) is a non-decreasing sequence of
real numbers, such that µ(X1 > un) → 0. For certain dynamical systems,
we obtain a zero–one measure dichotomy for µ(Mn ≤ un i.o.) depending
on the sequence un. Specific examples are piecewise expanding interval
maps including the Gauß map. For the broader class of non-uniformly
hyperbolic dynamical systems, we make significant improvements on
existing literature for characterising the sequences un. Our results on the
permitted sequences un are commensurate with the optimal sequences
(and series criteria) obtained by Klass (1985) for i.i.d. processes. More-
over, we also develop new series criteria on the permitted sequences in
the case where the i.i.d. theory breaks down. Our analysis has strong
connections to specific problems in eventual always hitting time statistics
and extreme value theory.

1. Introduction

1.1. General introduction and set up. Consider a dynamical system
(X ,B, µ, f), where (X ,B, µ) is a measure space equipped with a compatible
metric which we denote by dist (that is, a metric such that open subsets
of X are measurable), f : X → X is a measurable transformation, and µ is
an f -invariant probability measure supported on X . Given an observable
ϕ : X → R, i.e. a measurable function, we consider the stationary stochastic
process X1, X2, . . . defined as

Xi = ϕ ◦ f i−1, i ≥ 1,

and its associated maximum process Mn defined as

Mn = max(X1, . . . , Xn).

Extreme value theory is based on understanding the limiting behaviour
of Mn, either almost surely or in distribution. We focus on the former
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task of understanding almost sure growth rates for Mn. This is a form of
strong law of large numbers for the maximum process (Mn). If µ is ergodic
and ϕ is essentially bounded then almost surely, Mn → ess supϕ while if
ess supϕ = ∞, Mn → ∞ almost surely.

A fundamental problem is to determine optimal bounding sequences un
and vn such that almost surely there exists N > 0, with vn ≤Mn(x) ≤ un,
for all n ≥ N . (Here N depends on x). For independent, identically
distributed (i.i.d.) random variables, this problem has been widely studied,
e.g. [3, 14, 20, 38, 39]. The main difficultly is to find the lower bound
sequence vn. The upper bound sequence un is generally easier to establish
from standard First and Second Borel–Cantelli Lemmas. Let us introduce
some standard notations. For a sequence of sets (En), we define (En i.o.)
to be the set of points x ∈ X for which x ∈ Enk

for an infinite subsequence
(nk). Here ‘i.o.’ means infinitely often. We define (En ev.) to be the set
of points x ∈ X for which there exists N > 0 such that x ∈ En for all
n > N . Here ‘ev.’ means eventually. Now, for general non-decreasing
sequences un the events {Mn > un i.o.} and {Xn > un i.o.} are equal
(modulo a set of zero µ measure). Thus by the First Borel–Cantelli Lemma,
if
∑

n µ(X1 > un) <∞ we deduce that µ(Mn ≤ un ev.) = 1. Moreover if a
dynamical Borel–Cantelli property holds for (Xn), with

∑
n µ(X1 > un) = ∞

then µ(Mn ≥ un i.o.) = 1.

1.2. Dichotomy results for maxima. For i.i.d. processes, a relevant crite-
rion for a sequence (un) to be an eventual lower bound for Mn is given in
particular by [39, Theorem 2], via the Robbins–Siegmund series criterion.

This can be stated as follows. Suppose that (X̂n) is an i.i.d. process, with
probability measure P , and let un denote a non-decreasing sequence with
P (X̂1 > un) → 0, and nP (X̂1 > un) → ∞. Then for the corresponding

maximum process M̂n we have the dichotomy

∞∑
n=1

P (X̂1 > un)e
−nP (X̂1>un) <∞ ⇒ P (M̂n ≥ un ev.) = 1,(1)

∞∑
n=1

P (X̂1 > un)e
−nP (X̂1>un) = ∞ ⇒ P (M̂n ≥ un ev.) = 0.(2)

Moreover, when P (X̂1 > un) → c, then P (M̂n ≤ un i.o.) = 0, while if

lim inf
n→∞

nP (X̂1 > un) <∞,

then P (M̂n ≤ un i.o.) = 1.
However, within a dynamical systems framework, and also for general

dependent random variables, optimal bounds on almost sure growth rates of
Mn are unknown in general. Recent progress on this problem in dynamical
systems includes the works of [21, 25, 28] where dynamical Borel–Cantelli
approaches are used to determine bounds onMn for a wide class of dynamical
systems, e.g. non-uniformly expanding maps, and hyperbolic systems. More
recently, this problem has also been discussed indirectly in the analysis of
eventual always hitting time statistics [22, 32, 33, 34, 36, 40]. For these latter
papers, they consider a sequence of balls (Bn), and define an eventually
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always hitting (EAH) event Hea via

(3) Hea =
∞⋃
n=1

∞⋂
m=n

m−1⋃
k=0

f−k(Bm).

Equivalently, x ∈ Hea, if for the sequence B = (Bn), there exists m0(x) ∈ N,
such that for all m ≥ m0(x) we have

{x, f(x), . . . , fm−1(x)} ∩Bm ̸= ∅.

The term eventually always hitting was coined by Kelmer in [32] where
necessary and sufficient conditions forHea to be of full measure are established
in the context of discrete-time homogeneous flows on finite volume hyperbolic
manifolds of constant negative curvature. Shortly afterwards Kelmer and Yu
[34] extended the investigation to flows on higher-rank homogeneous spaces
while Kelmer and Oh considered the case of geodesic flow on geometrically
finite hyperbolic manifolds of infinite volume [33]. Also, Kleinbock and
Wadleigh [41] studied the concept in the context of higher dimensional
Diophantine approximations.

The problems addressed in [36, 40] include conditions placed on the
sequence of measures µ(Bn) that lead to either µ(Hea) = 0 or µ(Hea) = 1.
In fact, by ergodicity they show that µ(Hea) can only take these zero–
one values. To link this directly to the maximum process (Mn), consider
the observable ϕ(x) = ψ(dist(x, x̃)), where ψ : [0,∞) → R is a decreasing
continuous function with ψ(y) → ∞ as y → 0. (For example, one can take
ψ(y) = − log(y).) Then the event {X1 > un} corresponds directly to a target
Bn = B(x̃, rn) with un = ψ(rn), and the event {Mn ≤ un} is the event
∩n
k=1{Xk ≤ un}. It follows that

{Mn > un ev.} := lim inf
n→∞

(
n⋂

k=1

{Xk ≤ un}

)∁

= lim inf
n→∞

n⋃
k=1

{Xk > un}

=

∞⋃
i=1

∞⋂
n=i

n⋃
k=1

{Xk > un} = Hea(B).

In this paper, we make several significant improvements on finding almost
sure bounds for the maximum process Mn, and corresponding results for
eventual always hitting time statistics via zero–one laws for the measure of
Hea. In particular we obtain dichotomy results consistent with the Robbins–
Siegmund criteria described by Klass. Moreover we exhibit dynamical systems
where the Robbins–Siegmund criteria are not valid, and we propose modified
criteria beyond those stated in (1) and (2). We illustrate with a motivating
example below. The main techniques we use are based upon ideas in extreme
value theory, in particular on distributional convergence results for maxima,
[12, 18, 27, 28, 45]. These methods generally differ to those used in obtaining
dynamical Borel–Cantelli Lemmas alone.

In particular, we establish a dichotomy condition for Hea to be of full
or zero measure in Theorem 3.2 for a class of interval maps. This is the
first result on Hea with an exact dichotomy that we know of (see also [40,
Question 7.1]).
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Failure of Robbins–Siegmund series criterion. We broadly ascertain that con-
ditions (1) and (2) are relevant to determine the almost sure growth bounds
for maximum processes as generated from dynamical systems. However, we
illustrate with a simple example to show that these conditions don’t always
apply. Let (X̂n) be a i.i.d. process with continuous probability distribution
function FX̂(x) = 1− 1/x, with x ∈ (0,∞). For n ≥ 1 define a new process

(Yn) by Yn = max{X̂n, X̂n+1}. The process (Yn) is correlated only at short
time lags, and indeed Yn is independent of Ym when |n−m| ≥ 2. Conditions

(1) and (2) apply to the process (X̂n). By (1) we have for all c < 1,

µ
(
M X̂

n ≥ cn

log log n
ev.
)
= 1,

while for any c′ > 1, (2) implies that

µ
(
M X̂

n ≥ c′n

log log n
ev.
)
= 0.

Here M X̂
n = maxk≤n X̂k. However, for the process (Yn) we get corresponding

statements for the maximum process MY
n = maxk≤n Yk by taking instead

c < 1/2, and c′ > 1/2. Such a result is inconsistent with conditions (1) and
(2) when applied to the probability distribution for Yn. This example is
discussed more formally in Section 4.1.1. To gain insight into why conditions
(1) and (2) fail for this example, we appeal to extreme value theory (EVT)
surrounding existence of distributional limit laws for maxima. We next
overview this topic.

1.3. Background on distributional limit laws for extremes. To obtain
distributional limits in EVT, we seek sequences an, bn ∈ R such that

µ({x ∈ X : an(Mn − bn) ≤ u }) → G(u),

for some non-degenerate distribution function G(u), −∞ < u <∞. Several
results have shown that for sufficiently hyperbolic systems and for regular
enough observables ϕ maximized at generic points x̃, the distribution limit
is the same as that which would hold if {Xi} were independent identically
distributed (i.i.d.) random variables with the same distribution function
as ϕ [16, 24, 28, 45]. Particular cases include laws towards Poisson type,
described as follows. Suppose τ > 0, and let un(τ) be a sequence such that

(4) nµ(X1 > un(τ)) → τ, n→ ∞.

Then we say that an extreme value law with extremal index θ ∈ [0, 1] holds
for Mn if

(5) µ(Mn ≤ un(τ)) → e−θτ , n→ ∞.

If (X̂n) is an i.i.d. process, then equation (5) holds for θ = 1. Thus a
non-trivial extremal index can only arise for dependent processes. Within
EVT and wider statistical theory of extremes, the index measures the degree
of clustering for a time series of maxima, see [43, 45] for details. Various
methods are available to prove the convergence results above (in a dynamical
systems context). An important method is a blocking algorithm approach,
where in the context of general stationary stochastic processes see [14, 43].
For dynamical systems, a blocking method approach is described in [12].
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To determine almost sure growth rates of maxima, we adapt the blocking
method techniques that led to the distributional convergence results given
by equation (5). As a naive approach, for a general sequence un, equations

(4) and (5) lead us to compare µ(Mn ≤ un) with e
−nθµ(X1>un). In the i.i.d.

case, we have the exact relation:

µ(Mn ≤ un) = (1− µ(X1 > un))
n.

The right-hand side term is comparable to e−nµ(X1>un), assuming nµ(X1 >
un)

2 → 0. Thus, if we chose un so that the right-hand side is summable in n,
then a First Borel–Cantelli Lemma implies µ(Mn ≥ un ev.) = 1. Thus, this
relation is not so far from the first half of the Robbins–Siegmund criterion,
namely (1). However, additional work is required to get the additional
multiplier µ(X1 > un) in (1). The second half of the criterion, namely (2) is
much more delicate to obtain, even in the i.i.d. case. The issue being that
{Mn ≤ un} is not a sequence of independent events, and hence a Second
Borel–Cantelli Lemma cannot be readily applied to conclude whether or not
µ(Mn ≤ un i.o.) = 1.

To obtain the relevant criteria (1) and (2) in the dynamical systems
context, we also require a convergence rate in (5). This applies to the case
θ = 1 and also for case θ ̸= 1. We will treat these cases separately. Moreover,
estimation of µ(Mn ≤ un) is required for more general sequences un beyond
those specified by equation (4).

Remark 1.1. Suppose (X̂n) is an i.i.d. process with continuous distribution
function FX̂(x) = 1 − 1/x, with x ∈ (0,∞). Then for the process Yn =

max{X̂n, X̂n+1} it can be shown that θ = 1/2 in (5), see Section 4.1.1.

This remark suggests that examples for which the Robbins–Siegmund
series criterion fails to apply are indeed those processes having a non-trivial
extremal index θ ∈ (0, 1). This discussion is made more rigorous in Section 4
where we develop modified versions of (1) and (2) to account for processes
having a non-trivial extremal index.

1.4. Organisation of the paper and overview of results. A complete
theory is yet to be developed regarding dichotomy results on maxima and
on eventually almost hitting time statistics. We now give an overview of the
main results presented in this paper. In Section 2 we present a dichotomy
result for piecewise expanding interval maps. This is Theorem 2.1, and
the statement is consistent with criteria (1) and (2). As an application
we consider the Gauß map, and obtain criteria applicable to determining
the growth of the maximum for continued fraction expansion coefficients
(associated to typical real numbers x ∈ [0, 1]).

In Section 3, we obtain dichotomy results for a broader class of interval
maps, such as those having exponential decay of correlations in a suitable
Banach space of functions. We show that dichotomy results of type (1)
and (2) are applicable to a broad class of observable functions ϕ(x) =
ψ(dist(x, x̃)) that attain their maximum at a generic point x̃ ∈ X . This is
Theorem 3.2. Also within Section 3, we consider dynamical systems having
weaker assumptions on the regularity of the invariant measure. For these
systems, we obtain conditions close to the optimal sequences governed by
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(1) and (2). For example, we show that µ(Mn ≤ un i.o.) = 0, provided
un satisfies µ(X1 > un) > c log logn/n for some c > 1, see Theorem 3.4.
This gives improvements relative to the methods derived from dynamical
Borel–Cantelli Lemma analysis, such as in [29, 36], where they require un to
satisfy conditions of the form µ(X1 > un) > (log n)β/n, for some β > 2.

In Section 4, we obtain results that go beyond what we expect to see for
i.i.d. processes. For the systems we consider we propose and apply modified
criteria relative to (1) and (2). Such criteria incorporate an extremal index
θ. See Theorem 4.1 for a precise statement. For the dynamical systems and
observables we consider, the mechanisms leading to a non-trivial extremal
index are driven by periodic behaviour. We show that our conditions are
applicable to other dependent stochastic processes, where the extremal index
is created due to other (clustering) mechanisms. We conjecture that our
conditions are more widely applicable to other dependent processes.

In Section 5, we discuss higher dimensional dynamical systems such as
those modelled by Young towers, [50]. Again, we obtain criteria towards (1).
Relative to interval maps, we also need to consider regularity of the ergodic
invariant measure. In general this measure can be singular with respect to
Lebesgue measure. This creates obstacles when trying to develop and apply
a version of e.g. (2). We obtain partial results, see Theorems 5.1 and 5.2.

Section 6 and onwards we devote to the proofs. In particular for Sections 6
and 7 we overview the proof strategy, including an overview of the blocking
argument, such as the one developed in [12]. In the later sections, such
as Section 13 we show that the dynamical assumptions stated in the main
theorems are satisfied for a broad class of systems.

2. A dichotomy result for piecewise expanding maps

Our aim is to recover versions of the Robbins–Siegmund series critera
(1) and (2), as applied to the maximum process Mn = maxk≤n−1 ϕ(f

k),
where we consider a measure preserving system (f,X , µ), and µ is an ergodic
measure. In this section, we will present our results for piecewise expanding
interval maps.

Theorem 2.1. Suppose that f : X → X is a piecewise expanding interval
map with an ergodic measure µ which is absolutely continuous with respect
to Lebesgue measure.

Consider the observable ϕ(x) = ψ(dist(x, x̃)), where ψ : [0,∞) → R is
a decreasing continuous function with ψ(y) → ∞ as y → 0, and a non-
increasing sequence (rn) such that n 7→ nµ(B(x̃, rn)) is non-decreasing,
rn = O(n−σ) for some σ > 4

5 , and such that for any t > 0 we have

(6) lim sup
k→∞

r⌊kt⌋

r⌊(k+1)t⌋
<∞.

Then, for µ-a.e. x̃ we have the following dichotomy:

(1) If the sequence (rn) satisfies

∞∑
n=1

µ(B(x̃, rn))e
−nµ(B(x̃,rn)) <∞,
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then
µ(Hea) = µ

(
ψ(rn) ≤Mn ev.

)
= 1.

(2) If the sequence (rn) satisfies
∞∑
n=1

µ(B(x̃, rn))e
−nµ(B(x̃,rn)) = ∞,

then
µ(Hea) = µ

(
ψ(rn) ≤Mn ev.

)
= 0.

Remark 2.2. Since n 7→ nµ(B(x̃, rn)) is non-decreasing it follows that∑∞
n=1 µ(B(x̃, rn)) = ∞. Hence in case (2) we also have

µ
(
ψ(rn) ≤Mn i.o.

)
= µ

(
ψ(rn) ≥Mn i.o.

)
= 1

because a dynamical Borel–Cantelli lemma holds in this setting [35].

Remark 2.3. As stated, the set of points x̃ ∈ X for which (1) and (2) in
Theorem 2.1 hold has full µ-measure. In general, it is not straightforward
to know whether a particular x̃ is in this set. As we discuss in Section 4
periodic points are not in this full measure set. For such periodic points
alternative formulations of (1) and (2) are required.

Theorem 2.1 is a consequence of Theorem 3.2 in the next section, combined
with Proposition 13.4. We remark that the condition (6) is quite a mild
condition on the sequence rn. If rn is regularly varying, (in the sense of
[6]), then it will satisfy (6). Certain sequences with fast decay (such as
exponential) violate (6), but this becomes a moot issue since we assume∑

n µ(B(x̃, rn)) = ∞. Therefore rn cannot decay too quickly, unless the
measure density is quite degenerate at x̃. For i.i.d. processes, and depending
on the criteria being used, mild regularity constraints are also discussed (and
imposed) in [3, 38, 39]. The latter reference gives the most freedom on the
allowed sequences, as we have already summarised in Section 1.

In the next section we present several results of this type which hold under
various more or less abstract assumptions on the systems. For piecewise
expanding systems, Proposition 13.4 tells us that these assumptions are
satisfied for a.e. x̃. The restriction σ > 4/5 is a consequence of the methods
of proof. We have not tried to optimise this range on σ. For completeness,
upper bounds on the growth of maxima can be deduced from the following
theorem.

Theorem 2.4. Suppose that f : X → X is a dynamical system with an
ergodic probability measure µ. If (rn) is a sequence such that

∞∑
n=1

µ(B(x̃, rn)) <∞,

then
µ
(
ψ(rn) ≥Mn ev.

)
= 1.

Proof. Since µ(B(x̃, rn)) is summable, we get by the First Borel–Cantelli
Lemma that almost surely, the event {Xn ≥ ψ(rn)} happens only finitely
many times. It follows that almost surely, Mn ≤ ψ(rn) holds for all large
enough n. □
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The Gauß Map and growth of continued fractions. We end this section with
an important application of Theorem 2.1, namely to the Gauß map. This
allows us to obtain a dichotomy result on the almost sure growth rates of
continued fraction expansion coefficients. Recall that for a number x ∈ [0, 1],
its continued fraction is given by x = [a0, a1, a2, . . .], where

ak(x) =

⌊
1

Gk(x)

⌋
, and G(x) =

1

x
mod 1.

The map G : [0, 1] → [0, 1] (with G(0) = 0) is the Gauß map. The map is
piecewise expanding, full branch, with countable Markov partition. The map
admits an ergodic measure µ with invariant density ρ(x) = (log 2)−1(1+x)−1.
In Philipp [47, Theorem 1] it is shown that for µ-almost all x

(7) lim inf
n→∞

n−1Ln(x) log log n =
1

log 2
,

where Ln(x) = maxi≤n ai(x). In Corollary 2.5 below we obtain a result
commensurate with that of Philipp’s dichotomy result [47, Theorem 2],
which allows us to obtain higher order terms in the convergence rate to the
limit. Philipp’s dichotomy result naturally builds upon the earlier works of
Barndorff-Neilson [3] as applied in the i.i.d. case. In the recent work of [40]
they also obtain estimates which lead to the result of (7), but they don’t
obtain a sharp dichotomy criterion.

Corollary 2.5. Suppose that G : [0, 1] → [0, 1] is the Gauß map, and µ the
ergodic absolutely continuous invariant measure. Consider the observable
ϕ(x) = ψ(dist(x, x̃)), where ψ : [0,∞) → R is a decreasing continuous func-
tion with ψ(y) → ∞ as y → 0, and a non-increasing sequence (rn) such
that n 7→ nµ(B(x̃, rn)) is non-decreasing, rn = O(n−σ) for some σ > 4

5 , and
satisfying (6). Then for µ-a.e. x̃ cases (1) and (2) of Theorem 2.1 apply.

To relate this corollary to continued fractions, we take the observable
ψ(x) = ⌊1/x⌋ with x̃ = 0 so that ak(x) = ψ(Gk(x)). One then attempts to
apply Theorem 2.1, but in order to do so we need to know that we can use
the theorem for x̃ = 0. Instead we use Theorem 3.2, and we need only to
check that condition (A2) (see Section 3) is satisfied for x̃ = 0. To do so is
standard, and is left out. See also [23]. The results of Philipp are recovered
from Corollary 2.5 by first noting that

µ([0, rn)) =
1

log 2
log(1 + rn) =

rn
log 2

+O(r2n).

Then consider each case (1) and (2) in the corollary using rn = c log log n/n
for the (one-sided) ball [0, rn], and taking in turn c > log 2, followed by
c < log 2. When c = log 2, further (additive) error term refinements can be
obtained.

3. Towards a dichotomy result for the almost sure growth of
maxima

Our aim is to recover versions of the Robbins–Siegmund series critera
(1) and (2), as applied to the maximum process Mn = maxk≤n−1 ϕ(f

k),
where we consider a measure preserving system (f,X , µ), and µ is an ergodic
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measure. The systems we consider include those that can be modelled by a
Young tower [50], but in the statement of our results we just require control
on the rate of decay of correlations. We make these statements precise as
follows.

Definition 3.1. We say that (f,X , µ) has decay of correlations in (Banach
spaces) B1 versus B2, with rate function Θ(j) → 0 if for all φ1 ∈ B1 and
φ2 ∈ B2 we have

Cj(φ1, φ2, µ) :=

∣∣∣∣∫ φ1 ·φ2 ◦ f j dµ−
∫
φ1 dµ

∫
φ2 dµ

∣∣∣∣ ≤ Θ(j)∥φ1∥B1∥φ2∥B2 ,

where ∥ · ∥Bi denote the corresponding norms on the Banach spaces.

In particular, we consider the L1 and BV norms of functions φ : X ⊂ R→
R, defined by

∥φ∥1 =
∫

|φ|dµ,

∥φ∥BV = var(φ) + sup(|φ|),

where var(φ) denotes the total variation of φ. Functions φ : X ⊂ R → R

with ∥φ∥BV <∞ are called functions of bounded variation.
The first main assumption is the following.

(A1) Exponential decay of correlations with respect to notations of
Definition 3.1. We assume that (f,X , µ) has exponential decay of
correlations in Banach spaces B1 = BV versus B2 = L∞.

Next, we define for a sequence rn → 0 and integer p ∈ N the following
quantity

(8) Ξp,n ≡ Ξp,n(rn) :=

p∑
j=1

µ
(
B(x̃, rn) ∩ f−jB(x̃, rn)

)
.

Our second important assumption is the following.

(A2) Short Return Times estimate. Let s, γ ∈ (0, 1), and suppose
γ + s < 1. Furthermore, suppose that B(x̃, rn) is a sequence of
balls with

∑
n µ(B(x̃, rn)) = ∞ and µ(B(x̃, rn)) = O(n−σ) for some

σ ∈ (0, 1) satisfying

(9) σ > max
{1
2
(1 + γ + s), 1− γ,

1

3
(2 + s), 1− s

2

}
.

Then along the sequence pn = ns, we have

(10) Ξpn,n(rn) = O
( 1

n1+γ

)
.

Condition (A1) is known to hold for a wide class of dynamical systems,
such as uniformly expanding maps [42, 44], the Gauß map [47, 48], and also
certain non-uniformly expanding quadratic maps [49]. In other applications,
modified versions of (A1) include taking B1 as the space of Hölder continuous
functions (maintaining B2 = L∞). We will do this on a case-by-case basis.

Condition (A2) gives a restriction on the recurrence properties of x̃ ∈ X ,
and for a broad class of systems, this condition can be proved to hold for
µ-a.e. x̃ ∈ X along the lines of [12, 28, 30]. For readers familiar with extreme
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value theory, equation (10) is similar to the D′(un) condition considered in
[14, 43, 45], where un plays the role of ψ(rn). Some of the restrictions on
the constants within equation (9) arise through requiring self-consistency of
equation (10). Indeed, by exponential decay of correlations (A1) we have
µ(B(x̃, rn) ∩ f−kB(x̃, rn)) ≈ µ(B(x̃, rn))

2 for k ≫ log n. Hence, the bound
in equation (10) forces 2σ − s > 1 + γ. In Section 7 we discuss the role
for the other lower bounds on σ within (9). Thus, condition (A2) mainly
applies to control the measure µ(B(x̃, rn) ∩ f−kB(x̃, rn)) for k = O(log n),
i.e. for short return times. In turn this condition is a restriction on the
recurrence statistics of x̃ and nearby points. In Section 13 we provide
general techniques to verify (A2). For a wide class of dynamical systems
we show that (A2) holds for µ-a.e. x ∈ X . The techniques we discuss build
upon and complement arguments used in Collet [12]. Examples include
piecewise expanding maps with absolutely continuous invariant measures or
more general Gibbs measures, and quadratic maps with Benedicks–Carleson
parameters. For the latter, (A1) is also satisfied by Young [49].

As stated, Condition (A2) is mainly applicable for systems satisfying (A1).
For systems with polynomial decay of correlations, see [28, 30] for conditions
similar to (A2). In this article, we consider mainly systems with exponential
decay of correlation. The exception is the Manneville–Pomeau map which we
treat in Section 4.1.2. We remark further that the exceptional set of points
x̃ for which (A2) fails includes periodic points. We discuss this further in
Section 4.

To state the next theorem we consider an interval map f and we recall that
a measure ν is called conformal for the non-negative function g : X → R

+ if
for every measurable set E ∈ B, on which f acts as a measurable isomorphism,
we have

ν(f(E)) =

∫
E
g dν.

One often refers to log g as a potential. Furthermore, the transfer opera-
tor L : L1(X , ν) → L1(X , ν) (sometimes called Ruelle operator or Perron–
Frobenius operator) is defined by

Lψ(x) =
∑

f(y)=x

g(y)ψ(y).

We often restrict L to the functions of bounded variation.
Suppose λ > 0 is the maximal eigenvalue of L as acting on functions

of bounded variations and that h is a non-negative function such that
L (h) = λh. Then, if ν is a conformal measure with respect to 1/(λg), then∫

ψ dν = λ−1

∫
L (ψ) dν.

We can define a measure µ by∫
ψ dµ =

∫
ψhdν, for all continuous ψ.
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The measure µ is f -invariant since∫
ψ ◦ f dµ =

∫
ψ ◦ fhdν = λ−1

∫
L (ψ ◦ fh) dν

= λ−1

∫
ψL (h) dν =

∫
ψhdν =

∫
ψ dµ,

and µ is called a Gibbs measure with respect to g. (Replacing g by g/λ we
may assume that λ = 1.)

Theorem 3.2. Suppose that f : X → X is an interval map with an ergodic
probability measure µ. Assume that condition (A1) holds. Furthermore,
assume that µ is a Gibbs measure which has a density h with respect to a
conformal measure, that h is an eigenfunction of a transfer operator with
a spectral gap when acting on function of bounded variation, and that h
is the unique (up to scalar multiples) eigenfunction of maximal modulus
of the eigenvalue. Consider the observable ϕ(x) = ψ(dist(x, x̃)), where
ψ : [0,∞) → R is a decreasing continuous function with ψ(y) → ∞ as
y → 0, and suppose that condition (A2) holds for the sequence of balls
{B(x̃, rn)}, rn → 0 centered at x̃. Moreover, suppose the sequence (rn) is
non-increasing and such that n 7→ nµ(B(x̃, rn)) is non-decreasing. Then we
have the following dichotomy:

(1) If the sequence (rn) satisfies
∞∑
n=1

µ(B(x̃, rn))e
−nµ(B(x̃,rn)) <∞,

then
µ(Hea) = µ

(
ψ(rn) ≤Mn ev.

)
= 1.

(2) If the sequence (rn) satisfies
∞∑
n=1

µ(B(x̃, rn))e
−nµ(B(x̃,rn)) = ∞,

then
µ(Hea) = µ

(
ψ(rn) ≤Mn ev.

)
= 0.

Remark 3.3. Liverani, Saussol and Vaienti [44] studied a general class of
piecewise expanding interval maps and a Gibbs measure µ with respect to
a potential. They proved that under some mild regularity conditions and
a “covering” condition, that the transfer operator related to the potential
has a spectral gap and a unique (up to scaling) eigenfunction associated to
the eigenvalue of maximal modulus. A special case is that µ is a measure
which is absolutely continuous with respect to Lebesgue measure. We discuss
various dynamical system case studies in Section 13, including piecewise
differentiable maps satisfying (A1). For these systems we show also that
condition (A2) holds for a.e. x̃.

There are systems which do not satisfy the assumptions of Theorem 3.2,
but for which we are able to prove a similar result. To state this result, we
introduce the following complexity growth condition.

(A3) There exists Kf ∈ N, such that for all r ≥ 0 and all x the set
f−1(B(x, r)) has at most Kf connected components.
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Condition (A3) is satisfied by maps with finitely many monotone branches
(such as unimodal maps). For these systems the density of µ is not necessarily
bounded and hence not in BV as required by Theorem 3.2. We have the
following result.

Theorem 3.4. Suppose that f : X → X is an interval map with ergodic
probability measure µ, and assume that condition (A1) holds.

Consider the observable ϕ(x) = ψ(dist(x, x̃)), where ψ : [0,∞) → R is
a decreasing continuous function with ψ(y) → ∞ as y → 0, and suppose
that condition (A2) holds for sequences of balls centered at x̃. Moreover,
suppose the sequence (rn) is non-increasing and such that n 7→ nµ(B(x̃, rn))
is non-decreasing.

We have the following cases.

(1) Suppose the sequence (rn) satisfies

∞∑
n=1

µ(B(x̃, rn))e
−nµ(B(x̃,rn)) <∞.

Then for any a > 1, we have

µ
(
Mn ≥ ψ(r[n

a
]) ev.

)
= 1.

In particular, if µ{ϕ ≥ un} ≥ c log lognn for some constant c > 1,
then

µ(Hea) = µ
(
un ≤Mn ev.

)
= 1.

(2) Suppose condition (A3) holds, and the sequence (rn) satisfies

∞∑
n=1

µ(B(x̃, rn))e
−nγµ(B(x̃,rn)) = ∞,

for some γ > 1. Then we have

µ(Hea) = µ
(
ψ(rn) ≤Mn ev.

)
= 0.

In particular, if µ(ϕ ≥ un) ≤ c log lognn for some constant c < 1,
then

µ(Hea) = µ
(
un ≤Mn ev.

)
= 0.

Remark 3.5. An example fitting this theorem is a quadratic map with
Benedicks–Carleson parameter. For such systems it can be proved along the
lines of the estimates by Collet [12] that (A2) holds for almost all x̃. See
Section 13 for precise statements.

Remark 3.6. The proof of Theorem 3.4 uses a Cauchy-condensation method.
The method turns out to be quite versatile in obtaining the lower bound
sequence un = ψ(rn) for Mn, but is less applicable for establishing dichotomy
results, i.e. to understand when ν(Mn ≤ un i.o.) = 1. Thus to prove case (2)
we instead follow a method similar to that used for case (2) of Theorem 3.2.
The contrasting bounds obtained from these two theorems are very fine.
Indeed, from Theorem 3.2, a lower bound sequence un satisfies

µ(X1 > un) ≥
log log n

n
+
c log log log n

n
, for some c > 2.
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This sequence is a narrow improvement on the range of lower bound sequences
implied by Theorem 3.4. Similarly for the sequences that determine when
µ(Hea) = 0.

In Section 10.1 we deduce the “in particular part of (1)” from Theorem 3.4
(with the usual choice un = ψ(rn)), while the “in particular part of (2)”
follows by direct calculation.

It is worth to compare these bounds with Corollaries 1.3 and 1.4 in
[40]. Imposing a long-term independence property on the shrinking target
system they obtain tight conditions on the shrinking rate of the targets
so that Hea has zero or full measure. In particular, their assumptions are
satisfied for specific choices of targets in product systems and Bernoulli
shifts. In the case of product systems, [40, Corollary 1.3] yields that the

shrinking rate µ(Bn) ≥ c log logn
n for some c > 1 implies µ(Hea(B)) = 1, while

µ(Bn) ≤ log logn
n for all but finitely many n implies µ(Hea(B)) = 0.

In Section 4, we discuss results and examples in the case where the short
return time condition (A2) fails. For these examples the maximum process
has a non-trivial extremal index θ ∈ (0, 1). We also show that the Robbins–
Siegmund series criteria fails, and propose more general criteria on what the
bounding sequences un and vn should satisfy.

4. Almost sure growth of maxima for processes having an
extremal index

In this section we consider again measure preserving dynamical system
(f,X , µ) on the unit interval, and the maximum process Mn = maxk≤n−1 ϕ ◦
fk. However, we consider the situation where equations (4) and (5) apply for
a non-trivial extremal index θ ∈ (0, 1). We show that the Robbins–Siegmund
series criteria as stated in (1) and (2) are no longer valid for producing the
(almost sure) bounding sequences for the process Mn. We obtain modified
series criteria based on inclusion of the parameter θ. Towards the end of this
section, we propose a general question on the validity of such series criteria
for bounding Mn in the case of general dependent processes, i.e. beyond
dynamical systems.

More explicitly, we consider situations where the short return time con-
dition (A2) fails. For dynamical systems, this can happen in the case for a
sequence of shrinking targets limiting onto a periodic point. To state our
main results, we shall focus on this case. Indeed, for observables of the form
ϕ(x) = ψ(dist(x, x̃)) a non-trivial extremal index tends to only arise in these
cases, especially for the dynamical systems we consider. However, there are
many other mechanisms that can give rise to a non-trivial θ, for an overview
see [45].

For an observable maximized at a periodic point x̃ ∈ X , assumption (A2)
can be shown to fail as follows. Suppose fp(x̃) = x̃, for some p ≥ 1. Then

µ(B(x̃, r) ∩ f−p(B(x̃, r))) > Cpµ(B(x̃, r)),

where Cp > 0 depends on the derivative of fp at x̃ and the measure µ.
(The constant is non-zero, if (fp)′(x̃) <∞ and µ is equivalent to Lebesgue
measure, at least locally at x̃). From the view of extreme value theory, the
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maximum process has a distribution governed by a non-trivial extremal index,
as described by equations (4) and (5).

The blocking arguments that we use to prove Theorems 3.2–3.4 must
be adapted to account for the failure of condition (A2). The relevant
modifications are discussed in (for example) [18], and we review the relevant
constructions. We introduce the events

U(u) = {X1 > u},

A(q)(u) = U(u) ∩
q⋂

k=1

f−k(U(u)∁).

In the case u := un we write Un = U(un), and A
(q)
n = A(q)(un). Define a

sequence θn via

θn =
µ(A

(q)
n )

µ(Un)
.

In the setting of a dynamical system with a q-periodic point x̃ and an
observable ϕ(x) = ψ(dist(x, x̃)), the event A(q)(un) gives the points in Un =
B(x̃, rn), where un = ψ(rn), that do not return to B(x̃, rn) within q iterates.
Accordingly, θn is the proportion of points in B(x̃, rn) that do not return
within q iterates.

When θ = limn→∞ θn exists, then this constant θ ∈ (0, 1] takes the role as
the extremal index. We make the following convergence assumption.

(A4) There exists σ̂ > 0 such that

|θn − θ| = O(n−σ̂),

and θ ̸= 0.

Assumption (A4) is an assumption on the local property of the dynamical
system at x̃. Verification depends on assumptions of the regularity of the in-
variant density and derivative of f at x̃. It is easy to see that Assumption (A4)
is valid when x̃ is a hyperbolic repelling periodic point for a piecewise (linear)
expanding map, and µ is Lebesgue measure. In these cases, for the limit we
get

(11) θ = 1− 1

|(f q)′(x̃)|
.

Indeed, if f(x) is the doubling map f(x) = 2x mod 1 on [0, 1], then we get
the exact formula

θn = θ = 1− 1

2q
,

for all n sufficiently large. The result of equation (11) also holds in greater
generality, see [17]. We remark that θ ̸= 0 is assumed in (A4). In Section 4.1.3
we consider an example where θ = 0.

For a broad class of non-uniformly expanding dynamical systems, see [17]
for examples where θ is computed together with establishing the correspond-
ing limit law for the maxima. We have the following result.

Theorem 4.1. Suppose that f : X → X is an interval map with an ergodic
probability measure µ. Assume that condition (A1) holds. Furthermore,
assume that µ is a Gibbs measure which has a density h with respect to a
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conformal measure, that h is an eigenfunction of a transfer operator with
a spectral gap when acting on function of bounded variation, and that h is
the unique (up to scalar multiples) eigenfunction of maximal modulus of the
eigenvalue.

Consider the observable ϕ(x) = ψ(dist(x, x̃)) , where ψ : [0,∞) → R

is a decreasing continuous function with ψ(y) → ∞ as y → 0, and x̃ is a
hyperbolic periodic point of period q, and |(f q)′(x̃)| <∞. Consider a sequence
of balls of radii rn → 0, each centered at x̃. Suppose that (A4) holds at x̃,
and that the sequence (rn) is non-increasing and such that n 7→ nµ(B(x̃, rn))
is non-decreasing. Then we have the following dichotomy:

(1) If the sequence (rn) satisfies

∞∑
n=1

µ(B(x̃, rn))e
−nθµ(B(x̃,rn)) <∞,

then

µ(Hea) = µ
(
ψ(rn) ≤Mn ev.

)
= 1.

(2) If the sequence (rn) satisfies

∞∑
n=1

µ(B(x̃, rn))e
−nθµ(B(x̃,rn)) = ∞,

then

µ(Hea) = µ
(
ψ(rn) ≤Mn ev.

)
= 0.

In both cases θ denotes the corresponding extremal index.

We prove Theorem 4.1 in Section 11. See also [17, Section 4] for similar
discussions in the distributional convergence cases. The following result
concerns the eventual lower bound for the maximum process, and can be
contrasted to Theorem 3.4.

Theorem 4.2. Suppose that f : X → X is an interval map with ergodic
probability measure µ, and assume that condition (A1) holds. Consider
the observable ϕ(x) = ψ(dist(x, x̃)) , where ψ : [0,∞) → R is a decreasing
continuous function with ψ(y) → ∞ as y → 0, and x̃ is a hyperbolic periodic
point of period q, and |(f q)′(x̃)| <∞. Consider a sequence of balls of radii
rn → 0, each centered at x̃. Suppose that (A4) holds at x̃, and that the
sequence (rn) is non-increasing and such that n 7→ nµ(B(x̃, rn)) is non-
decreasing. We have the following cases.

(1) Suppose the sequence (rn) satisfies

∞∑
n=1

µ(B(x̃, rn))e
−nθµ(B(x̃,rn)) <∞.

Then for any a > 1, we have

µ
(
Mn ≥ ψ(r[n

a
]) ev.

)
= 1.

In particular, if µ(ϕ ≥ un) ≥ cθ−1 log logn
n for some constant c > 1,

then

µ(Hea) = µ
(
un ≤Mn ev.

)
= 1.
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(2) Suppose condition (A3) holds, and the sequence (rn) satisfies

∞∑
n=1

µ(B(x̃, rn))e
−nθγµ(B(x̃,rn)) = ∞,

for some γ > 1. Then we have

µ(Hea) = µ
(
ψ(rn) ≤Mn ev.

)
= 0.

In particular, if µ(ϕ ≥ un) ≤ cθ−1 log logn
n for some constant c < 1,

then

µ(Hea) = µ
(
un ≤Mn ev.

)
= 0.

The proof of Theorem 4.2 is also given in Section 11. The method of proof
uses Cauchy-condensation techniques.

4.1. Examples and general discussion of dichotomy criteria. In this
section we consider further examples, including a dichotomy criterion applied
to a non-dynamical example. We also consider an example where the extremal
index is zero.

4.1.1. An example of a stochastic process satisfying the dichotomy for a
non-trivial θ ∈ (0, 1). We consider a stationary stochastic process which has
a non-trivial extremal index. The mechanism giving rise to the extremal
index here is different to the periodic phenomena arising in the dynamical
systems.

Suppose (Xn) is an i.i.d. process with distribution function FX(x) =
P (X < x) = 1 − x−1. We let FX(x) = 1 − FX(x) (the tail distribution).
Consider the process Yn = max(Xn, aXn+1), where a ≥ 1 is fixed. We claim
the following:

(1) The extremal index for the process MY
n = maxk≤n Yk is given by

θ = a/(a+ 1).
(2) Dichotomy criteria, as consistent with the conclusion of Theorem 4.1

hold.

First of all (since a ≥ 1) we have

MY
n = max

k≤n
Yk = max{X1, aX2, aX3, . . . , aXn+1}.

Now we compute the extremal index for the process Yn. Let F Y (y) :=
1− P (Y1 < y). Then

F Y (y) = 1− P (Y1 < y)

= 1− P (X1 < y,X2 < y/a)

= 1− (1− y−1)(1− ay−1)

=
a+ 1

y
+O(y−2).
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Given τ > 0 let un = (a+ 1)n/τ . Then this sequence un satisfies nP (Y1 >
un) → τ. Now consider the distribution for the process MY

n . We have

P (MY
n < un) = P (X1 < un)P (X2 < un/a) . . . P (Xn+1 < un/a)

=

(
1− 1

un

)(
1− a

un

)n

=

(
1− τ

(a+ 1)n

)(
1− aτ

(a+ 1)n

)n

→ e−θτ , n→ ∞,

with θ = a/(a+1). Consider almost sure bounds for the maxima of (Xn) via
general sequences ũn and ṽn, so that ṽn < MX

n < ũn (almost surely). Con-
sider also the intermediate sequence w̃n with P (MX

n > w̃n i.o.) = P (MX
n <

w̃n i.o.) = 1. We assume that these sequences satisfy monotonicity con-
straints as consistent with assumptions of Theorem 4.1. By definition of the
process (Yn) we obtain almost surely, for all n sufficiently large

MY
n = max{X1, aX2, . . . aXn+1} ≤ aũn+1,(12)

MY
n ≥ max{aX2, . . . aXn+1} ≥ aṽn,(13)

and by similar analysis, almost surely there are infinite subsequences w̃nk

with

(14) MY
nk
> aw̃nk

, MY
nk
< aw̃1+nk

.

Using the explicit regularity of the tails FX(x), and F Y (y), we see that
divergence or convergence of the sum

(15)
∑
n

FX(zn)e
−nFX(zn)

is equivalent to divergence or (resp.) convergence of the sum∑
n

F Y (azn)e
− an

a+1
FY (azn).

We now apply this to zn = ṽn and zn = w̃n. A simple index relabelling of
the series in equation (15) shows that convergence/divergence is unaffected

by the index translation n → n ± 1. Indeed, since eFX(zn) = eo(1), diver-
gence/convergence of equation (15) is equivalent to divergence/convergence
of ∑

n

FX(zn−1)e
−nFX(zn−1).

This allows us to replace the relevant upper bound sequence w̃nk+1 in equation
(14) by w̃nk

. We remark that the upper bound sequence ũn+1 as appearing
in equation (12) can also be replaced by ũn. This follows using the First
Borel Cantelli Lemma, monotonicity of un, and a simple index translation
for the (convergent) sum

∑
n FX(ũn). This concludes the example.
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4.1.2. The Manneville–Pomeau map. In this section we consider how the
method of inducing allows us to extend the conclusions of Theorem 3.2
and Theorem 4.1 to a wider range of examples, e.g. to dynamical systems
whose transfer operator does not have a spectral gap. We illustrate using
the Manneville–Pomeau map f : [0, 1] → [0, 1] given by

(16) f(x) =

{
x(1 + 2axa) if 0 ≤ x < 1/2,

2x− 1 if 1/2 ≤ x ≤ 1,

with a ∈ (0, 1). In the following we let A = [1/2, 1], but the construction
we describe extends to any interval of the form [ϵ, 1] for ϵ > 0. See [21, 36].

Consider the first return map f̂ : A → A given by f̂(x) = fR(x)(x), with

R(x) = inf{n ≥ 1 : fn(x) ∈ A }, (and x ∈ A). The map f̂ preserves
an absolutely continuous invariant measure µ̂, with density in BV, and
has exponential decay of correlations of BV against L1 [36, section 4.2].

Thus Theorems 3.2 and 4.1 apply to (f̂ , µ̂), for observables of the form

ϕ(x) = ψ(dist(x, x̃)) with x̃ ∈ A. Let M̂n(x) = max1≤k≤n ϕ(f̂
k−1(x)), and

(as before) Mn(x) = max1≤k≤n ϕ(f
k−1(x)). Then we have

Mn(x) = max
1≤j≤k(n,x)

ϕ(f̂ j−1(x)) = M̂k(n,x)(x),

where x ∈ A, and k(n, x) satisfies

k(n,x)−1∑
j=1

R(f̂ j−1(x)) ≤ n <

k(n,x)∑
j=1

R(f̂ j−1(x)).

Since f preserves an absolutely continuous invariant measure µ, we deduce
that for µ-almost all x ∈ A that k(n, x)/n → µ(A). We get the following
result.

Proposition 4.3. Suppose f : [0, 1] → [0, 1] is given by equation (16). Let
A = [1/2, 1] and a ∈ (0, 1). Let ϕ(x) = ψ(dist(x, x̃)), with ψ : [0,∞) → R a
decreasing continuous function with ψ(y) → ∞ as y → 0. Then we have the
following result for almost every x̃ ∈ A.

(1) Suppose that the sequence (rn) is non-increasing and satisfies µ(B(x̃, rn)) >
c log log n/n for some c > 1, then

µ(Hea) = µ
(
ψ(rn) ≤Mn ev.

)
= 1.

(2) Suppose that the sequence (rn) is non-increasing and satisfies µ(B(x̃, rn)) <
c log log n/n for some c < 1, then

µ(Hea) = µ
(
ψ(rn) ≤Mn ev.

)
= 0.

Remark 4.4. We have stated the result only for a ∈ (0, 1). It is possible to
consider also a ≥ 1 where the f -invariant ergodic measure µ is no longer
finite. However, we do not get significant improvements over results obtained
in [36] due to the (almost sure) fluctuations in R(x).

Proof. By Proposition 13.4, condition (A2) holds for f̂ and µ-a.e. x̃ ∈ [0, 1].

Thus f̂ satisfies the assumptions of Theorems 3.2.



ON EVENTUALLY ALWAYS HITTING TIME STATISTICS 19

The proof then follows step by step that of [36, Theorem 2]. The only
modification is that bounding sequences for Mn(x) are determined via The-

orem 3.2 as applied to the map f̂ to bound M̂k(x). Here k ≡ k(n, x) with
k(n, x)/n→ µ(A) almost surely. □

4.1.3. An example with extremal index θ = 0. We consider again the Manne-
ville–Pomeau map given by equation (16), and take an observable function of
the form ϕ(x) = ψ(d(x, 0)), thus maximized at the point x̃ = 0. It is shown
in [19] that the distribution for the maxima follows a degenerate extreme
value law with extremal index equal to zero (under a scaling sequence given
by (4)). We obtain the following almost sure result.

Proposition 4.5. Suppose f : [0, 1] → [0, 1] is given by equation (16) with
a ∈ (0, 1), and ϕ(x) = ψ(dist(x, 0)), with ψ : [0,∞) → R a decreasing
continuous function with ψ(y) → ∞ as y → 0. Then we have the almost sure
result µ(vn ≤Mn ≤ un ev.) = 1, where un and vn satisfy

µ(X1 > vn) ≥
(
c log logn

n

)1−a

, µ(X1 > un) ≤
(

1

n(log n)2

)1−a

,

with c > c0, for some c0 > 0 (depending on the density of µ).

We prove Proposition 4.5 in Section 11.2. This result also refines estimates
obtained in [21, 29], especially on the lower bound sequence vn. The upper
bound sequence (as stated) can be refined easily using the First Borel–Cantelli
Lemma. This result illustrates that when θ = 0, we can expect non-standard
growth rates for the maxima. The exponent 1− a arises due to the presence
of the non-hyperbolic fixed point x̃ = 0.

4.1.4. On a general dichotomy criteria. Within this section we have exhibited
processes giving rise to a non-trivial extremal index. These processes are
created by using underlying periodic phenomena of the dynamical system
process. A non-trivial index can arise also through other non-periodic
mechanisms within dynamical systems, see [2, 7]. More broadly, clustering
can arise in more general process settings, see [14, 45]. It is therefore natural
to ask whether the conclusion of Theorem 4.1 is applicable in wider scenarios.
We have given in Section 4.1.1 a (non-dynamical) example to illustrate
that this is still the case. However, a general criteria is yet to be fully
developed on determining the sequences un for which a zero–one law applies
to µ(Mn ≤ un i.o.). We consider the following question.

Problem 4.6. For what class of stationary stochastic processes (Xn) does the
following hold? There exists a constant θ ∈ (0, 1] such that

(1) If un is such that
∞∑
n=1

µ(X1 > un) = ∞ and

∞∑
n=1

µ(X1 > un)e
−nθµ(X1>un) <∞

then µ(Mn ≥ un ev.) = 1;
(2) If un is such that

∞∑
n=1

µ(X1 > un) = ∞ and
∞∑
n=1

µ(X1 > un)e
−nθµ(X1>un) = ∞
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then µ(Mn ≤ un i.o.) = µ(Mn ≥ un i.o.) = 1.

For the i.i.d. case, these items are both valid for θ = 1. However a full
classification of processes (Xn) which satisfy these criteria for given θ ∈ (0, 1)
is unknown. For certain maximum processes with extremal index θ ∈ (0, 1)
we have shown that these dichotomy conditions apply.

5. Almost sure bounds for Mn for non-uniformly hyperbolic
systems

In this section we consider almost sure bounds on Mn for a wide class of
hyperbolic systems. These include systems where (f,X , µ) is modelled by a
Young tower [50]. We emphasize that the results in this section are valid for
some higher dimensional systems, while results of previous sections are for
interval maps. For higher dimensional systems, e.g. such as those that admit
Sinai–Ruelle–Bowen measures, obtaining distributional convergence of the
maxima requires the blocking arguments used for one-dimensional systems
to be significantly modified. This includes having additional regularity
constraints placed on µ (depending upon the strength of result obtained).
With the present techniques available, we obtain results towards Case (1)
of Theorems 3.4 and 4.2. We consider the following assumption on the
distributional convergence.

(A5) Given constants σ1, σ2 > 1, then for every r ∈ (0, 1) there is a set
Mr, with µ(Mr) ≤ C1| log r|−σ1 , such that for all x̃ ̸∈ Mr,

(17)

∣∣∣∣∣µ
(
x :

t/µ(Br(x̃))∑
k=0

1Br(x̃)(f
k(x)) = 0

)
− e−θt

∣∣∣∣∣ ≤ C2| log r|−σ2 ,

for all t ≥ 0.

Assumption (A5) is recognised as an approximate exponential law for entrance
times to shrinking balls. For certain non-uniformly hyperbolic systems
modelled by Young towers, (A5) is shown to hold, see for example [9, 31]
(in the case θ = 1), where a more general Poisson laws result can also be
obtained. Examples of such systems include those with Axiom A attractors,
and the Hénon map family for Benedicks–Carleson parameters [5]. To bring
assumption (A5) in line with distribution results for maxima Mn, consider
the observable function ϕ(x) = ψ(dist(x, x̃)), and a sequence rn → 0. Set
un = ψ(rn) and t ≡ tn = nµ(B(x̃, rn)). Here we allow the possibility that
tn → 0 or tn → ∞. Then equation (17) becomes

(18)
∣∣∣µ(x :Mn(x) < un

)
−e−nθµ(B(x̃,rn))

∣∣∣ ≤ C2| log rn|−σ2 .

This has similarities to the results obtained in Section 7 for one-dimensional
systems, in particular Corollary 7.3. However, the approximation of (18)
is not uniform over the ball center x̃. In order to mirror Corollary 7.3, we
require x̃ ̸∈ Mrn for all n, and clearly this condition depends on the sequence
(rn). Further arguments are therefore required to avoid the existence of an
infinite subsequence (rjk) for which x̃ ∈ Mrjk

. For hyperbolic systems, the

presence of the setMr arises from the regularity assumptions (or lack thereof)
placed on the measure µ. These issues are discussed in [9, 30, 31]. When
stronger regularity properties are known (or assumed) about the measure µ,
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then it can be shown that µ(lim supr→0Mr) = 0. This applies for certain
uniformly hyperbolic systems and billiard models, see [13, 8, 24, 46].

To state our result, we also need existence of a local dimension dµ(x̃) at x̃.
This is defined to be the limit

dµ(x̃) = lim
r→0

logµ(B(x̃, r))

log r
,

whenever this limit exists. For a wide range of hyperbolic systems, the value
dµ(x̃) exists for µ-a.e. x̃ ∈ X , see [4].

Theorem 5.1. Suppose (f,X , µ) is a measure preserving system, and (A5)
holds. Given x̃ ∈ X , let ϕ(x) = ψ(dist(x, x̃)), where ψ : [0,∞) → R is a
decreasing continuous function with ψ(y) → ∞ as y → 0. Suppose that
B(x̃, rn) are nested balls such that µ(B(x̃, rn)) ≥ cθ−1 log log n/n for some
c > 1, and that the local dimension dµ(x̃) exists µ-almost everywhere. Then
for µ-a.e. x̃ ∈ X and the sequence un = ψ(rn) we have µ(Mn ≥ un ev.) = 1,
that is, µ(Hea(B)) = 1.

We make several remarks on the proof and scope of this result. For the
proof of the result, we by-pass the influence of the set Mr to obtain a result
similar to Corollary 7.3. We can then apply the Cauchy-condensation method
used for proving Theorem 3.4. With the current techniques available this is
the best we can achieve. The arguments used within Section 9 cannot easily
be adapted and new ideas are needed.

Within Theorem 5.1 we require σ1, σ2 > 1. However, in certain applications
the possibility σ1, σ2 ∈ (0, 1) can arise, see [31]. In this case, we get weaker
bounds on sequence un = ψ(rn), namely having the requirement µ(X1 >

un) ≥ e(logn)
γ′
/n for some γ′ ∈ (0, 1), see Section 12.

A further remark is that having an assumption on the existence of a
local dimension can be weakened. From the proof, we generally require
quantitative bounds on the decay of µ(B(x̃, rn)) along certain sequences
rn → 0.

5.1. Intermediate growth rate sequences for maxima. In this section
we consider non-decreasing sequences (un) for which the following statement
applies

µ(Mn > un i.o.) > 0 and µ(Mn ≤ un i.o.) > 0.

Clearly the dichotomy results obtained in e.g. Theorems 3.2 and 4.1 fully
describe these sequences. However, in the case of the dynamical systems for
which Theorem 5.1 applies, we can obtain partial results using ergodicity of
the dynamical system. Since (un) is non-decreasing, we have that {Xn >
un i.o.} is invariant mod µ. Moreover, if the set {x̃} has zero measure, we
have {Mn > un i.o.} = {Xn > un i.o.} mod µ. It then follows by ergodicity
that if µ(Mn > un i.o.) > 0, then µ(Mn > un i.o.) = 1. On the other
hand, µ(Mn ≤ un i.o.) > 0 gives µ(Hea(B)) = µ(Mn > un ev.) < 1. Thus,
µ(Mn > un ev.) = 0 by ergodicity and invariance mod µ of Hea(B) (see [36,
Lemma 1] or [34, Lemma 2.4]). This yields µ(Mn ≤ un i.o.) = 1. Hence,
both of the measures above will be 1 (if they are positive). We state the
following result whose proof is similar to that of [36, Proposition 2].
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Theorem 5.2. Suppose that (f,X , µ) is an ergodic measure preserving
system satisfying (A5). Consider the observable ϕ(x) = ψ(dist(x, x̃)) with
ψ : [0,∞) → R a decreasing continuous function with ψ(y) → ∞ as y → 0.
Suppose that B(x̃, rn) are such that µ(B(x̃, rn)) ≤ c/n, for some c > 0. For
the sequence un = ψ(rn), we have

µ(Mn ≤ un i.o.) = 1,

that is,
µ(Hea(B)) = µ(Mn > un ev.) = 0.

Proof. We may assume that µ(B(x̃, rn)) = c/n, and hence that (un) is non-
decreasing. Assumption (A5) yields that (18) holds true. Hereby, we get

µ(Mn ≤ un) → e−c′ > 0 for some 0 < c′ <∞. Furthermore, we recall that

µ(Hea) = µ(Mn > un ev.) = µ

( ∞⋃
i=1

∞⋂
n=i

{Mn ≤ un}∁
)
.

We observe that µ(Mn > un ev.) = limi→∞ µ(
⋂∞

n=i{Mn ≤ un}c) ≤ 1−e−c′ <
1 by nestedness. By ergodicity and invariance mod µ of Hea [36, Lemma 1],
we conclude the statement. □

In the theorem above, it is possible that we have µ(Mn ≤ un ev.) = 1.
However if

∑
n µ(B(x̃, rn)) = ∞, and B(x̃, rn) is a dynamical Borel–Cantelli

sequence, then we instead have µ(Mn > un i.o.) = 1. For a wide class of
dynamical systems, and µ-typical x̃ this property is known to hold, see
[1, 10, 25, 26, 29].

6. Overview of the proofs and the blocking argument

Here we give an overview of our proofs. We first use an argument by
Galambos: From a dynamical Borel–Cantelli Lemma (for instance [1, 10, 35])
we get from

∑
µ(B(x̃, rn)) = ∞ that almost surely Xn ≥ un infinitely often,

and hence that Mn ≥ un holds infinitely often almost surely. Therefore the
set {Mn < un ev.} has measure zero. We obtain

µ(Mn < un i.o.) = µ({Mn < un i.o.} \ {Mn < un ev.})
= µ

(
Mn < un and Mn+1 ≥ un+1 i.o.

)
= µ

(
Mn < un and Xn+1 ≥ un+1 i.o.

)
,

since if Mn < un for infinitely many n, but not for all large enough n, then
there must be infinitely many n for which Mn < un and Mn+1 ≥ un+1.
(Those n may be a strict subset of the k such that Mk < uk.) We will use
this equality to prove that µ(Mn < un i.o.) = 0 and hence that µ(Mn ≥
un ev.) = 1. The idea is to use that for l < n

{Mn < un and Xn+1 ≥ un+1} ⊂ {Ml < un and Xn+1 ≥ un+1},
and if n− l is large, then

µ
(
Mn < un and Xn+1 ≥ un+1

)
≤ µ

(
Ml < un and Xn+1 ≥ un+1

)
≈ µ(Ml < un)µ(Xn+1 ≥ un+1),(19)

and this will be made precise using decay of correlation estimates. Then,
Proposition 6.1 below is used to estimate µ(Ml < un). This results in an
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estimate on µ(Mn < un and Xn+1 ≥ un+1). Using this estimate, it is shown
that

∑
µ(B(x̃, rn)) exp(−nµ(B(x̃, rn))) <∞ implies that

∞∑
n=1

µ(Mn < un and Xn+1 ≥ un+1) <∞

and this implies by Borel–Cantelli that

µ(Mn < un and Xn+1 ≥ un+1 i.o.) = 0.

Hence µ(Mn < un i.o.) = 0 and µ(Mn ≥ un ev.) = 1. In this way we obtain
the proof of Theorem 3.2.

For some systems, it is difficult to get a good enough error bound in the
approximation

µ(Ml < un and Xn+1 ≥ un+1) ≈ µ(Ml < un)µ(Xn+1 ≥ un+1)

which was used in (19). For such systems we use instead the estimate

µ(Mn < un and Xn+1 ≥ un+1) ≤ µ(Mn < un).

In the end this only leads to a slightly weaker result. This is the path taken
to prove Theorem 3.4.

We will now explain how the so-called blocking argument is used to
estimate µ(Ml < u). For general stochastic processes see [14, 43]. Relevant
to dynamical systems, the approach we describe is adapted from [12].

We have

{Ml < u} =
l⋂

k=1

{Xk < u} ⊂
⋂
k∈Il

{Xk < u},

where Il ⊂ {1, 2, . . . , l}. We let Il consist of q blocks of p consecutive numbers
in {1, 2, . . . , l}, each block separated by t numbers. Writing Il =

⋃q
j=1 Jj

where Jj are the blocks, we have

{Ml < u} ⊂
q⋂

j=1

⋂
k∈Jj

{Xk < u}.

The measure of
⋂

k∈Jj{Xk < u} is approximated by 1 − pµ(X1 ≥ u) =

1−pµ(ϕ ≥ u) and in this way we can estimate µ(Ml < u) by (1−pµ(ϕ ≥ u))q.
The error obtained by this estimate is expressed in the following proposition
by Collet.

Proposition 6.1 (Collet). Suppose that µ is an ergodic probability measure.
Let s ∈ (0, 12 ]. With l = qp+ r, p = [ls], 0 ≤ r < p and l large, we have for
any u and t ∈ N that∣∣µ(Ml < u)− (1− pµ(ϕ ≥ u))q

∣∣ ≤ q∑
j=1

|1− pµ(ϕ ≥ u)|q−jΓj ,

where Γj is given by

Γj =
∣∣pµ(ϕ ≥ u)µ(M(j−1)(p+t) < u)− Σj

∣∣
+ tµ(ϕ ≥ u) + 2p

p∑
k=1

E(1ϕ≥u1ϕ≥u ◦ fk)
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and

Σj =

p∑
k=1

E(1ϕ≥u1M(j−1)(p+t)<u ◦ fp+t−k),

where E(·) denotes expectation.

Proposition 6.1 is only interesting if 1 − pµ(ϕ ≥ u) > 0. As we will see,
this will be the case in all of our applications of the proposition. The proof
of Proposition 6.1 is by Collet [12]. For completeness, we include it in the
appendix.

7. Application of Proposition 6.1 and preliminary estimates

In this section we collect several key estimates that we use for proving the
main results. We start with an immediate consequence of assumptions (A1)
and (A3), where the decay rate is given by Θ(j) = exp(−τj). This result
will be useful for proving Theorem 3.4.

Lemma 7.1. Let f : X → X be an interval map with an ergodic probability
measure µ. Assume that conditions (A1) and (A3) hold. Then there are
positive constants c1,K such that for l ≤ n we have

µ(Mn ≤ un and Xn+1 > un+1) ≤ µ(Ml ≤ un)µ(Xn+1 > un+1) + c1K
le−τn.

Proof. Let φ1(x) = 1{Ml<un}(x) and φ2(x) = 1{X1>un+1}. We estimate

the BV-norm of φ1(x). Since for any interval A, f−1(A) has at most Kf

connected components (by (A3)), it follows that the BV-norm of φ1(x) is
bounded by K l, for some constant K.

Using decay of correlations, we get that

µ(Mn ≤ un and Xn+1 > un+1) ≤
∫
φ1φ2 ◦ fn dµ

≤
∫
φ1 dµ

∫
φ2 dµ+ Ce−τn∥φ1∥BV∥φ2∥∞

≤ µ(Ml ≤ un)µ(Xn+1 > un+1) + c1K
le−τn. □

In the next step, we use Collet’s blocking argument from Proposition 6.1
and the assumptions (A1) and (A2) to obtain an estimate on µ(Ml < un).
The following lemma and subsequent corollaries will be used in the proof of
most of the Theorems stated within Sections 3 and 4. With a slight change
of notation, for integers p, n ≥ 1 we take

Ξp,n ≡ Ξp,n(un) :=

p∑
j=1

µ(ϕ > un, ϕ ◦ f j > un).

This is consistent with the notation of (A2). That is for the sequence rn as
defined in (A2), we have un = ψ(rn). Recall that the observable function is
ϕ(x) = ψ(dist(x, x̃)).

Lemma 7.2. Let f : X → X be an interval map with an ergodic probability
measure µ. We assume (A1) with rate function Θ(j) = exp(−τj) and that
µ(ϕ ≥ un) = O(n−σ) for some σ > 1

2 . Then there are constants C, c2 > 0
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and s ∈ (0, 12 ], such that for sufficiently large l ≤ n written as l = qp+ r with

p = [ls], 0 ≤ r < p, and t = [log(l
2
τ )] we have

(20) µ(Ml < un) ≤ eC exp(−lµ(ϕ ≥ un)) + qtµ(ϕ ≥ un) + 2nΞp,n +
c2
l1+s

.

Proof. We start by estimating Γj in Proposition 6.1. First of all we note that
p ≤ n. We have ∥1ϕ≥un∥BV ≤ 3 since 1ϕ≥un is the characteristic function of
an interval. Hence, by the decay of correlation alone, we have∣∣Σj − pµ(ϕ ≥ un)µ(M(j−1)(p+t) < un)

∣∣(21)

=

∣∣∣∣ p∑
k=1

(
E(1ϕ≥un1M(j−1)(p+t)<un ◦ fp+t−k)

− µ(ϕ ≥ un)µ(M(j−1)(p+t) < un)
)∣∣∣∣

≤
p∑

k=1

3Ce−τ(p+t−k) ≤ c0e
−τt.

Hence, by (21) and definition of Ξp,n, we have

Γj ≤ tµ(ϕ ≥ un) + 2pΞp,n + c0e
−τt.

As in Proposition 6.1, we take p = [ls] with s > 0. Furthermore, we let

t = [log(l
2
τ )]. We therefore have

Γj ≤ Γ̃ := tµ(ϕ ≥ un) + 2pΞp,n +
c2
l2
.

for some constant c2.
We have chosen p and l such that p ≤ ls and l ̸= n. Since µ(ϕ ≥

un) = O(n−σ), we have 1 − pµ(ϕ ≥ un) ≥ 0 for large n, since σ > 1
2 ≥ s.

Proposition 6.1 now implies that

µ(Ml < un) ≤ (1− pµ(ϕ ≥ un))
q + Γ̃

q−1∑
j=0

(1− pµ(ϕ ≥ un))
j .

Using that for 0 < x < 1

(1− x)k = exp(k log(1− x)) ≤ exp(−kx),

we obtain that

µ(Ml < un) ≤ exp(−pqµ(ϕ ≥ un)) + Γ̃

q−1∑
j=0

exp(−jpµ(ϕ ≥ un))

≤ exp(−pqµ(ϕ ≥ un)) + qΓ̃.

Hence

µ(Ml < un) ≤ exp(−pqµ(ϕ ≥ un)) + qtµ(ϕ ≥ un) + 2pqΞp,n +
c2q

l2
.
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Since p = [ls] we have r ≤ ls and pq ≥ l − ls. Since µ(ϕ ≥ un) = O(n−σ),
we have that lsµ(ϕ ≥ un) is bounded if s is small enough. We obtain

µ(Ml < un) ≤ exp(−(l − ls)µ(ϕ ≥ un)) + qtµ(ϕ ≥ un) + 2pqΞp,n +
c2
l1+s

≤ eC exp(−lµ(ϕ ≥ un)) + qtµ(ϕ ≥ un) + 2pqΞp,n +
c2
l1+s

. □

So far we have not used (A2). The next corollary gives a key bound that
we use in the proof of the main results. It further quantifies the eC multiplier
in equation (20), and hence gives an error bound for estimating µ(Ml < un)

in terms of e−lµ(ϕ≥un).

Corollary 7.3. Let f : X → X be an interval map with an ergodic probability
measure µ. We assume (A1) with rate function Θ(j) = exp(−τj). Suppose
the hypothesis of (A2) holds with parameters σ, γ and s ∈ (0, 12 ]. Then there
are constants C, c2, c3 > 0 such that for sufficiently large l ≤ n written as

l = qp+ r with p = [ls], 0 ≤ r < p, and t = [log(l
2
τ )] we have

(22) |µ(Ml < un)− exp(−lµ(ϕ ≥ un))| ≤ qtµ(ϕ ≥ un) + 2nΞp,n

+
c2
l1+s

+ c3l
sµ(ϕ ≥ un).

Furthermore, there exists γ′ > 0 such that for all β > 0 and l > βn

(23) |µ(Ml < un)− exp(−lµ(ϕ ≥ un))| ≤ Cβn
−γ′

.

Here, the constant Cβ > 0 depends on β.

Proof. Note that we have σ > 1
2 by assumption (A2). Then, from Proposi-

tion 6.1 and as in the proof of Lemma 7.2, we get that

|µ(Ml < un)− exp(−(l − ls)µ(ϕ ≥ un))| ≤ qtµ(ϕ ≥ un) + 2nΞp,n +
c2
l1+s

.

Noting that µ(ϕ ≥ un) = O(n−σ), the constraint σ > (2 + s)/3 from (A2)
implies that lsµ(ϕ ≥ un) is bounded. Hence,

|µ(Ml < un)− e−lµ(ϕ≥un)| − |µ(Ml < un)− e−(l−ls)µ(ϕ≥un)|

≤ |e−lµ(ϕ≥un) − e−(l−ls)µ(ϕ≥un)| ≤ |1− el
sµ(ϕ≥un)| ≤ c3l

sµ(ϕ ≥ un).

This gives the equation (22) stated in the corollary. For equation (23), the
existence of the constant γ′ > 0 follows from equation (9). Indeed, to see
this we consider each right-hand term of (22), and note that (by hypothesis)
l > βn for some β > 0, and hence c2l

−1−s within (22) is O(n−1−s). By (A2),
we have nΞp,n < n−γ . Similarly we have qtµ(ϕ ≥ un) = O((log n)n1−s−σ).
The latter term is O(n−γ1) for some γ1. This follows from the constraint
σ > 1 − s/2 in (9). We have already considered the term c3l

sµ(ϕ ≥ un).
Hence this completes the proof. □

We state the following further corollary, which is an easy consequence of
the results developed so far.

Corollary 7.4. Let f : X → X be an interval map with an ergodic probability
measure µ. Assume that conditions (A1) with rate function Θ(j) = exp(−τj)
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and (A3) hold. Suppose the hypothesis of (A2) holds with parameters σ, γ
and s. Furthermore, we suppose that

∞∑
n=1

µ(ϕ ≥ un) exp(−βnµ(ϕ ≥ un)) <∞,

for some β < τ
logK , where K is the constant in Lemma 7.1. Then

µ(Mn ≥ un ev.) = 1.

We remark that the conclusion of this corollary is not optimal relative to
the statements within Theorems 3.2 and 3.4. The ideas presented here will
be used in the proofs of these theorems, but optimised accordingly. We also
clarify within the need for the constrains imposed by equation (9) within
(A2).

Proof of Corollary 7.4. Combining Lemma 7.1 and Lemma 7.2 we now get
that

(24) µ(Mn < un and Xn+1 > un+1)

≤ eC exp(−lµ(ϕ ≥ un))µ(ϕ ≥ un) + nΞp,nµ(ϕ > un)

+ qtµ(ϕ ≥ un)
2 +

c2
l1+s

µ(ϕ > un) + c1K
le−τn.

We take p = ns, pq ≈ n and l = [βn] where β < τ
logK . This makes

the term c1K
le−τn summable over n. Also, the term c2l

−1−sµ(ϕ > un) is
summable over n.

For the term qtµ(ϕ ≥ un)
2, the relation σ > 1 − s/2 implies this is

summable over n (noting that the contribution from t is O(log n)). Consider
the term nΞp,nµ(ϕ > un). By (A2), this term is summable by the assumption
Ξp,n < n−1−γ , and the fact that σ > 1 − γ. However, we still have to
check a self-consistency condition involving σ and s, since we also know by
exponential decay of correlations (A1) that Ξp,n > c′nsµ(ϕ > un)

2 for some
c′ > 0. By equation (9), we have σ > (2 + s)/3, and therefore it follows that
c′ns+1µ(ϕ > un)

3 is also summable.
Hence, we have showed that µ(Mn < un and Xn+1 ≥ un+1) is summable

provided that

∞∑
n=1

µ(ϕ ≥ un) exp(−βnµ(ϕ ≥ un)) <∞,

for some β < τ
logK , which finishes the proof. □

8. Proof of Theorem 3.2, Case (1).

The proof of Case (1) in Theorem 3.2 follows the same ideas of Section 7
that led to Corollary 7.4. The only thing missing is that Lemma 7.1 need
not be true since 1Ml<u is not of bounded variation. The use of Lemma 7.1
is therefore replaced by the following lemma.
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Lemma 8.1. Under the assumptions of Theorem 3.2 there is a constant
c1 > 0 such that for every l, n ∈ N with l ≤ n we have

µ(Ml < u and Xn+1 ≥ u)

≤ µ(Ml < u)µ(Xn+1 ≥ u) + c1le
−τ(n−l)µ(Xn+1 ≥ u).

Proof. We let L be the transfer operator

Lψ(x) =
∑

f(y)=x

g(y)ψ(y),

where log g is the potential of the Gibbs measure. The assumptions of the
theorem mean the following. The density h of µ with respect to the conformal
measure ν is an eigenfunction of L with eigenvalue λ = eP , where P is the
pressure. The eigenfunction h is of bounded variation.

The operator L has the following useful properties (see [44]). It satisfies∫
ψ dν = λ−1

∫
L (ψ) dν [44, Lemma 4.10]. If

∫
ψ dν = 0, then by [44,

Sub-Lemma 4.1.1] and the proof of [44, Lemma 4.11] we have

λ−n sup |L n(ψ)| ≤ λ−n∥L n(ψ)∥BV ≤ C∥ψ∥BVe
−τn.

Using the first of these properties, we have∫
(1Ml<u − c)1Xn+1≥u dµ = λ−n

∫
L n((1Ml<u − c)1Xn+1≥uh) dν

= λ−n

∫
L n((1Ml<u − c)h)1X1≥u dν

≤ λ−n sup |L n((1Ml<u − c)h)| · ν(X1 ≥ u).

Letting c = µ(Ml < u) this implies that

(25) µ(Ml < u and Xn+1 ≥ u) =

∫
1Ml<u1Xn+1≥u dµ

≤ µ(Ml < u)µ(Xn+1 ≥ u)

+ λ−n sup |L n((1Ml<u − c)h)| · ν(X1 ≥ u).

It remains to estimate the above supremum. We put ψ = (1Ml<u − c)h.

Claim. We have ∥L lψ∥BV ≤ C4λ
ll for some constant C4 that does not

depend on l or u.

Proof of Claim. Clearly, we have

(26) sup |L l(ψ)| ≤ sup |L l(h)| = λl sup |h| <∞.

We shall now estimate varL l(ψ). Since 1Ml<u =
∏l−1

k=0 1X1<u ◦ fk, we
have

L l(1Ml<uh)(x) =
∑

f l(y)=x

gl(y)h(y)

l−1∏
k=0

1X<u(f
ky),

where gl(y) = g(y)g(f(y)) . . . g(f l−1(y)). We let (f l)j denote the branches of

f l (i.e. the restrictions of f l to maximal intervals of monotonicity) and write

L l(1Ml<uh)(x) =
∑
j

gl((f
l)−1
j (x))h((f l)−1

j (x))

l−1∏
k=0

1X1<u(f
k((f l)−1

j (x)).
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Then

varL l(1Ml<uh)(x)

≤
∑
j

var

(
gl((f

l)−1
j (x))h((f l)−1

j (x))

l−1∏
k=0

1X<u(f
k((f l)−1

j (x))

)
.

Since k < l we have

var1X1<u(f
k ◦ (f l)−1

j ) ≤ var1X1<u = 2.

Using that

var(ϕψ) ≤ sup |ϕ| varψ + sup |ψ| varϕ,
this implies that

var
l−1∏
k=0

1X1<u(f
k ◦ (f l)−1

j ) ≤ 2l.

Let

Gj(x) = gl((f
l)−1
j (x))h((f l)−1

j (x))

and

Fj(x) =
l−1∏
k=0

1X1<u(f
k((f l)−1

j (x))).

With this notation, we have from above that

varL l(1Ml<uh)(x) ≤
∑
j

var(GjFj) ≤
∑
j

(
varGj supFj + supGj varFj

)
.

Since

λlh(x) = L l(h)(x) =
∑
j

Gj(x),

we have
∑

j varGj = λl varh.
Hence,

varL l(1Ml<uh)(x) ≤
∑
j

(
varGj + supGj varFj

)
≤ C0λ

l + C1λ
ll ≤ C2λ

ll,

where the constant C2 does not depend on l.
Since varL l((1Ml<u − c)h) ≤ varL l(1Ml<uh) + cλl varh ≤ C3λ

ll, we
have now proved with the aid of (26) that

∥L l((1Ml<u − c)h)∥BV ≤ C4λ
ll

for some constant C4. □

We recall that the constant c was chosen so that
∫
ψ dν =

∫
(1Ml<u −

c)h dν =
∫
(1Ml<u−c) dµ = 0. Hence we also have

∫
L lψ dν = λl

∫
ψ dν = 0.

Then we estimate

λ−n sup |L n(ψ)| = λ−l

λn−l
sup |L n−l(L lψ)| ≤ λ−l · C∥L lψ∥BV · e−τ(n−l)

≤ C5le
−τ(n−l).
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It follows from (25) that

µ(Ml < u and Xn+1 ≥ u)

≤ µ(Ml < u)µ(Xn+1 ≥ u) + C5le
−τ(n−l)ν(X1 ≥ u).

Finally, since h is the density of µ with respect to ν, and h is bounded,
we have C5ν(X1 ≥ u) ≤ c1µ(X1 ≥ u) = c1µ(Xn+1 ≥ u) for some constant
c1. □

Following the proofs in Section 7 that led to Corollary 7.4, and using
Lemma 8.1 instead of Lemma 7.1, we get instead of (24) that

(27) µ(Mn < un and Xn+1 > un+1)

≤ eC exp(−lµ(ϕ ≥ un))µ(ϕ ≥ un) + nΞp,nµ(ϕ > un)

+ qtµ(ϕ ≥ un)
2 +

c4µ(ϕ > un)

l1+s
+ c1le

−τ(n−l).

We take l = n− [nβ ], where β < σ, and p = ns, pq ≈ n. This makes the term

c1le
−τ(n−l) as well as the term c4l

−1−sµ(ϕ > un) in (27) summable over n.
The other terms are summable as in the proof of Corollary 7.4.

The rest of the proof of Case (1) in Theorem 3.2 is the same as in the
proofs outlined in Section 7, and we obtain that µ(Mn < un and Xn+1 ≥ un)
is summable provided that

∞∑
n=1

µ(ϕ ≥ un) exp(−nµ(ϕ ≥ un)) <∞.

This finishes the proof.

9. Proof of Theorem 3.2, Case (2)

Throughout this section, we assume that the assumptions of Theorem 3.2
hold.

To prove Theorem 3.2 we follow [20, Section 4], in particular we follow
the proof of Theorem 4.3.2 within. Given λ > 0, consider the sequence
an := exp{λn/ log n}. This choice of sequence has several properties which
we elaborate on in the course of the proof. Now, for a given non-decreasing
sequence (vn), showing µ(Mn ≤ vn i.o.) = 1 can be reduced to showing
µ(Mbn ≤ vbn i.o.) > 0 for some subsequence bn. Since {Mn > un ev.} =
Hea(B), this follows from a zero–one law for eventually almost hitting sets
under the assumption of ergodicity (see [36, Lemma 1]).

The following reductions are elementary manipulations, and do not depend
on the precise form of (an), nor on the dependency structure of the process.
To show µ(Mn ≤ vn i.o.) = 1, we can first reduce this to finding c > 0, and
M0, such that for all M ≥M0 we have

µ

( ∞⋃
n=M

{Man ≤ van}

)
≥ c.
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This can be reduced further to showing that for all M > 0, there exists
M ′ > M such that

(28) µ

(
M ′⋃

n=M

{Man ≤ van}

)
≥ c.

Now for arbitrary events (An), we have

µ

(
M ′⋃

n=M

An

)
=

M ′∑
n=M

µ(An)−
M ′∑

n=M

µ

(
An ∩

(
M ′⋃

i=n+1

Ai

))
.

Thus equation (28) holds if there exists ∆ > 0, independent of M,M ′ such
that

M ′∑
n=M

µ(Man ≤ van) ≥ ∆ > 0,

and δ < 1, such that for all M0 ≤M ≤ n ≤M ′,

µ

(
Man ≤ van , and

M ′⋃
i=n+1

{Mai ≤ vai}

)
≤ δµ(Man ≤ van).

Thus a requirement placed on the choice of sequence (an) is that

(29)
∞∑
n=1

µ(Man ≤ van) = ∞,

and

(30)

M ′∑
t=n+1

µ
(
{Man ≤ van} ∩ {Mat ≤ vat}

)
≤ δµ(Man ≤ van).

In the i.i.d. case, these conditions are shown to hold for the sequence an =
eλn/ logn for suitable λ > 0. The approach followed is that we can realise
each term in the sum of (30) as the product

(31) µ(Man ≤ van)µ(Mat−an ≤ vat).

This uses the fact that van is non-decreasing. The remainder of the proof in
the i.i.d. case is elementary, and uses further facts, such as

(32) µ(Man ≤ van) = FX(van)
an , µ(Mat−an ≤ vat) = FX(vat)

at−an ,

where FX is the probability distribution function. For the dependent case,
we need to recover approximate versions of (31) and (32), and show that the
same proof goes through. This can be done using the mixing properties of
the dynamical system, and the blocking arguments. To do this, we consider
a further sequence ℓt, with ℓt < at − an, and defined for t > n. Since
an = eλn/ logn, we can choose ℓt to grow at various speeds, such as power law
of t. The role of ℓt is to de-correlate successive maxima in the following way:

µ({Man ≤ van} ∩ {Mat ≤ vat})(33)

= µ({Man ≤ van} ∩ {Mat−an ◦ fan ≤ vat})

≤ µ({Man ≤ van} ∩ {Mat−an−ℓt ◦ fan+ℓt ≤ vat})

≤ µ(Man ≤ van)µ(Mat−an−ℓt ≤ vat) + c1ane
−τℓt ,
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where in the last line we have used a more general version of Lemma 8.1,
which is proved in the same way. We choose ℓt = κt for some κ > 0
to be specified in the proof below. It suffices to consider vn such that
µ(X1 > vn) ≈ log logn/n, with ≈ denoting multiplication by a constant
within [1/2, 2]. (See [20, Lemma 4.3.2] on taking this reduction).

From the dynamical blocking arguments in Lemma 7.2 we obtain

µ({Man ≤ van}) = Ce−anµ(X1>van ) +O(a−β
n ),(34)

µ(Mat−an−ℓt ≤ vat) = Ce−(at−an−ℓt)µ(X1>vat ) +O((at−an−ℓt)−β),(35)

for some constants C, β > 0. Equations (34), (35) are obtained using
Corollary 7.3 and equation (22) within. In particular, to obtain equation
(35), we put l = at − an − ℓt in (22), and use the sequence growth estimates
given in (36) (below). Our choice of ℓt grows fast enough to ensure decay of
correlations gives a good approximation to (31), but slow enough to ensure
a good approximation to (32). We state the following result.

Lemma 9.1. Assume that (29) holds. Then equation (30) holds.

Proof. We summarise some properties of an = eλn/ logn. For all n→ ∞, and
moderate values of t > 0

(36)
an+t − an
an+t

log log an+t ≥ Cλt.

To see this apply the mean value theorem:

an+t − an
an+t

= 1− exp{−λ(t+ n)/ log(t+ n) + λn/ log n}

= 1− exp

{
λ

(
− 1

log x
+

1

(log x)2

)
t

}
, (x ∈ [n, t+ n]),

≥ Cλt

log(n+ t)
.

Then note that log log an+t is ≈ log(n+ t) for large n.
By assumption of (29), and given any ∆ > 0 we can choose M ′ > M so

that

(37) ∆ ≤
M ′∑

n=M

µ(Man ≤ van) ≤ 2∆.

(This is valid when µ(Man ≤ van) → 0, which is true in our case). Now, let
us consider the right hand terms of (33). We factor out µ(Man ≤ van) as
follows,

µ(Man ≤ van)µ(Mat−an−ℓt ≤ vat) + c1ane
−τℓt

= µ(Man ≤ van)

(
µ(Mat−an−ℓt ≤ vat) +

c1ane
−τℓt

µ(Man ≤ van)

)
,

and, hence, to show (30) it is sufficient to show the final bracketed term can
be bounded by δ < 1, when ℓt = κt, and after summing over t ∈ [n+ 1,M ′].
Consider the exponential decay of correlation term (with rate τ1 = e−τ < 1)
within the bracket. This is bounded as follows.

c1ane
−τℓt · µ(Man ≤ van)

−1 ≤ Canτ
ℓt
1 ·
(
e−anµ(X1>van ) +O(a−β

n )
)−1

.
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Using µ(X1 > vn) ≈ log logn/n, an = eλn/ logn and ℓt = κt gives a bound

C exp
{ λn

log n

}
· τκt1 ·

( 1

(log an)D
+O(a−β

n )
)−1

with D ∈ [1/2, 2]. Now choose κ so that eλ < τ−κ
1 . This term decays

exponentially fast in t ∈ [n + 1,M ′], and the first term (for t = n + 1) is
o(1) for large n. Thus the sum of this contribution is bounded by δ1 < 1, for
large n. It now suffices to consider

µ(Mat−an−ℓt ≤ vat)

= C exp{−(at − an − ℓt)µ(X1 > vat)}+O((at−an−ℓt)−β).

The O(·) term is again summable, and decays exponentially fast with (at −
an − ℓt)

−β = o(1) for t = n + 1. This is therefore bounded by δ2 < 1, for
large n. We also have

exp{−(at − an − ℓt)µ(X1 > vat)}
= exp{−(at − an)µ(X1 > vat)} · exp{ℓtµ(X1 > vat)}
= exp{−(at − an)µ(X1 > vat)} · exp{Dκt log log at/at}

= exp{−(at − an)µ(X1 > vat)} · eo(1), (n→ ∞).

The latter eo(1) comes from the precise form of at. Hence it suffices to show
that

M ′∑
t=n+1

exp{−(at − an)µ(X1 > vat)} < δ3,

for δ3 sufficiently small. However this is now the same argument as used in
[20], as it depends only on at, and the assumption on the asymptotics of
µ(X1 > vn). The formalities depend on splitting t ∈ [n+ 1,M ′] into three
time windows, and the bounds utilise equations (36) and (37). □

From this lemma, we can deduce first the weaker conclusion, namely that
if µ(X1 > vn) ≤ c log logn/n for c < 1, then µ(Mn ≤ vn i.o.) = 1. This
follows from the fact that by equation (34)

µ(Man ≤ van) =
C

(log an)c
+O(a−β

n ) ≈ C

nc
,

(which is not summable and, hence, (29) is satisfied), and that (30) holds for
this sequence.

To complete the proof of Theorem 3.2, it is enough to show that the choice
of an is enough to conclude that the 2nd half of the Robbins–Siegmund
condition implies µ(Mn ≤ vn i.o.) = 1. Following [20], we show that for a
sequence vn satisfying

∞∑
n=1

µ(X1 > vn) = ∞ and

∞∑
n=1

µ(X1 > vn)e
−nµ(X1>vn) = ∞,

then
∑∞

n=1 µ(Man ≤ van) = ∞.
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Since
∑

n(an)
−β <∞, we have to show by (34) that

∑∞
n=1 exp{−anµ(X1 >

van)} = ∞. By monotonicity considerations, we have

∞ =
∞∑
n=1

an+1∑
j=an

µ(X1 > vj)e
−jµ(X1>vj)

≤
∞∑
n=1

µ(X1 > van)(an+1 − an) exp{−anµ(X1 > van+1)}.

Hence the implication follows as in [20].

10. Proof of Theorem 3.4

We split this section up into two parts, and treat cases (1) and (2) of
Theorem 3.4 separately.

10.1. Proof of Theorem 3.4 Case (1). Following the methods of Section 7
leading to Corollary 7.3, we obtain

µ(Ml < un) ≤ eC exp(−lµ(ϕ ≥ un)) + nΞp,n + qtµ(ϕ ≥ un) +
c2
l1+s

,

where p = [ls], and t = [log(l
2
τ )]. Take l = n and for ρ > 0 suppose that

µ(ϕ ≥ un) ≤ (log n)ρ/n. Then by (A2) we have that

(38) µ(Mn < un) ≤ c6 exp(−nµ(ϕ ≥ un)) +O(n−γ′
)

for some γ′ ∈ (0, 1). We remark here that it is indeed sufficient to restrict to
µ(ϕ ≥ un) ≤ (log n)ρ/n rather than the more general case µ(ϕ ≥ un) ≈ n−σ

for some σ ∈ (0, 1). For the latter case the error term n−γ′
in equation (38)

would dominate.
Let a > 1 and take nk = [ak]. Then n−γ′

k is summable over k. We state
the following result, which we prove at the end of this section.

Proposition 10.1. Suppose that n 7→ nµ(ϕ ≥ un) is non-decreasing and
positive. Then for a > 1 and θ > 0 we have

∞∑
k=1

e
−θ[ak]µ(ϕ≥u

[ak+1]
)
<∞ ⇒

∞∑
n=1

µ(ϕ ≥ un)e
−nθµ(ϕ≥un) <∞

⇒
∞∑
k=1

e
−θ[ak]µ(ϕ≥u

[ak]
)
<∞.

Using Proposition 10.1 and (38) we have almost surely that there exists a
k0 such that Mnk

≥ unk
for all k ≥ k0.

Suppose that such a k0 exists. Let n > nk0 , and take k such that nk ≤
n < nk+1. Then

Mn ≥Mnk
≥ unk

.

Since un is an increasing sequence, we obtain that

Mn ≥ u[n/a]

holds for all n > nk0 . This proves the first statement of the theorem.

Finally, suppose that µ(ϕ ≥ un) ≥ c log lognn for some c > 1. Put ũn = u[ãn].
Since c > 1, we can choose ã > a > 1 close to one so that for large n we have
µ(ϕ ≥ ũn) ≥ c̃ log lognn with some c̃ > 1 satisfying c̃[ak]/[ak+1] > 1.
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Then
∞∑
k=1

e
−[ak]µ(ϕ≥ũ

[ak+1]
) ≤

∞∑
k=1

e
−c̃

[ak]

[ak+1]
log log[ak+1]

<∞

holds. It follows from Proposition 10.1 that
∑∞

n=1 µ(ϕ ≥ ũn)e
−nµ(ϕ≥ũn) <∞.

Then we can apply Case (1) of Theorem 3.4 and obtain that almost surely
Mn ≥ ũ[n/a] holds eventually. Since 1 < a < ã, ũ[n/a] = u[ã[n/a]] > un holds
when n is large, and the result follows.

Proof of Proposition 10.1. We first prove a variant of Cauchy condensation.
Suppose that a > 1 and that ck is a sequence of positive numbers with
ck+1 ≤ ck for all k. Let C = c1 + c2 + . . .+ c[a]−1. Then

∞∑
n=1

cn = C +

∞∑
k=1

[ak+1]−1∑
j=[ak]

cj ≤ C +

∞∑
k=1

[ak+1]−1∑
j=[ak]

c[ak]

= C +
∞∑
k=1

([ak+1]− [ak])c[ak] ≤ C +
∞∑
k=1

(ak+1 − ak + 1)c[ak]

≤ C +
∞∑
k=1

ak+1c[ak].

Hence,
∞∑
k=1

akc[ak] <∞ ⇒
∞∑
n=1

cn <∞.

Similarly, we have

∞∑
n=1

cn = C +
∞∑
k=1

[ak+1]−1∑
j=[ak]

cj ≥ C +
∞∑
k=1

[ak+1]−1∑
j=[ak]

c[ak+1]

= C +
∞∑
k=1

([ak+1]− [ak])c[ak+1] ≥ C +
∞∑
k=1

(ak+1 − 1− ak)c[ak+1]

= C +
∞∑
k=1

(ak+1(1− a−1)− 1)c[ak+1].

Hence, we have proved

∞∑
k=1

akc[ak] <∞ ⇔
∞∑
n=1

cn <∞.

Now, since n 7→ nµ(ϕ ≥ un) is non-decreasing, n 7→ exp(−nθµ(ϕ ≥ un)) is
non-increasing. Hence, since [ak]θµ(X ≥ u[ak]) ≥ c for some c > 0, we have

∞∑
k=1

e
−[ak]θµ(X≥u

[ak]
)
= ∞ ⇒

∞∑
k=1

[ak]θµ(X ≥ u[ak])e
−[ak]θµ(X≥u

[ak]
)
= ∞

⇔
∞∑
k=1

θµ(X ≥ un)e
−nθµ(X≥un) = ∞.
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Finally, provided that there exists a constant K > 0 such that

(39) [ak]µ(X ≥ u[ak])e
−[ak]θµ(X≥u

[ak]
) ≤ Ke

−[ak−1]θµ(X≥u
[ak]

)

for all large k, we have

∞∑
n=1

µ(X ≥ un)e
−nθµ(X≥un) = ∞

⇔
∞∑
k=1

[ak]µ(X ≥ u[ak])e
−[ak]θµ(X≥u

[ak]
)
= ∞

⇒
∞∑
k=1

e
−[ak−1]θµ(X≥u

[ak]
)
= ∞

⇔
∞∑
k=1

e
−[ak]θµ(X≥u

[ak+1]
)
= ∞.

The condition (39) is implied by the condition

[ak]µ(X ≥ u[ak]) ≤ Ke
(1−[ak−1]/[ak])[ak]θµ(X≥u

[ak]
)
.

Since (1− [ak−1]/[ak]) is bounded away from 0 for large k, it is possible to
find a K such that (39) holds for all large k. □

10.2. Proof of Theorem 3.4 Case (2). The arguments mirror those used
for proving case (2) of Theorem 3.2, but with fine adjustments used for the
sequences. We start with an immediate consequence of assumptions (A1)
and (A3), where the decay rate is given by Θ(j) = exp(−τj). The following
lemma builds upon Lemma 7.1

Lemma 10.2. There is a constant c1 such that for m > n and ℓ ≤ m− n,

µ({Mn ≤ un} ∩ {Mm ≤ um})

≤ µ(Mn ≤ un)µ(Mm−n−ℓ ≤ um) + c1K
ne−τ ·(n+ℓ).

Proof. Let φ1(x) = 1{Mn≤un}(x) and φ2(x) = 1{Mm−n−ℓ≤um}(x). We esti-

mate the BV-norm of φ1. Since for any interval A, f−1(A) has at most
Kf connected components (by (A3)), it follows that the BV-norm of φ1 is
bounded by Kn, for some constant K.

Using decay of correlations, we get that

µ({Mn ≤ un} ∩ {Mm ≤ um})
= µ({Mn ≤ un} ∩ {Mm−n ◦ fn ≤ um})

≤ µ({Mn ≤ un} ∩ {Mm−n−ℓ ◦ fn+ℓ ≤ um})

=

∫
φ1 · φ2 ◦ fn+ℓ dµ

≤
∫
φ1 dµ

∫
φ2 dµ+ Ce−τ ·(n+ℓ)∥φ1∥BV∥φ2∥∞

≤ µ(Mn ≤ un)µ(Mm−n−ℓ ≤ um) + c1K
ne−τ ·(n+ℓ). □
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We modify the proof of part (2) of Theorem 3.2, still following [20, Sec-
tion 4]. This time we define the sequence (an) recursively:

an+1 =
(
1 + (log log(an))

3
)
· an, a0 = exp(λ)

for a given λ > 1.
As before we want to show that

(40)

∞∑
n=1

µ(Man ≤ van) = ∞,

and

(41)

M ′∑
t=n+1

µ
(
{Man ≤ van} ∩ {Mat ≤ vat}

)
≤ δµ(Man ≤ van)

for all M ′ > n. Once again, we consider a further sequence ℓt, with ℓt <
at − an, and defined for t > n. Since an+1 − an = (log log(an))

3 · an, we
can choose ℓt = (log log(at−1)) · at−1 for all t > n. As before, ℓt is used to
de-correlate successive maxima. By Lemma 10.2 we have:

(42) µ({Man ≤ van} ∩ {Mat ≤ vat})

≤ µ(Man ≤ van)µ(Mat−an−ℓt ≤ vat) + c1K
ane−τ ·(an+ℓt).

By [20, Lemma 4.3.2] it suffices to consider vn such that µ(X1 > vn) ≈
log logn/n, with ≈ denoting multiplication by a constant within [1/2, 2]. In
addition, the dynamical blocking arguments in Lemma 7.2 (in particular
using Corollary 7.3) give

µ(Man ≤ van) = Ce−anµ(X1>van ) +O(a−β
n ),(43)

µ(Mat−an−ℓt ≤ vat) = Ce−(at−an−ℓt)µ(X1>vat ) +O((at−an−ℓt)−β),

for some constants C, β > 0.

Lemma 10.3. Assume that (40) holds. Then equation (41) holds.

Proof. By assumption of (40), and given any ∆ > 0 we can choose M ′ > M
so that

∆ ≤
M ′∑

n=M

µ(Man ≤ van) ≤ 2∆.

(This is valid when µ(Man ≤ van) → 0, which is true in our case by (43) and
µ(X1 > vn) ≈ log log n/n). Now, let us consider the right hand terms of
(42). We factor out µ(Man ≤ van) as follows,

µ(Man ≤ van)µ(Mat−an−ℓt ≤ vat) + c1K
ane−τ ·(an+ℓt)

= µ(Man ≤ van)

(
µ(Mat−an−ℓt ≤ vat) +

c1K
ane−τ ·(an+ℓt)

µ(Man ≤ van)

)
,

and, hence, to show (41) it is sufficient to show the final bracketed term can
be bounded by δ < 1, when ℓt = (log log(at−1)) · at−1, and after summing
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over t ∈ [n + 1,M ′]. Consider the exponential decay of correlation term
within the bracket. With equation (43) this is bounded as follows.

c1K
ane−τ ·(an+ℓt)

µ(Man ≤ van)
≤ CKane−τ ·(an+ℓt) ·

(
e−anµ(X1>van ) +O(a−β

n )
)−1

,

Using µ(X1 > vn) ≈ log log n/n and our choices for an as well as ℓt gives a
bound

Celog(K)an−τ ·(an+ℓt) ·
( 1

(log an)D
+O(a−β

n )
)−1

with D ∈ [1/2, 2]. This term decays exponentially fast in t ∈ [n + 1,M ′],
and the first term (for t = n+ 1) is o(1) for large n. Thus the sum of this
contribution is bounded by δ1 < 1, for large n. It now suffices to consider

µ(Mat−an−ℓt ≤ vat)

= C exp{−(at − an − ℓt)µ(X1 > vat)}+O((at−an−ℓt)−β).

The O(·) term is again summable, and decays exponentially fast with (at −
an − ℓt)

−β = o(1) for t = n + 1. This is therefore bounded by δ2 < 1, for
large n. We also have

exp{−(at − an − ℓt)µ(X1 > vat)}
= exp{−(at − an)µ(X1 > vat)} · exp{ℓtµ(X1 > vat)}
= exp{−(at − an)µ(X1 > vat)} · exp{Dℓt log log at/at}

= exp{−(at − an)µ(X1 > vat)} · eo(1), (n→ ∞).

The latter eo(1) comes from the precise form of at and

Dℓt
log log at

at
= D log log(at−1)

log log
(
(1 + log log(at−1))at−1

)(
1 + (log log at−1)3

)
≤ D log log(at−1)

log log(a2t−1)(
1 + (log log at−1)3

)
= D log log(at−1)

log 2 + log log(at−1)(
1 + (log log at−1)3

) → 0.

Hence it suffices to show that

M ′∑
t=n+1

exp{−(at − an)µ(X1 > vat)} < δ3,

for δ3 sufficiently small. This follows from µ(X1 > vn) ≈ log logn/n and our
growth of at. □

Now we complete the proof of case (2) in Theorem 3.4. It is enough to
show that the choice of an is sufficient to conclude that for a sequence vn
satisfying n 7→ nµ(X1 > vn) is non-decreasing,

∞∑
n=1

µ(X1 > vn) = ∞, and
∞∑
n=1

µ(X1 > vn)e
−nγµ(X1>vn) = ∞

for some γ > 1, then
∑∞

n=1 µ(Man ≤ van) = ∞.
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Since
∑

n(an)
−β <∞, we have to show by (43) that

∞∑
n=1

exp{−anµ(X1 > van)} = ∞.

Since n 7→ nµ(X1 > vn) is non-decreasing, we have by monotonicity consid-
erations that

∞ =

∞∑
n=1

an+1∑
j=an

µ(X1 > vj)e
−jγµ(X1>vj)

≤
∞∑
n=1

µ(X1 > van)(an+1 − an) exp{−anγµ(X1 > van)}

≤
∞∑
n=1

C
log log(an)

an
(an+1 − an) · e−(γ−1)D log log(an) · e−anµ(X1>van )

=

∞∑
n=1

C(log log(an))
4 · 1

(log an)(γ−1)D
· exp{−anµ(X1 > van)}

≤ C1 ·
∞∑
n=1

exp{−anµ(X1 > van)},

where we used γ > 1 in the last step. Hence, we conclude that

∞∑
n=1

exp{−anµ(X1 > van)} = ∞

as required. □

11. Proof of Theorems 4.1 and 4.2

To prove the theorems stated in Section 4, we need a version of equation
(38) incorporating the extremal index θ. Before proving each theorem in
turn, we collect relevant results from [18] which adapt the blocking methods
of Section 6 to the case θ ∈ (0, 1).

We use the notations of Section 4, and for any s, ℓ ∈ N, and an event
B ⊂ X we write

Ws,ℓ(B) := ∩s+ℓ−1
i=s f−i(B∁).

(Notice that W0,n(U(u)) = {Mn ≤ u}.) In the following, we recall also that
q denotes the period of the hyperbolic periodic point x̃.

Using [18, Corollary 2.4] combined with [15, Proposition 5.1] leads to the
following approximation results. Consider sequences tn, kn → ∞, and in
the following we take ≲ to mean ’≤’ up to a uniform positive multiplying
constant. Then

(44)

∣∣∣∣µ(W0,n(A
(q)
n )
)
−
(
1− n

kn
µ(A(q)

n )

)kn
∣∣∣∣

≲ kntnµ(Un) + nγ1(q, n, tn) + nγ2(q, n, kn),
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where

γ1(q, n, tn) = sup
ℓ∈N

|µ(A(q)
n ∩Wtn,ℓ(A

(q)
n ))− µ(A(q)

n )µ(W0,ℓ(A
(q)
n ))|,

γ2(q, n, kn) =

n/kn∑
j=q+1

µ(A(q)
n ∩ f−j(A(q)

n )).

In Section 11.1 we explain how γ1(q, n, tn) and γ2(q, n, kn) are estimated. In
addition, we have

(45)
∣∣µ(Mn ≤ un)− µ

(
W0,n(A

(q)
n )
)∣∣ ≤ qµ(Un \A(q)

n ).

Putting these results together leads to the following lemma.

Lemma 11.1. Under the assumptions of equations (44), (45) the following
formula is valid:

(46) |µ(Mn ≤ un)− exp(−nθµ(ϕ ≥ un))|
≲ kntnµ(Un) + nγ1(q, n, tn) + nγ2(q, n, kn)

+ qµ(Un \A(q)
n ) + |θn − θ|+ n2µ(A

(q)
n )2

kn
.

Proof. The proof requires justification of the inclusion of the last two terms.
From equation (44), and using ex = 1 + x+O(x2) we have:(

1− n

kn
µ(A(q)

n )

)kn

= e−nµ(A
(q)
n ) +O

(
n2µ(A

(q)
n )2

kn

)
= e−nθµ(X1>un) +O

(
n2µ(A

(q)
n )2

kn

)
+O(|θ − θn|). □

11.1. Completing the proofs of Theorem 4.1 and Theorem 4.2. In
the case of proving Theorem 4.1 we follow the proof of Theorem 3.2, while in
the case of proving Theorem 4.2 we follow the proof of Theorem 3.4. In the
first instance we use equation (46) to prove the following result analogous to
the conclusion of Corollary 7.3.

Proposition 11.2. Under the assumptions of Theorem 4.1 we have

µ(Mn < un) = exp(−nθµ(ϕ ≥ un)) +O(n−γ′
)

for some γ′ ∈ (0, 1).

Proof. To prove the proposition we estimate each term on the right hand side
of equation (46). The term which requires careful analysis is the one involving
γ2(q, n, kn), and we treat that term last. First of all from (A4), we have
|θ − θn| = O(n−σ̂). We take tn = c log n for some c ≫ −1/ log τ and apply
exponential decay of correlations via (A1) to get a polynomial decay in n for
nγ1(q, n, tn) within equation (46). This is achieved by applying Definition 3.1
using indicator functions φ1(x) = 1

A
(q)
n
(x), φ2(x) = 1W0,ℓ(A

(q)
n )

(x), and

taking rate function Θ(tn). In particular we obtain ∥φ1∥BV <∞ with bound
independent of n, and ∥φ2∥∞ = 1 (thus with bound independent of ℓ).

Now, for the sequence un, we can restrict to the case µ(A
(q)
n ) = O((log n)ρ/n)

for some ρ > 0. The reasons are similar to the choice of un made in
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equation (38). Since we assume that θ ̸= 0 (again from (A4)) the term

qµ(Un \A(q)
n ) also decays to zero at the same rate O((log n)ρ/n). Similarly

the term n2µ(A
(q)
n )2

kn
= O(n−γ1) for some γ1 > 0. Thus we are left to estimate

the remaining term γ2(q, n, kn).
By inspecting equation (46) it suffices to show existence of B > 0 such

that

(47) n

n/kn∑
j=q+1

µ(A(q)
n ∩ f−j(A(q)

n )) = O(n−B).

The constant kn plays the same role as the blocking number p used in the
proof of Theorem 3.2. We take kn =

√
n, but other rates can be chosen. We

split (47) into the following two sums:

(48) n

n/kn∑
j=q+1

µ(A(q)
n ∩ f−j(A(q)

n )) =

n

g(n)∑
j=q+1

µ(A(q)
n ∩ f−j(A(q)

n )) + n

n/kn∑
j=g(n)

µ(A(q)
n ∩ f−j(A(q)

n )),

and take g(n) = κ log n for some κ > 0 to be determined. The following
results will be useful.

Lemma 11.3. Suppose that x̃ is a hyperbolic periodic point, and |(f q)′(x̃)| ∈
(1,∞). Then there is a time Rn ≥ c0 log n with f j(A

(q)
n ) ∩ A(q)

n = ∅ for all
j ≤ Rn.

This is an elementary calculation based on estimating the time taken for
orbits to escape from a fixed neighbourhood of the (hyperbolic) periodic
orbit, see [17, Proposition 2]. The constant c0 depends on (f q)′(x̃), and on
the size of the neighbourhood around x̃ for which f q is a diffeomorphism.

Hence if we choose g(n) = κ log n, with κ < c0, then the first term on
the right hand side of (48) is zero. To deal with the second term for this
choice of g(n), we use decay of correlations (A1) and Proposition 15.1 (see
Section 15). Taking kn =

√
n, we obtain that this is bounded by

√
n∑

j=g(n)

µ(A(q)
n ∩ f−j(A(q)

n )) ≤
√
nµ(Un)

2 + ∥1Un∥Lp′∥1Un∥BV

√
n∑

j=g(n)

Θ(j),

≤ c1
√
n

(
(log n)2ρ

n2

)
+ c2

(log n)ρ/p
′

n1/p′
· 1

nκ1
,

with κ1 = κτ. Hence, by choosing p′ sufficiently close to 1, equation (47)
holds for some B > 0. Therefore the conclusion of Proposition 11.2 holds. □

To complete the proof of Theorem 4.1 we now follow the proof of Theo-
rem 3.2 step by step, as detailed in Sections 8 and 9. Similarly, in the case
of proving Theorem 4.2 we follow the proof of Theorem 3.4. The inclusion
of the parameter θ in the distribution for µ(Mn ≤ un) causes no further
technical obstacles in applying these methods of proof.
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11.2. Proof of Proposition 4.5. To prove Proposition 4.5, we begin with a
local analysis of the dynamics near the neutral fixed point x̃ = 0 to estimate

µ(A
(q)
n ), and then use the identities given in equations (44) and (45).

An estimate for µ(A
(q)
n ) is given in [19], and we repeat the main steps

here for completeness. Take q = 1, and consider the ball B(0, rn), with

vn = ψ(rn). The set A
(1)
n is precisely the set [r̂n, rn], with f(r̂n) = rn. Using

the fact that the density ρ(x) takes the form

ρ(x) =
H(x)

xa
, with H ∈ L1+ϵ,

we obtain
µ(A(1)

n ) ∼ C1(r
1−a
n − r̂1−a

n ).

Using the fact that rn = r̂n + 2ar̂1+a
n , an asymptotic analysis yields

µ(A(1)
n ) ∼ C2rn ∼ C3µ(X1 > vn)

1
1−a .

The constants Ci are generic constants that depend on ρ through H. Hence
using equations (44) and (45), we obtain

µ(Mn ≤ vn) = exp{−C ′nµ(X1 > vn)
1

1−a }+O(n−σ′
),

with C ′ > 0 and σ′ > 0. Using a Cauchy-condensation argument as in the
proof of Theorem 3.4, we go along the sequence nk = bk for b > 1. This leads
to µ(Mnk

≤ vnk
i.o.) = 0 in the case where

C ′µ(X1 > vn)
1

1−a >
c log logn

n
,

for any c > 1. The conclusion of the proof of Proposition 4.5 follows by
taking c > (C ′)−1.

12. Proof of Theorem 5.1

The idea is to use the approach of Theorem 3.4. The main step is to
by-pass the influence of the set Mr. As in the proof of Theorem 3.4 we
consider the sequence (rn) such that µ(X1 > ψ(rn)) = (cθ−1 log log n)/n for
some c > 1. By the local dimension estimate at x̃, we have for all ϵ > 0, and
r < r0(x̃),

n−1/dµ−ϵ < rn < n−1/dµ+ϵ

holds for all large enough n. We now go along the subsequence (rnk
) with

nk = ⌊ak⌋, and any a > 1. This leads to µ(Mrnk
) < Ck−σ1 which is

summable, and hence µ(lim supk Mrnk
) = 0. Thus for µ-a.e. x̃ ∈ X equation

(17) applies along the subsequence rnk
for all k ≥ k0(x̃). The error term is

O(k−σ2), which is again summable. To complete the proof, we follow the same
approach of proving Theorem 3.4, except here the error term is O((log n)−σ2)
rather than O(n−γ). Along the sequence nk = ⌊ak⌋, the error term remains
summable. For any c′ > 1, we therefore have µ(Mnk

≤ vnk
i.o.) = 0, where

vn satisfies
µ(X1 > vn) = (c′θ−1 log log n)/n.

Almost surely, we have for all large k thatMnk
≥ vnk

. Then, if n ∈ [nk, nk+1],
we have Mn ≥ Mnk

≥ vnk
≥ v[n/a], since n ≤ nk+1 ≤ ank. Hence we have

that µ(Mn ≥ v[n/a] ev.) = 1, where v[n/a] is such that µ(X1 > v[n/a]) ∼
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(c′aθ−1 log logn)/n. Since c′ > 1 is arbitrary and a can be arbitrarily chosen
close to 1, we may choose c′ and a such that c′a < c, where c is the constant
related to the sequence un in the statement of Theorem 5.1. Then v[n/a] ≥ un,
and this completes the proof of Theorem 5.1.

For the cases σ1 < 1 or σ2 < 1, then we must go along a faster growing
subsequence nk = ⌊ekγ⌋ with γ > 1. This is to ensure that the First
Borel–Cantelli Lemma can be applied in the proof above. In particular, we
must choose γ > 1 so that γσ1 > 1 and γσ2 > 1. However in the window
n ∈ [nk, nk+1], the value n is not uniformly comparable to nk. In particular
we have

nk+1/nk ≤ Ce(k+1)γ−kγ ≤ eck
γ−1

,

where c depends on γ. Almost surely in k, we have Mn ≥Mnk
≥ vnk

, with
n ∈ [nk, nk+1], and

µ(X1 > vn) = (cθ−1 log logn)/n.

To estimate nk in terms of n, we have

nk+1 = ⌊e(k+1)γ⌋ ≥ n ≥ ⌊ekγ⌋ = nk.

Noting that n ≤ nke
ckγ−1

, and rearranging for k in terms of n, we obtain

nk ≥ n exp{−c(log n)
γ−1
γ }.

Hence µ(Mn ≤ v′n i.o.) = 0, where

µ(X1 > v′n) ≥ e(logn)
γ′
n−1,

and γ′ > (γ − 1)/γ.

13. On Condition (A2) and its verification for selected
dynamical systems

Our main arguments used to prove condition (A2) go back to Collet [12,
Corollary 2.4 and Lemma 2.5], where similar estimates are proved for some
non-uniformly hyperbolic maps of an interval, including quadratic maps for
Benedicks–Carleson parameters. These arguments have also been carried
out for other types of systems by Gupta, Holland and Nicol [24, Section 4],
for instance for Lozi and Lorenz maps.

The argument starts by first estimating the measure of the set

{x : d(x, f jx) < rn for some j ≤ g(n) },
for a suitable function g(n), such as g(n) = (log n)γ for γ > 1. The choice
of g(n) is chosen to grow fast enough to combat decay of correlations, i.e.
so that Θ(g(n)) → 0 sufficiently fast. One then obtains localised estimates
using the Hardy–Littlewood maximal inequality. The result is that for many
systems, including quadratic maps for Benedicks–Carleson parameters and
Lorenz maps, condition (A2) holds for µ a.e. point x̃ when µ is a measure
which is absolutely continuous with respect to Lebesgue measure. Relative
to the aforementioned literature, a technical aspect in our case is that we
need to assume a wider class of sequences rn to check (A2), in particular
allowing for µ(B(x̃, rn)) ≈ n−σ for σ < 1. In the usual extreme value theory
literature, the sequences rn are chosen so that nµ(B(x̃, rn)) → ℓ ∈ (0,∞),
such as in equation (4) (see [45]).
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To verify (A2), we give the argument in detail for the following systems:
piecewise differentiable maps satisfying assumptions on decay of correlations,
and piecewise expanding maps with an invariant measure which is abso-
lutely continuous with respect to Lebesgues measure. We also explain how
(A2) is obtained for quadratic maps with Benedicks–Carleson parameters,
contrasting to the methods given by Collet [12].

13.1. Condition (A2) for piecewise differentiable maps. We consider
an interval map f : X → X preserving an ergodic measure µ which is
piecewise differentiable. That is, we assume that the derivative of f is
uniformly bounded, so that there is a constant Λ+ ∈ R with |f ′(x)| < Λ+

for all x ∈ X . We allow for f to have a finite number of discontinuities, and
we let S denote the finite set of discontinuity points. We also assume the
following regularity condition on the measure µ: there exist c1, c2 > 0 and
s1 > s2 > 0 such that for µ-a.e. x ∈ X , there exists r0 > 0 such that for all
r < r0,

(49) c1r
s1 ≤ µ(B(x, r)) ≤ c2r

s2 .

Furthermore, we assume that the upper bound holds for all x ∈ X so that
r0 is independent of x relative to the constants c2, s2. Examples include
beta-transformations, x 7→ βx mod 1 (β > 1), and the quadratic map for
Benedicks–Carleson parameters. For these maps it is known that the density
of µ is in Lp for p < 2, [49]. Hence the upper bound of (49) holds for some
s2, c2, r0 > 0 and all x ∈ X , r < r0. We have the following proposition.

Proposition 13.1. Suppose that f : X → X is a piecewise differentiable
interval map, preserving an ergodic measure µ. Suppose that (A1) holds, and
µ satisfies equation (49). Then for µ-a.e. x̃ ∈ X condition (A2) holds. That
is, for µ-a.e. x̃ ∈ X , there exists γ, s and σ > 0 such that equations (9) and
(10) hold for all sequences rn with µ(B(x̃, rn)) = O(n−σ).

Remark 13.2. The main conclusion of Proposition 13.1 is that (A2) applies
to µ-a.e. x̃ ∈ X . It is possible to check (A2) point-wise under knowledge
of recurrence properties of x̃, such as knowing that x̃ is pre-periodic to a
hyperbolic fixed point. In these cases it is possible to remove some of the
global assumptions, such as requiring existence of Λ+ < ∞, or requiring
uniformity of the constants in (49) to all x ∈ X .

Remark 13.3. The proof we give is much shorter relative to the (general)
methods presented in [12]. The main trick is that for piecewise differentiable
systems it is sufficient to control the recurrence of typical points over a time
window of order log n. Previous methods have taken a longer time window
of the order (log n)γ for some γ > 1.

Proof. To prove this result, consider for pn = ns and s > 0 the quantity
Ξpn,n(rn). Introducing an intermediate growing function g(n) = o(pn) we
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split up Ξpn,n(rn) into two sums as follows:

(50) Ξpn,n(rn) =

g(n)∑
j=1

µ(f jB(x̃, rn) ∩B(x̃, rn))

+
ns∑

j=g(n)+1

µ(f jB(x̃, rn) ∩B(x̃, rn)).

For σ > (0, 1) we assume that µ(B(x̃, rn)) = O(n−σ). For g(n) = κ log n,
the first sum on the right-hand side of (50) is zero by the following claim.

Claim. There exists κ > 0, such that for µ-a.e. x̃, all sufficiently large n,
and all j ≤ κ log n, we have f jB(x̃, rn) ∩B(x̃, rn) = ∅.

Proof of Claim. We consider the set of closely returning points Er,n defined
by

Er,n = {x : d(fn(x), x) < r }.

Using Lemma 15.2 (see Appendix), condition (A1), and the regularity condi-
tion (49) we deduce that

µ(Er,n) ≤
∫
µ(B(x, r)) dµ(x) +De−ηn

≤ c2r
s2 +De−ηn,

for some η > 0. Let r = 2−j , then by the regularity condition (49), and the

First Borel–Cantelli Lemma we have µ(lim inf E∁
rj ,j

) = 1. Hence for µ-almost

all x, there exists j0(x) such that dist(f j(x), x) > 2−j for all j ≥ j0(x). Take
x̃ to be a representative in this full measure set.

We impose a further restriction on the orbit of x̃ as follows. Let

Fj = {x : dist(f j(x),S) < 2−j },

where S denotes the discontinuities of f . Then we take x̃ ∈ lim inf F ∁
j . Again,

this set also has µ-measure 1.
By (49) and the assumption µ(B(x̃, rn)) = O(n−σ), it follows that rn =

O(n
− σ

s1 ). Take x̃ to be in the set of µ-measure 1 as described above. We
consider a time R ≡ R(x̃, rn) such that

(i) f j is continuous on B(x̃, rn) for all j ≤ R.
(ii) f jB(x̃, rn) ∩B(x̃, rn) = ∅ for all j ≤ R.

We provide a lower bound for R such that the above two assumptions are
satisfied. First, there is a time j0(x̃) for which simultaneously d(f j(x̃), x̃) >
2−j , and d(f j(x̃),S) > 2−j hold for all j ≥ j0(x̃). The set of such x̃ has
µ-measure one. We let m0(x̃) denote

m0(x̃) = inf
y∈B(x̃,rn)

{ d(f j(y), x̃), d(f j(y),S) : j ≤ j0(x̃) }.

For all n sufficiently large, we have m0(x̃) > rn (perhaps removing a further
countable set of x̃ that meet S before time j0(x̃)).
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To bound R, we claim that there exists κ1 > 0 with R > κ1 log n. Let
y ∈ B(x̃, rn), then for j ≥ j0(x̃)

d(f j(y),S) ≥ d(f j(x̃),S)− d(f j(y), f j(x̃))

≥ 2−j − 2rnΛ
j
+,

(51)

where Λ+ is the upper bound for |f ′|. Now for (i) to hold, we require

2−j − 2rnΛ
j
+ > 0,

for all j ≤ R, otherwise the ball meets the singularity set prior to time R.
Hence, if we choose

R <
− log(rn)− log 2

log 2 + log Λ+
,

then (i) is satisfied.
To verify item (ii), a similar bound is obtained. Similarly to above, we

have for y ∈ B(x̃, rn) that for j ≥ j0(x̃)

d(f j(y), x̃) ≥ d(f j(x̃), x̃)− d(f j(y), f j(x̃))

≥ 2−j − 2rnΛ
j
+.

We require that 2−j − 2rn|Λ+|j > rn for all j ≤ R. Hence, if we choose

R <
− log rn − log 3

log 2 + log Λ+
,

then (ii) is satisfied.
Take any κ < σ

2s1 log(2Λ+) and let g(n) = κ log n. From the above two

requirements together with rn = O(n
− σ

s1 ), it follows that we may take
R = κ log n for large n.

Note that κ depends on σ, but without loss we can further restrict to
σ > 1/2 so that σ is bounded away from zero. It is immediate from the
construction above that f jB(x̃, rn) ∩B(x̃, rn) = ∅ for all j ≤ κ log n. □

Hence in the estimate for Ξpn,n, the first sum on the right of (50) is zero.
For the second sum, we use exponential decay of correlations for BV against
L∞(µ) in conjunction with Proposition 15.1. This gives

ns∑
j=g(n)+1

µ(f jB(x̃, rn) ∩B(x̃, rn))

≤ nsµ(B(x̃, rn))
2 + C1µ(B(x̃, rn))

1/p′e−τg(n),

with C1 > 0. By choice of rn the right is bounded by:

(52) ns−2σ + n−σ/p′ · n−κ2 ,

where κ2 depends on κ and τ . Hence, there exists a choice of constants s, σ
consistent with (9) so that (52) is bounded by n−1−γ for some γ > 0. This
completes the proof. □
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13.2. Condition (A2) for piecewise expanding maps. In this section
we consider piecewise expanding maps. Relative to Section 13.1 we allow
for unbounded derivative. This allows us to cover the Gauß map. The set
up is as follows. Suppose that f : [0, 1] → [0, 1] is a piecewise expanding
map, with finitely many pieces of continuity. There is then a partition
P = {I1, . . . , Im} such that f is differentiable on each Ik. Let Pn be the
corresponding partition for fn. Since the partition P is finite, there is a
δ0 > 0 such that every partition element of P has a diameter of at least δ0.
We let S be the set of endpoints of partition elements of P. The set S is δ0
separated.

Alternatively, we assume that the partition P is countable, in which case
we assume that there is a δ0 > 0 such that for all n holds |fn(I)| ≥ δ0
whenever I ∈ Pn.

We assume that f is uniformly expanding, i.e. that there is a constant
Λ such that |f ′| ≥ Λ. Moreover, we assume that f has bounded distortion,
and that µ is an ergodic measure with exponential decay of correlations for
functions of bounded variation against L1. This means that there exists a
constant C such that

x, y ∈ I ∈ Pn ⇒ C−1 ≤ Dfn(x)

Dfn(y)
≤ C

and ∣∣∣∣∫ ϕ1 · ϕ2 ◦ f j dµ−
∫
ϕ1 dµ

∫
ϕ2 dµ

∣∣∣∣ ≤ Ce−τj∥ϕ1∥BV∥ϕ2∥1

for some τ > 0.
We will prove that for any such piecewise expanding map, the set of points

x̃ which satisfies assumption (A2) has full measure. Example of a systems
satisfying our assumption are piecewise expanding maps with finitely many
pieces and an absolutely continuous invariant measure µ; the Gauß map with
the Gauß measure; or the first return map to [12 , 1) for a Manneville–Pomeau
map with an absolutely continuous invariant measure µ.

Proposition 13.4. Let f be an interval map satisfying the assumptions
stated above. Suppose that there is a constant c such that µ(I) ≤ c|I| for
any interval I. Then for µ-a.e. x̃ ∈ X , there exists γ, s and σ > 0 such
that equations (9) and (10) hold for all non-increasing sequences (rn) with
µ(B(x̃, rn)) = O(n−σ), and satisfying the additional assumption: for any
t > 0,

(53) lim sup
k→∞

r⌊kt⌋

r⌊(k+1)t⌋
<∞.

Remark 13.5. Requirement of assumption (53) is a consequence of the method
of proof. Unlike in the proof of Proposition 13.1, we cannot infer that
f jB(x̃, rn) ∩ B(x̃, rn) = ∅ for all j = O(log n). However it is possible to
check (A2) point-wise if certain recurrence properties of x̃ are known (such
as pre-periodic), and in turn relax assumption (53).

To prove Proposition 13.4, we will need two lemmata. For the first lemma,
we let An(δ) = { I ∈ Pn : |fn(I)| < δ }, and as always, ∪An(δ) = ∪I∈An(δ)I.
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Lemma 13.6. If µ satisfies µ(I) ≤ c|I| for any interval I, then there exists
a constant K0 such that

µ(∪An(δ)) ≤ K0δ

holds for any δ < δ0.

Proof. We only have to consider the case when f is piecewise expanding
with finitely many pieces, since in the case with countably many pieces, our
assumptions imply that µ(∪An(δ)) = 0 whenever δ < δ0.

Let In(x) denote the partition element of Pn which x belongs to. If
|In(x)| < δ < δ0 then there are j, k < n such that j ̸= k and both f j(x) and
fk(x) are close to S. More precisely, we must have

d(f j(x), S) < δΛ−n+j and d(fk(x), S) < δΛ−n+k,

since otherwise, S would not have “cut” the partition element In(x) in a way
such that |In(x)| < δ. We therefore have ∪An(δ) ⊂ Bn(δ), where Bn(δ) is
defined by

Bn(δ) =
⋃

0≤j<k<n

(
f−jS(δΛ−n+j) ∩ f−kS(δΛ−n+k)

)
,

and S(ε) = { t ∈ [0, 1] : d(t, S) < ε }. We shall estimate the measure of Bn(δ).
By decay of correlations, we have for j < k that

µ
(
f−jS(δΛ−n+j) ∩ f−kS(δΛ−n+k)

)
= µ

(
S(δΛ−n+j) ∩ f−(k−j)S(δΛ−n+k)

)
≤ µ(S(δΛ−n+j))µ(S(δΛ−n+k)) + C2(m+ 2)µ(S(δΛ−n+k))e

−τ(k−j)

≤ c2δ2Λ−2n+j+k + cC2(m+ 2)δΛ−n+ke−τ(k−j).

We obtain that

µ(Bn(δ)) ≤
∑

0≤j<k<n

(
c2δ2Λ−2n+j+k + cC2(m+ 2)δΛ−n+ke−τ(k−j)

)
≤ K0δ,

for some constant K0. □

We now consider the set

Ej,r = {x : d(x, f jx) < 2r }.
In the arguments that follow, we need to control the measure of this set in
terms of r when j is small. Thus we cannot use directly Lemma 15.2.

Lemma 13.7. If µ satisfies µ(I) ≤ c|I| for any interval I, then there exists
a constant K1 such that

µ(Ej,r) ≤ K0δ +K1rδ
−1

holds for any 4r < δ < δ0. In particular, there is a constant K2 such that

µ(Ej,r) ≤ K2

√
r,

when 4r < δ20.

Proof. Suppose that 4r < δ < δ0. By bounded distortion, we have for
any I ∈ Pj with |f j(I)| ≥ δ that I ∩ Ej,r is an interval of length at most
4Crδ−1|I|. Together with Lemma 13.6, we get that

µ(Ej,r) ≤ µ(∪Aj(δ)) +K1rδ
−1 ≤ K0δ +K1rδ

−1.
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When 4r < δ20 , we may choose δ =
√
r to obtain

µ(Ej,r) ≤ (K0 +K1)
√
r. □

We are now in position to prove Proposition 13.4.

Proof of Proposition 13.4. Let γ̃ > 1, and put

Ek =

2(log k)γ̃⋃
j=1

Ej,rk .

Then

(54) µ(Ek) ≤ K2(log k)
γ̃√rk,

for some constant K2, by Lemma 13.7.
Put

g(x) = sup
r>0

1

2r

∫
B(x,r)

1Ek
dµ = sup

r>0

1

2r

∫
B(x,r)

1Ek
(t)h(t) dt,

where h is the density of µ. By the Hardy–Littlewood maximal inequality
applied to the function 1Ek

h, the set

Fk(c) = {x : g(x) > c }
has Lebesgue measure at most 3

c

∫
1Ek

(t)h(t) dt = 3
cµ(Ek). Hence

µ(Fk(c)) ≤
3C

c
K2(log k)

γ̃√rk.

Note that

x ∈ Fk(c)
∁ ⇒ µ(Ek ∩B(x, rk)) ≤ 2crk.

For constants α, β > 0, let nk = kβ and c = n−α
k . We obtain

µ(Fnk
(n−α

k )) ≤ 3CK2k
αβr

1
2
nk(β log k)

γ̃ .

Assuming that rk = O(k−σ) for some σ > 0, we have

µ(Fnk
(n−α

k )) ≤ 3CK2k
β
2
(2α−σ)(β log k)γ̃ .

Take 0 < 2α < σ, β large enough that∑
k

µ(Fnk
(n−α

k )) <∞.

Hence µ(lim supk→∞ Fnk
(n−α

k )) = 0 and we have for a.e. x̃ that

µ(Enk
∩B(x̃, rnk

)) ≤ 2n−α
k rnk

holds for all large k (depending on x̃). Let such an x̃ be fixed. For piecewise
expanding maps we can assume a stronger form of equation (49), namely we
assume that x̃ is such that there exists a constant c0(x̃) > 0 such that

(55) c−1
0 r < µ(B(x̃, r)) < c0r

holds for all 0 < r < 1, since this is a property which holds for a.e. x̃. We
then have for a.e. x̃ that

µ(Enk
∩B(x̃, rnk

)) ≤ 2c0n
−α
k µ(B(x̃, rnk

))

holds for all large k.
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Consider any large n > 0 and take k such that nk ≤ n < nk+1. We then
have

Ẽn =

(logn)γ̃⋃
j=1

Ej,rn ⊆ Enk

when k is large. Since rn is a non-increasing sequence, we also have B(x̃, rn) ⊆
B(x̃, rnk

). Hence

µ(B(x̃, rn) ∩ Ẽn) ≤ µ(B(x̃, rnk
) ∩ Enk

)

≤ 2c0n
−α
k µ(B(x̃, rnk

))

≤ 4c0n
−αµ(B(x̃, rnk

)),

if n and k are large. By (53) and (55), it follows that there exists a constant
K such that

µ(B(x̃, rn) ∩ Ẽn) ≤ Kn−αµ(B(x̃, rn))

holds for all n.
Suppose that x ∈ B(x̃, rn) ∩ f−jB(x̃, rn) for some j ≤ (log n)γ̃ . Then

d(x, f jx) < 2rn and hence x ∈ B(x̃, rn) ∩ Ẽn. We therefore have B(x̃, rn) ∩
f−jB(x̃, rn) ⊂ B(x̃, rn) ∩ Ẽn and

µ(B(x̃, rn) ∩ f−jB(x̃, rn)) ≤ µ(B(x̃, rn) ∩ Ẽn) ≤ Kn−αµ(B(x̃, rn)).

To complete the proof, it suffices to estimate Ξpn,n. We can split as in
equation (50), but this time take g(n) = (log n)γ̃ . The arguments above show
that the first right-hand term of (50) is O(n−1−γ) for a choice σ consistent
with equation (9). Similarly using condition (A1), the second right-hand
term of (50) is also O(n−1−γ), again for a choice of constants consistent
with (9). □

13.3. Further remarks on Condition (A2) for quadratic maps. We
consider f = fa : [0, 1] → [0, 1] defined by fa(x) = ax(1 − x). For some
parameters, including the parameters described by Benedicks and Carleson,
there is an fa-invariant probability measure µa which is equivalent with
respect to Lebesgue measure. When a is a Benedicks–Carelson parameter,
(fa, µa) has exponential decay of correlations for functions of bounded varia-
tion against L1 as proved by Young [49]. As remarked upon in Section 13.1,
Proposition 13.1 applies to this family of maps. It is also possible to apply
the methods used in the proof of Proposition 13.4. However this requires
imposing the regularity condition (53) on the sequence rn. Indeed, under
dynamical assumptions that capture the quadratic map, Collet proved [12,
Corollary 2.4] that there exists a constant β′ ∈ (0, 1) such that the set

Ẽk = {x : d(x, f ja(x)) < k−1 for some j ≤ (log k)5 }

satisfies

µ(Ẽk) ≤ Ck−β′
.

Let

Ek := {x : d(x, f ja(x)) < rk for some j ≤ (log k)4 }.
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Since µ(B(x̃, rn)) = O(n−σ), we can use the regularity conditions (49), (53)

for µ and the sequence rn respectively to deduce that Ek ⊂ Ẽkb for some
b > 0. Hence

µ(Ek) ≤ Ck−β0 ,

for some β0 > 0. Replacing (54) by the above estimate in the proof of
Proposition 13.4 allows us to deduce that condition (A2) applies. (Within,
let α ∈ (0, β0) and take β sufficiently large.)

14. Appendix A — The blocking argument

We follow [12] to prove the blocking argument.

14.1. Assumptions. We consider a dynamical system (X , f, µ) where X
is an interval and µ is a probability measure. In this section, we will prove
Proposition 6.1. To do so, we only need to assume that µ is invariant, but
when using Proposition 6.1 it shall be necessary to assume mixing.

14.1.1. Notation. We have an observable ϕ : X → R. Let Xk = ϕ ◦ fk−1 and
Mn = max{X1, . . . , Xn}.

14.2. Preparations.

Lemma 14.1 (Collet [12, Proposition 3.2]). Let t, r,m, k, p be non-negative
integers. Then

(56) 0 ≤ µ(Mr < u)− µ(Mr+k < u) ≤ kµ(ϕ ≥ u)

and

(57)
∣∣∣µ(Mm+p+t < u)− µ(Mm < u) +

p∑
j=1

E(1ϕ≥u1Mm<u ◦ fp+t−j)
∣∣∣

≤ tµ(ϕ ≥ u) + 2p

p∑
j=1

E(1ϕ≥u1ϕ≥u ◦ f j).

Proof. We have {Mr < u} ⊃ {Mr+k < u} and

{Mr < u} \ {Mr+k < u} ⊆
r+k⋃

j=r+1

{Xj ≥ u}.

Hence

0 ≤ µ(Mr < u)− µ(Mr+k < u) ≤
r+k∑

j=r+1

µ(Xj ≥ u) = kµ(ϕ ≥ u),

which is (56).
We have

1Mm+p+t<u = 1Mp<u1Mt<u ◦ fp1Mm<u ◦ fp+t.
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Therefore,

0 ≤ 1Mp<u1Mm<u ◦ fp+t − 1Mm+p+t<u

= 1Mp<u1Mm<u ◦ fp+t − 1Mp<u1Mt<u ◦ fp1Mm<u ◦ fp+t

= 1Mp<u1Mm<u ◦ fp+t(1− 1Mt<u ◦ fp)
≤ 1− 1Mt<u ◦ fp = 1Mt≥u ◦ fp.

It then follows that∣∣E1Mm+p+t<u − E(1Mp<u1Mm<u ◦ fp+t)
∣∣

≤ E(1Mt≥u ◦ fp) = µ(Mt ≥ u)

= µ

( t⋃
k=1

{ϕ ◦ fk ≥ u}
)

≤ tµ(ϕ ≥ u).(58)

Since

{Mm ◦ fp+t < u} \ {Mm ◦ fp+t < u and Mp < u}

=

p⋃
k=1

{Xk ≥ u} ∩ {Mm ◦ fp+t < u},

we have

E1Mm<u −
p∑

k=1

E(1Xk≥u1Mm<u ◦ fp+t) ≤ E(1Mp<u1Mm<u ◦ fp+t).

By the inclusion–exclusion inequality, we also have

E(1Mp<u1Mm<u ◦ fp+t)

≤ E1Mm<u −
p∑

k=1

E(1Xk≥u1Mm<u ◦ fp+t)

+

p∑
k=1

p∑
l=1
l ̸=k

E(1Xk≥u1Xl≥u1Mm<u ◦ fp+t).

It follows that∣∣∣E(1Mp<u1Mm<u ◦ fp+t)− E1Mm<u +

p∑
k=1

E(1Xk≥u1Mm<u ◦ fp+t)
∣∣∣

≤
p∑

k=1

p∑
l=1
l ̸=k

E(1Xk≥u1Xl≥u1Mm<u ◦ fp+t)

≤
p∑

k=1

p∑
l=1
l ̸=k

E(1Xk≥u1Xl≥u) ≤ 2p

p∑
k=1

E(1ϕ≥u1Xk≥u).(59)

The estimates (58) and (59) together with the triangle inequality imply
(57). □
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14.3. Proof of Proposition 6.1. We will now prove Proposition 6.1.
Let l be a large number and s ∈ (0, 12 ]. Put p = [ls] and write l as l = pq+r

where 0 ≤ r < p.
We have by (56) that

µ(Mpq < u)− µ(Mq(p+t) < u) ≤ qtµ(ϕ ≥ u).

If r ≤ qt, then l = pq + r ≤ q(p+ t) and µ(Ml < u) − µ(Mq(p+t) < u) ≥ 0.

However, we have q ∼ l1−s and t ≥ 1, so r < p ≤ q ≤ qt holds for all large
enough l, since 1− s ≥ s. Hence, when l is large, we have

0 ≤ µ(Ml < u)− µ(Mq(p+t) < u)

≤ µ(Mpq < u)− µ(Mq(p+t) < u) ≤ qtµ(ϕ ≥ u),

and

|µ(Ml < u)− µ(Mq(p+t) < u)| ≤ qtµ(ϕ ≥ u).

Let

Σj =

p∑
k=1

E(1ϕ≥u1M(j−1)(p+t)<u ◦ fp+t−k).

By the triangle inequality we have

|µ(Mj(p+t) < u)− (1− pµ(ϕ ≥ u))µ(M(j−1)(p+t) < u)|
≤
∣∣pµ(ϕ ≥ u)µ(M(j−1)(p+t) < u)− Σj

∣∣
+
∣∣µ(Mj(p+t) < u)− µ(M(j−1)(p+t) < u) + Σj

∣∣,
and (57) with m = (j − 1)(p+ t) implies that

(60) |µ(Mj(p+t) < u)− (1− pµ(ϕ ≥ u))µ(M(j−1)(p+t) < u)|
≤ Γj :=

∣∣pµ(ϕ ≥ u)µ(M(j−1)(p+t) < u)− Σj

∣∣
+ tµ(ϕ ≥ u) + 2p

p∑
k=1

E(1ϕ≥u1ϕ≥u ◦ fk).

Let η = 1− pµ(ϕ ≥ u). Now, using (60) iteratively, we get

|µ(Mq(p+t) < u)− ηq|
≤ |µ(Mq(p+t) < u)− ηµ(M(q−1)(p+t) < u)|
+ |ηµ(M(q−1)(p+t) < u)− |η|q|

≤ Γq + |η||µ(M(q−1)(p+t) < u)− ηq−1|
. . .

≤ Γq + |η|Γq−1 + . . .+ |η|q−1Γ1.

This proves Proposition 6.1.

15. Appendix B — On correlation decay and recurrence.

In this section we collect some useful results on decay of correlation
estimates, and recurrence time distributions. In particular, these results are
used for checking condition (A2). These results might also have broader
interest.
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15.1. Decay of correlation estimates. In this section we explain how
condition (A1) can be improved to having (exponential) decay of correlations
for B1 = BV versus B2 = Lp, (with p > 1).

The set up is a interval map f : X → X with an invariant probability
measure µ. For φ : X → R, recall the Lp norms for p ∈ [1,∞] is defined by

∥φ∥p =
(∫

|φ|p dµ
) 1

p

for p < ∞, and ∥φ∥∞ = sup |φ|. The bounded variation norm ∥φ∥BV =
∥φ∥∞ + varφ, where varφ is the total variation of φ on X . We have the
following result.

Proposition 15.1. Let f : X → X be an interval map with an invariant
probability measure µ. Suppose that correlations decay exponentially for BV
versus L∞. For any p > 1, correlations decay exponentially for BV versus
Lp.

Our proof relies on the Banach–Steinhaus theorem.

Proof. Fix p > 1 and suppose that φ ∈ Lp and ψ ∈ BV. (Within this
section, ψ will denote such a BV function: it is not to be confused with the
observable used in previous sections.) We note that φ ∈ Lq for any q ≤ p,
that ∥φ∥q ≤ ∥φ∥p for such q, and that

(61) µ
(
{x : |φ(x)| ≥ t }

)
≤ 1

tq
∥φ∥qq

for any t > 0.
Take a positive number m, which will be chosen more precisely later. We

write φ as a sum φ = φ1 + φ2, where φ1 is defined by

φ1 = 1{x:|φ(x)|≤m }φ.

Then ∥φ1∥∞ ≤ m and φ2 ∈ Lp with support in the set {x : |φ(x)| ≥ m }.
We shall first estimate the Lq norm of φ2 for q < p.

Take q < p and let r, s > 1 be such that 1
r +

1
s = 1 and sq ≤ p. We have

by Hölder’s inequality and (61) that

∥φ2∥q ≤
(∫

{x:|φ(x)|≥m }
|φ|q dµ

) 1
q

=

(∫
1{x:|φ(x)|≥m }|φ|q dµ

) 1
q

≤ (µ({x : |φ(x)| ≥ m }))
1
rq ∥φ∥sq ≤

1

m
p
rq

∥φ∥
p
rq
p ∥φ∥sq ≤

1

m
p
rq

∥φ∥
1+ p

rq
p .(62)

We now consider the correlation between φ and ψ. Let

C(φ,ψ, n) =

∣∣∣∣∫ φ ◦ fnψ dµ−
∫
φdµ

∫
ψ dµ

∣∣∣∣.
By the decomposition φ = φ1 + φ2 and the triangle inequality, we have

C(φ,ψ, n) ≤ C(φ1, ψ, n) + C(φ2, ψ, n).

Using the decay of correlations for BV against L∞, we get

C(φ1, ψ, n) ≤ Ce−τn∥φ1∥∞∥ψ∥BV ≤ Ce−τnm∥ψ∥BV.
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The correlation with φ2 is estimated using the triangle inequality and (62)
with q = 1 and s = p. We get

C(φ2, ψ, n) ≤
∣∣∣∣∫ φ2 ◦ fnψ dµ

∣∣∣∣+ ∣∣∣∣∫ φ2 dµ

∫
ψ dµ

∣∣∣∣
≤ 2∥φ2∥1∥ψ∥∞ ≤ 2

m
p
r

∥φ∥1+
p
r

p ∥ψ∥BV =
2

mp−1
∥φ∥pp∥ψ∥BV.

Combining these estimates, we get

C(φ,ψ, n) ≤
(
Ce−τnm+

2

mp−1
∥φ∥pp

)
∥ψ∥BV.

Choose m = e
τ
p
n
. Then

C(φ,ψ, n) ≤ (C + 2∥φ∥pp)e
−(1− 1

p
)τn∥ψ∥BV.

In particular, for any φ ∈ Lp and ψ ∈ BV there is a constant c(φ,ψ) such
that

C(φ,ψ, n) ≤ c(φ,ψ)e
−(1− 1

p
)τn
.

Now, an argument by Collet [11], using the Banach–Steinhaus theorem,
implies that there is a constant c such that for any φ ∈ Lp and ψ ∈ BV holds

C(φ,ψ, n) ≤ ce
−(1− 1

p
)τn∥φ∥p∥ψ∥BV.

Hence (f, µ) has exponential decay of correlations for Lp against BV. □

15.2. Estimates on recurrence time statistics. A key argument in
checking condition (A2) is understanding the distribution of recurrent points
in the sense of finding the measure of the set:

Er,n = {x : d(fn(x), x) < r },

in terms of n and r. We have the following result.

Lemma 15.2. Suppose that ([0, 1], f, µ) has exponential decay of correlations
for L∞ against BV , that is∣∣∣∣∫ ϕ ◦ fnψ dµ−

∫
ϕ dµ

∫
ψ dµ

∣∣∣∣ ≤ C∥ϕ∥∞∥ψ∥BV e
−τn.

Assume that µ satisfies µ(B(x, r)) ≤ crs for some constants c, s > 0 and any
ball B(x, r).

Then there exists a constant D and a number η ∈ (0, τ) such that for any
r > 0 and

Er,n = {x : d(fn(x), x) < r }
we have

µ(Er,n) ≤
∫
µ(B(x, r)) dµ(x) +De−ηn

≤ crs +De−ηn.

Remark 15.3. This result builds upon those stated within [37, Section 4].
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Proof. Let {Ik} be a partition of [0, 1] into e
τ
2
n intervals of equal length. Let

yk be the mid point of Ik. Put δ =
1
2e

− τ
2
n.

The function

F (x, y) =

{
1 if d(x, y) < r
0 otherwise

is such that µ(Er,n) =
∫
F (fn(x), x) dµ(x). We approximate F by F̃ defined

by

F̃ (x, y) =
∑
k

Jk(x)1Ik(y),

where Jk = 1(yk−r−δ,yk+r+δ). Then F ≤ F̃ holds and∑
k

∫
Jk dµ

∫
1Ik dµ =

∫∫
F̃ dµdµ.

Using decay of correlations we get

µ(Er,n) =

∫
F (fn(x), x) dµ(x)

≤
∫
F̃ (fn(x), x) dµ(x)

=
∑
k

∫
Jk(f

n(x))1Ik(x) dµ(x)

≤
∑
k

(∫
Jk dµ

∫
1Ik dµ+ 3Ce−τn

)
.

Since the sum contains e
τ
2
n terms, we obtain

µ(Er,n) ≤
∫∫

F̃ dµdµ+ 3Ce−
τ
2
n.

Finally, if we let

G(x, y) =

{
1 if d(x, y) < r + δ
0 otherwise

then F̃ ≤ G and∫∫
F̃ dµdµ ≤

∫∫
Gdµdµ =

∫
µ(B(x, r + δ)) dµ(x)

≤
∫
µ(B(x, r)) dµ(x) + 2cδs

=

∫
µ(B(x, r)) dµ(x) + 21−sce−

sτ
2
n.

This proves the lemma with D = 3C + 21−sc and η = min( τ2 ,
sτ
2 ). □
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