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1. Introduction

Let A be a finite-dimensional semisimple Q-algebra and let A be an order in A. For
example, if G is a finite group, then the group ring Z[G] is an order in the group algebra
Q[G]. A A-lattice is a (left) A-module that is finitely generated and torsion-free over Z.
A special case of the Jordan—Zassenhaus theorem says that for each positive integer t,
there are only finitely many isomorphism classes of A-lattices of Z-rank at most ¢.

Now fix a positive integer n. Then there exists a positive integer m with the following
property: given any A-lattice X such that Q ®z X is free of rank n as an A-module, there
exists a free A-sublattice Y of X such that the index [X : Y] is at most m. To see this,
first note that by clearing denominators of a free basis of Q ®7 X over A, any such X
must contain a (non-unique) free A-sublattice of rank n, necessarily of finite index myx
in X. Since the Jordan—Zassenhaus theorem implies that there are only finitely many
choices for X up to isomorphism, we may take m to be the maximal myx as X ranges
over all such choices. Masser—Wiistholz [41,42] defined the class index i,(A) to be the
smallest possible value of m. Using methods from the geometry of numbers, they were
able to provide upper bounds for i,,(A) in special cases that led to results on the existence
of isogenies between abelian varieties of small degrees (see also [34]).

We can in fact consider bounds that are also upper bounds with respect to division. In
the above argument, we can instead take m to be any common multiple of the mx. Then
m has the following property: given any A-lattice X such that Q ®7z X is free of rank n
as an A-module, there exists a free A-sublattice Y of X such that [X : Y] divides m. The
main goals of the present article are to give explicit choices of m with this property and
to give examples of arithmetic applications. In fact, the setting generalises to the case in
which A is an O-order where O is a Dedekind domain whose field of fractions K is a global
field assumed not to be equal to O, and A is a finite-dimensional semisimple K-algebra.
In this situation, the group index [X : Y] is replaced by the generalised module index
[X : Y]o. The main result, Theorem 4.5, gives upper bounds for this index with respect
to division that are independent of X and can be chosen to satisfy certain conditions.
The proof of this result requires the hypothesis that A is a separable K-algebra; if K
is of characteristic zero, then this follows automatically from the assumption that A is
semisimple.

We now give examples of the algebraic results and arithmetic applications. The follow-
ing result is a weaker version of Theorem 5.3 obtained via specialisation and Remark 7.2.

Theorem 1.1. Let G be a finite group and let k be a positive integer. Then there exists a
positive integer i, which can be chosen to be coprime to k, with the following property:
given any Z[G)-lattice X such that Q ®z X is free of rank n over Q[G], there exists a
free Z|G)-sublattice Z of X such that the index [X : Z] divides i - |G|I31G1/21n,

In Theorem 5.3, we also give conditions on G under which we can take i = 1 (see
also §5.4). The term |G|[3I€1/21" is a crude but neat upper bound for a more precise
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expression that will be made explicit. The following result is Theorem 5.15, which is just
one example of the stronger results that can be obtained in special cases.

Theorem 1.2. Let G be a finite group and suppose that there exist positive integers
t,n1, ..., such that Q[G] = [['_, Mat,,,(Q). If X is an Z[G]-lattice such that Q ®z X
is free of rank n over Q[G], then there exists a free Z|G|-sublattice Z of X such that

[X : Z] divides
¢ 2
<G|"Hn; )
i=1

Before sketching the ideas used in the proof of the main result, we discuss how a

3n

2

variant of Theorem 1.1 can be applied in the following arithmetic situation. Let L/K be
a finite Galois extension such that K is equal to either Q or an imaginary quadratic field.
Let G = Gal(L/K) and let pz denote the roots of unity of L. In this setting, OF /ur
is a Z[G]-lattice and one can show that L/K has a so-called Minkowski unit, that is,
an element ¢ € Of /ur, such that Q ®z (OF /ur) = Q[G] - €. Such an ¢ is said to be
a strong Minkowski unit if OF /ur, = Z[G] - e. The existence of strong Minkowski units
(which some authors refer to as Minkowski units) has been studied in numerous articles;
see Remark 8.3. In §8, we give several results on the approximation of strong Minkowski
units. The following result is a weakening of Theorem 8.5 obtained via Remark 8.6.

Theorem 1.3. Let G be a finite group and let k be a positive integer. Then there exists a
positive integer i, which can be chosen to be coprime to k, with the following property:
given any finite Galois extension L/K with Gal(L/K) = G and K equal to either Q or
an imaginary quadratic field, there exists a Minkowski unit ¢ € OF /ur, such that the
index [OF Jur : Z|Gal(L/K)] - €] divides i - |G|[31G1/21=2,

Again, stronger results can be obtained in special cases. Analogous applications to
the approximation of normal integral bases are given in §7 and to the Galois module
structure of rational points on abelian varieties are given in §9.

We now outline the ideas used in the proof of the main result Theorem 4.5. Let O be
a Dedekind domain whose field of fractions K is a global field and assume that O # K.
Let A be a finite-dimensional separable K-algebra and let A be an O-order in A. Let
M be a maximal O-order in A containing A. Note that the existence of M is ensured
by the separability hypothesis on A and that the choice of M need not be unique. Let
X be a A-lattice such that K ®o X is free of rank 1 over A (the higher rank case is
similar). We consider the unique M-lattice X contained in X that is maximal with
respect to inclusion. Then M X is locally free over M, and as explained in Corollary 4.2,
MX contains a free M-sublattice M - ¢ with an index that can be controlled (the key
ingredients here are the Jordan—Zassenhaus theorem and Roiter’s lemma). Hypotheses
on M can also be given to ensure that this index is trivial (see Lemma 2.2). We then
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obtain a bound on the index [X : A - €] by taking the product of bounds on the indices
corresponding to each of the three inclusions

AeCM-eCcMXCX.

Note that [M -e€ : A-¢elo = [M : Ao, which is equal to the product of the indices
of the localisations of M and A. Moreover, [X : MX]o divides [MX : MX]on, where
MX is the unique M-lattice containing X that is minimal with respect to inclusion. In
Corollary 3.3, we show that [MX : M X]e divides [M : J]p where J is any full two-sided
ideal of M contained in A. Again, [M : J]p can be computed by localisation. Crucially,
the product of bounds of indices obtained is independent of the choice of A-lattice X.

If G is a finite group such that |G| is invertible in K and A = O[G], then J can be
taken to be the (left) conductor of M into A (the left and right conductors are equal in
this case) and [M : J]o can be computed explicitly using Jacobinski’s conductor formula
[23]. We also obtain an explicit formula for [M : O[G]]o, which may be of independent
interest. Note that in the setting of Theorem 1.1 with n = 1, the term |G|[3I¢1/21 is a
crude but neat upper bound for [M : Z[G]] - [M : J] = [M : Z[G]]? and the term i is
the upper bound for [MX : M - ¢] given by Corollary 4.2. Moreover, we can take i = 1
when M satisfies the equivalent conditions of Lemma 2.2 (see §5.4 for conditions on G
under which this holds).
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2. Preliminaries on lattices and orders

For further background, we refer the reader to [11,46,21]. Let O be a Dedekind domain
with field of fractions K. To avoid trivialities, we assume that O # K.

2.1. Lattices over Dedekind domains
An O-lattice M is a finitely generated torsion-free O-module, or equivalently, a finitely

generated projective O-module. Using the former definition and the fact that O is noethe-
rian, we see that any O-submodule of an O-lattice is again an O-lattice.
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For any finite-dimensional K-vector space V, an O-lattice in V is a finitely generated
O-submodule M of V. Given such an M, we define a K-vector subspace of V' by

KM = {aymi +azmg + -+ aym, | 1 € Lo,0; € K, m; € M}

and say that M is a full O-lattice in V if KM = V. Each O-lattice M may be viewed
as a full O-lattice in the finite-dimensional K-vector space K ®» M by identifying M
with its image 1 ® M. We may identify K ®o M with KM.

Let M and N be a pair of full O-lattices in a finite-dimensional K-vector space V.
Since N contains a K-basis for V, for each m € M there is a nonzero r € O such that
rm € N. Therefore there exists a nonzero r € O such that rM C N since M is finitely
generated over O.

For a maximal ideal p of O, let O, denote the localisation of O at p. Let @p denote
the completion of O at p and let K » denote its field of fractions. For an O-lattice M, we
define the localisation M at p to be the Op-lattice M, := O, ®o M and the completion
of M at p to be the (’)p -lattice Mp = Op ®o M. By identifying M with its image 1 ® M,
we may view M as embedded in M. Viewing M and each M, as embedded in KM, we
have M =1, M, where p ranges over all maximal ideals of O (see [16, (4.21)]).

2.2. Generalised module indices

Much of the material in the following paragraph is explained in more detail in [18,
§3]. Let M, N be full O-lattices in a finite-dimensional K-vector space V. First consider
the case in which O is a discrete valuation ring. Then M and N are both free and of
equal rank over O, and so there exists an « € Autg (V') with a(M) = N. Moreover, « is
unique modulo Autep(N); hence its determinant is unique modulo O, and so the ideal
[M : N]o := Odet(a) is a uniquely defined fractional ideal of O. Now consider the case in
which O is an arbitrary Dedekind domain. For almost all maximal ideals p of O we have
M, = Ny and hence [M,, : Nylo, = O, (see [11, Exercise 4.7]). Therefore there is a unique
fractional ideal [M : N]o of O such that ([M : N]o), = [M, : Ny]o, for all p. Note
that if My, Ms, My are full O-lattices in V', then [M; : M5]o = [M1 : Malo - [Ms : Ms)o
Moreover, if O’ is a Dedekind domain containing O, then O’ ®o [M : N]p = [0’ ®0 M :
0" ®o N]o. If N C M are Z-lattices of equal rank, then we abbreviate [M : N]z to
[M : NJ], which is consistent with the fact that [M : N|z is the Z-ideal generated by the
usual group index of N in M.

Lemma 2.1. Suppose we have a diagram of O-lattices with exact rows

0 Ny Ny N3 0

I

0 M,y Mo, M; 0,
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such that KN; = KM; fori=1,2,3. Then [My: NaJo = [M; : N1]o - [M3 : N3lo

Proof. For i = 1,3, fix K-linear maps «;: KM; — KM, such that «;(M;) = N;. Let
m: No — N3 denote the map in the above diagram. Since N3 is O-projective, there exists
an O-section s: N3 — Ny of m. Then define a3: KMz — KM, by a3 = (K ®0 s) o ag.
Fixing an O-linear splitting My = M; @& M3 (which exists since M3 is O-projective)
and thus a K-linear splitting KMy = KM; & KMs, we then obtain a K-linear map
ag := (a1 + a3): KMy — KM, such that ag(My) = Ny and aq(M;) = N;. Hence, with
respect to a K-basis of K M extending a K-basis of K M, the matrix representing axs
is block upper triangular. Consequently, det(asg) = det(a;) det(as), and thus we obtain
the desired result. O

2.3. Duals of lattices

Let M be an O-lattice. The linear dual M := Home (X, O) is also an O-lattice and
there is a canonical identification (MY)Y = M. Moreover, (—)V is inclusion-reversing.
For a maximal ideal p of O, we have (M,)Y = (MV),. Together with the fact that
determinants are invariant under transposition, this implies that if M and N are full
O-lattices in a finite-dimensional K-vector space V, then [M : N]o = [NY : MVY]p

2.4. Lattices over orders

Let A be a finite-dimensional K-algebra and let A be an O-order in A, that is,
a subring of A that is also a full O-lattice in A. Note that A is both left and right
noetherian since A is finitely generated over O. A left A-lattice X is a left A-module that
when considered as an O-module is also an O-lattice; in this case, KX may be viewed
as a left A-module.

Henceforth all modules (resp. lattices) shall be assumed to be left modules (resp.
lattices) unless otherwise stated. Two A-lattices are said to be isomorphic if they are
isomorphic as A-modules.

For a maximal ideal p of O, the localisation A, is an Op-order in A, and the completion
K is a Op -order in Kp ®RK A. Locahsmg a A- lattlce X at p yields a Ay-lattice X, and

completing X at p yields a A -lattice Xp Given A-lattices X and Y, we have that
X, =Y, as Ap-lattices if and only if Xp &~ Y;) as A -lattices (see [46, (18.2)]). For a
positive integer n, a A-lattice X is said to be locally free of rank n, if for each maximal
ideal p of O, the Ay-lattice X, is free of rank n, or equivalently, the Ap -lattice Xp is free
of rank n. Note that every locally free A-lattice is projective by [11, (8.19)].

2.5. Maxzimal orders

Suppose that A is a separable finite-dimensional K-algebra (see [46, §7c]). A mazimal
Q-order in A is an O-order that is not properly contained in any other O-order in A.
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For any O-order A in A, there exists a (not necessarily unique) maximal O-order M in
A containing A by [46, (10.4)]. If M is a maximal O-order, X is an M-lattice, and n is
a positive integer, then by [11, (31.2)(iii)] we have that KX is free of rank n over A if
and only if X is locally free of rank n.

2.6. Locally free class groups and cancellation properties

Suppose that K is a global field and that A is separable finite-dimensional K-algebra.
Let A be an O-order A. Let P(A) be the free abelian group generated by symbols [X], one
for each isomorphism class of locally free A-lattices X, modulo relations [X] = [X7]+[X2]
whenever X = X; @& X,. We define the locally free class group CI(A) of A to be the
subgroup of P(A) consisting of all elements that can be written in the form [X] — [Y],
with X,Y locally free and KX = KY.

We remark that [X] — [Y] = 0 in Cl(A) if and only if X is stably isomorphic to Y,
that is, X ® A®) 2 Y @ A®) for some positive integer k (here A*) denotes the direct
sum of k copies of A). The order A is said to have the locally free cancellation property
if given any pair of locally free A-lattices X and Y,

XaA® 2y g AP for some k € Zsg = X 2.

Moreover, A is said to have the stably free cancellation property if this holds in the special
case that Y is free. If A satisfies the so-called Eichler condition relative to O, then A
has the locally free cancellation property; this condition is satisfied if A is commutative
(see [12, §51] for further details).

If n is a positive integer and Y is any locally free A-lattice of rank n, then by [11,
(31.14)] there exists a locally free A-lattice X in A such that Y =2 A=Y @ X. Hence
every element of Cl(A) is expressible in the form [X;]—[X3], where X; and X5 are locally
free A-lattices in A. In particular, the Jordan—Zassenhaus theorem [46, (26.4)] implies
that C1(A) is finite. Moreover, for each such pair X7, Xs, there exists another such lattice
X3 such that Xo @ X5 =2 A @ X; by [11, (31.7)]. Therefore every element of CI(A) is in
fact expressible in the form [X] — [A] for some locally free A-lattice X in A.

The following result is easily deduced from the above discussion.

Lemma 2.2. The following statements are equivalent:

(i) every locally free A-lattice is in fact free;

(11) every locally free A-lattice of rank 1 is in fact free;
ii) Cl(A) is trivial and A has the stably free cancellation property;
iv) Cl(A) is trivial and A has the locally free cancellation property.

Remark 2.3. Lemma 2.2 will often be applied in the case that A is a maximal Z-order.
Smertnig and Voight [50, Theorem 1.3] have classified all maximal Z-orders in totally
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definite quaternion algebras with the locally free cancellation property, and from this it is
straightforward to determine whether any given maximal Z-order in a finite-dimensional
semisimple Q-algebra has the locally free cancellation property. See also Remark 5.12.

3. Overlattices and sublattices for overorders
Let O be a Dedekind domain with field of fractions K and assume that O # K.
3.1. Setup and definitions

Let A be a finite-dimensional K-algebra. Let A C I" be O-orders in A and let X be a
A-lattice. Define

X :={yymi+vama+---+vym, |r€ZL>p,m; € X,y €T} CKX.

This is the unique I'-lattice in K X containing X that is minimal with respect to inclusion.
There exists a nonzero r € O such that T C A (see §2.1) and so rI'X is a I'-lattice
contained in X of finite index. Since the sum of any two I'-lattices contained in X is also
a ['-lattice contained in X, we see that there exists a unique I'-lattice contained in X
that is maximal with respect to inclusion, which we shall denote by "' X.
For a right A-lattice X, we define XT and X' similarly. Note that TA (resp. AD)
coincides with the right (resp. left) conductor of T' into A (see [11, (27.2)]).

3.2. Bounds on indices
The following result gives a bound on
X :TX]p =X : X]o [X:"X]o
that only depends on I' and A, and not on the particular choice of lattice X.

Proposition 3.1. Let A be a finite-dimensional K -algebra and let A C T' be O-orders in
A. Let J be any full two-sided ideal of T' contained in A. Let X be a A-lattice such that
T'X is locally free of rank n over I'. Then X : ' X]o divides [T : J].

Remark 3.2. There are many possible choices of .J, and the best choice will be context
specific. For example, a weak but general choice is J = [I" : A]p - I'. Moreover, J can
always be taken to be the two-sided ideal of I generated by the central conductor of I"
into A, that is, by {x € C' | 2T' C A}, where C denotes the centre of A.

Proof of Proposition 3.1. Since J is a left I-lattice contained in A, we have that JX is a
left I'-lattice contained in X. Hence JX is contained in ' X. The chain of containments
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JXC'XCcXcCrx
implies that [[X : I X]o divides [[ X : JX]o. Thus it remains to show that
CX : JX]o = [[: J]B.

Since indices are defined locally and ([IT'X : JX]o), = [z X, : JyXplo, for every
maximal ideal p of O, we can and do assume without loss of generality that O is a
discrete valuation ring. Then by hypothesis there exist €1,...,&, € I'X such that I'X =
Tegy®--- ®Tey,. Since J is a right [-module, we have

JX=JTX=JTe1® - ®Te,)=Je1 D D Jep.
Therefore
X :JX]o=[Te1® - ®Te,:Je1 D D Jep]o=[T:J]p. O

Corollary 3.3. Let A be a separable finite-dimensional K -algebra and let A be an O-order
in A. Let M be a mazimal O-order in A containing A and let J be any full two-sided
ideal of M contained in A. Let X be a A-lattice such that KX is free of rank n over A.
Then [MX : MX]o divides [M : J]}.

Proof. Since KX is free of rank n over A, we have that MX is locally free of rank n
over M (see §2.5), and so the desired result follows directly from Proposition 3.1. O

Remark 3.4. In Proposition 3.1 and Corollary 3.3, the order A can be replaced by the so-
called associated order A(X) ={a € A|aX C X}. Thus if the containment A C A(X)
is strict, then working over A(X) may allow a choice of J C A(X) with improved index
[M : J]o. For example, if M is a maximal order containing A and we take X = M,
then A(X) = M and so we can take J = M, which is consistent with the fact that
MX = X =MX in this situation. Of course, the disadvantage of this approach is that
A(X) depends on X.

3.83. Duals and overorders

For an O-order A in a finite-dimensional K-algebra and any left (resp. right) A-lattice
X, the dual XV = Homp(X, Q) has the structure of a right (resp. left) A-lattice, and
there is a canonical identification (XV)Y = X.

Lemma 3.5. Let A C T' be O-orders in a finite-dimensional K -algebra.

(i) If X is a left A-lattice, then we have an equality of right T-lattices ([ X)Y = (XV)I
and an equality of indices [T X : X]o = [ XV : (X¥)1o.
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(ii) If X is a right A-lattice, then we have an equality of left T'-lattices (XT)Y = T'(XV)
and an equality of indices [XT : X]o = [XV : V(X V)]o.

Proof. We only prove part (i). Since (—)Y reverses inclusions, (I'X)" is a right I-lattice
contained in XV. Hence (I'X)Y is contained in (X")' by definition of the latter. Dual-
ising, we also have that

DX = ((1X)Y)Y 2 (X)) (3.1)

Since ((XV)V)V is itself a left I-lattice containing X, this forces equality in (3.1) and
hence (T'X)Y = (XV)! as desired. Finally, since (—)V preserves indices (see §2.3) we
have that [[X : X]p = [XV : (TX)V]o = [XV: (XV)V]o. O

3.4. The commutative separable setting

In the setting of commutative separable algebras, the following result of Frohlich is a
refinement of Corollary 3.3.

Theorem 3.6 (Frohlich [17]). Let A be a commutative separable finite-dimensional K-
algebra and let A be an O-order in A. Let M be the unique mazimal O-order in A. Let
X be a A-lattice such that KX s free of rank n over A. Then both [MX : X]o and
(X : MX]o divide [M : A]%.

Proof. The claim that [MX : X]o divides [M : A]3, is contained in [17, Theorem 4].

It remains to show that [X : MX]o divides [M : A]%. Since A is separable there is
an isomorphism of (right) A-modules A = Homg (A, K) induced by the pairing of [11,
(7.41)]. Thus there are A-module isomorphisms

K(XY) 2~ Homg (KX, K) = Homg (A™, K) 2~ Homg (A, K)™ = A™,
Lemma 3.5(ii) implies that [X : MX]p = [XYM : XV]p = [MXV : XV]o, where in the
last equality, we consider XV as a left M-lattice, as we may since M is commutative.

Moreover, since K(XV) is free of rank n over A, the first claim and the appropriate
substitution imply that [MX" : XV]p divides [M : A]}. O

Remark 3.7. [5, §7, Example 1] shows that the result analogous to Theorem 3.6 does not
always hold in the noncommutative separable setting.

4. Free sublattices of bounded index

Let O be a Dedekind domain with field of fractions K. Assume that K is a global
field and that O # K. Let A be a separable finite-dimensional K-algebra.
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4.1. Free sublattices of locally free lattices

The following result gives a bound on the index of a free sublattice in a locally free
lattice.

Proposition 4.1. Let T' be an O-order in A and let K be any nonzero ideal of O. Then
there exists a nonzero ideal T of O, that can be chosen to be coprime to K, with the
following property: for every locally free I'-lattice X, there exists a free I'-sublattice Y of
X such that [X : Y]o divides T.

Proof. By [11, (31.14)], for a positive integer n and a locally free I-lattice X of rank
n, there exists a locally free I'-lattice W of rank 1 such that X = I'~1) & W. Thus
the problem reduces to the case of locally free A-lattices W of rank 1. The number
of isomorphism classes of such lattices is finite by the Jordan—Zassenhaus theorem [46,
(26.4)]. For each such class, choose a representative W and note that by Roiter’s lemma
[11, (31.6)] there exists an embedding ty : I' = W such that [W : 1y (T")]o is coprime to
K. Now take Z to be any common multiple of the (finite number of) ideals [W : vy (T')] 0
as W varies. O

Corollary 4.2. Let M be a mazimal O-order in A and let K be any nonzero ideal of O.
Then there exists a nonzero ideal L of O, that can be chosen to be coprime to K, with the
following property: given any M-lattice X such that KX is free as an A-module, there
exists a free M-sublattice Y of X such that [X : Y]o divides T.

Proof. Let X be an M-lattice. Then KX is free as an A-module if and only if MX is
locally free over M (see §2.5). Hence the result follows from Proposition 4.1. O

Remark 4.3. If T (resp. M) satisfies the equivalent conditions of Lemma 2.2, then it is
clear that we can take Z = O in Proposition 4.1 (resp. Corollary 4.2).

Given a finite set S of maximal ideals of O, let Og = ﬂp ¢s Oy, where p ranges over
all maximal ideals of O not in S. We include the following result for general interest.

Corollary 4.4. Let T be an O-order in A and let T be a finite set of mazximal ideals of O.
Then there exists a finite set S of maximal ideals of O such that SNT =0 and Os Qo T
satisfies the equivalent conditions of Lemma 2.2.

Proof. If IC is the product of the maximal ideals in 7" and Z is the ideal given by
Proposition 4.1, then we can take S to be the set of maximal ideals dividing Z. O

4.2. The main theorem

The main theorem of the present article is as follows.
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Theorem 4.5. Let O be a Dedekind domain with field of fractions K. Assume that K is
a global field and that O # K. Let A be a separable finite-dimensional K -algebra and let
A be an O-order in A. Let M be a mazimal O-order in A containing A and let J be any
full two-sided ideal of M contained in A. Let IC be any nonzero ideal of O. Then there
exists a nonzero ideal T of O, that can be chosen to be coprime to IC, with the following
property: given any A-lattice X such that KX is free of rank n over A, there exists a
free A-sublattice Z of X such that [X : Z)|o divides I -[M : ]2 if A is commutative or
Z-M:Jg-[M: A} otherwise. Moreover, if M satisfies the equivalent conditions of
Lemma 2.2, then we can take T = O.

Proof. Let Z be the ideal of O given by Corollary 4.2. If M satisfies the equivalent
conditions of Lemma 2.2, then we can take Z = O by Remark 4.3. Then there exists
a free M-sublattice Y of X such that [MX : Y]o divides Z. Let €y,...,&, be a free
M-basis of Y, so that Y = Me; @ --- ® Me,, and let Z = Ae; @ --- ® Ae,,. Then
ZCYCMXCXand [X:Zlo=[X:MX]o [MX :Y]o- [V : Z]o. Note that
[Y : Z]o = [M : A]}. Moreover, Corollary 3.3 implies that [X : M X]o divides [M : J]%,
and under the assumption that A is commutative, Theorem 3.6 implies that in fact
[X : MX]o divides [M : A]%. Therefore we obtain the desired result. O

Remark 4.6. The statement of Theorem 4.5 extends to A-lattices X admitting a surjec-
tion A — KX of A-modules. More specifically, the ideal Z has the following property:
given any A-lattice X admitting a surjection A™ — KX of A-modules, there exists
a A-sublattice Z of X generated by at most n elements such that [X : Z]o divides
Z-[M:J)p-[M:AJ}. This can be seen as follows. There exists an A-module B such
that KX @& B = A™ . Thus given any full A-lattice W in B, the A-lattice X & W satis-
fies the conditions of Theorem 4.5 and so admits a free A-sublattice Z’ of index dividing
Z-[M:Jg-[M:A]p, and the image of Z’ under the projection X ¢ W — X is the
desired sublattice Z. Of course, one should expect stronger bounds if one specifies the
isomorphism class of K X; one such situation is considered in §6.

5. Group rings
5.1. Conductors of group rings

The extra structure of group rings is exploited in the following result, which will allow
us to make an optimal choice of the two-sided ideal J that appears in the statement of
Theorem 4.5.

Proposition 5.1. Let O be a Dedekind domain with field of fractions K # O. Let G be
a finite group and let T be an O-order in K[G] containing O[G]. Then O[G]" =T O[q]
and we have

I: 0[G]lo = [0[G] : TO[G]lo = [T : TO[G)2. (5.1)
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Moreover, if |G| is invertible in K and T’ = M is a mazimal O-order, then this index is
independent of the choice of M.

Remark 5.2. In the case that |G| is invertible in K and I' = M is a maximal O-order,
Jacobinski has given an explicit description of O[G]" = TO[G] (see Theorem 5.5) and
this leads to an explicit formula for the index of (5.1) (see Corollary 5.6).

Proof of Proposition 5.1. Given an O-order A in K[G], let A°P denote the O-order de-
fined by the image of A under the involution on K[G] induced by g — g~—'. Any left
(resp. right) A-lattice carries a canonical structure of a right (resp. left) A°P-lattice with
g~ ! acting as g did previously. Given a left (resp. right) A-lattice X, we denote by X*
the dual lattice XV = Home (X, O) considered as a left (resp. right) A°P-lattice. Note
that for a left A-lattice X, we have [(XV)A : XV]p = [AX* : X*]p, etc.

Now observe that I'°P is an O-order containing O[G] = O[G]°P. Hence I'°PO[G] =
Iop = O[G]T°P. We also have that

(T°POIG])Y = (O[G]Y)™ =T (0[G]"),
(O[GIrP)Y ="(0[G)Y) = (0[G]")",

where in each case the first equality follows from Lemma 3.5 and the second equality
follows from the definition of (—)*. Therefore ' (O[G]") = (O[G]*)''. Furthermore, there
is an O[G] = O[G]°P-isomorphism O[G]* = O[G] given by 1, — g, where 1, denotes the
element of Homp (O[G], O) defined by h — 0 for h # g and g — 1. Hence we conclude
that 'O[G] = O[G]*.

We have that [T : O[G]]o = [P : O[G]°P]e since (—)°P is an O-linear isomorphism.
As O[G] = O[G]°P, we then have

where the second equality follows from Lemma 3.5(i). Since
[:"0[Gllo =[I': OGllo - [01G] : "O[Gllo,

the second equality of (5.1) follows.

For the last statement, note that the hypotheses ensure that K|[G] is separable and
hence maximal orders exist (see §2.5). For any O-order A in K[G], let Disc(A) denote the
discriminant of A with respect to the reduced trace map tr : K[G] — K. Then Disc(M)
is independent of the choice of maximal O-order M of K[G] by [46, (25.3)]. Moreover,
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by [11, (26.3)(iii)] we have Disc(O[G]) = [M : O[G]]% - Disc(M), and so [M : O[G]]o is
independent of the choice of M. O

5.2. The main theorem for group rings

We now obtain a more precise version of Theorem 4.5 for lattices over group rings.

Theorem 5.3. Let O be a Dedekind domain with field of fractions K. Assume that K is
a global field and that O # K. Let G be a finite group such that |G| is invertible in K.
Set s = 2 if G is abelian and s = 3 otherwise. Let M be a mazimal O-order in K|G]
containing O[G]. Let K be any nonzero ideal of O. Then there exists a nonzero ideal T of
O, that can be chosen to be coprime to K, with the following property: given any O[G]-
lattice X such that KX is free of rank n over K|[G|, there exists a free O|G]-sublattice Z
of X such that [X : Z]o divides T-[M : O|G]|&. Moreover, if M satisfies the equivalent
conditions of Lemma 2.2, then we can take T = O.

Remark 5.4. In the case O = Z, explicit conditions on G under which M satisfies the
equivalent conditions of Lemma 2.2 are given in Proposition 5.11 and Corollary 5.13.

Proof of Theorem 5.3. We apply Theorem 4.5 with A = O[G]. If G is abelian, then
the desired result follows directly. Otherwise, by Proposition 5.1 we can and do take
J = 0[P = MO|G), and we have [M : J]% - [M: A} = [M: A]3P. O

5.8. Jacobinski’s formula and the index of a group ring in a mazimal order

For further details on the following setup and notation, we refer the reader to [11,
§27] and the references therein.

Let O be a Dedekind domain with field of fractions K # O. Let G be a finite group
such that |G| is invertible in K. Then K[G] is a separable finite-dimensional K-algebra.
We may write K[G] = Ay X --- x A, where each A; is a simple K-algebra. For each 4,
let K; denote the centre of A;. Then each K; is a finite separable field extension of K,
and there exist integers n,...,n; such that dimg, A; = nf for each 7. Let tr; denote the
reduced trace from A; to K (see [11, §7D]). Then tr; = T, /k otra, k,, where Tk, /i is
the ordinary trace from K; to K, and tru, g, is the reduced trace from A; to K.

Let M be a maximal O-order such that O[G] € M C K]|G]. For each i, let M; =
MnNA;, let O; denote the integral closure of O in K;, and define the inverse different of
M; with respect to tr; to be Di_l ={z € A;:try(aM;) C O} Then M = My x---x M,
and each D, Lis a two-sided M;-lattice containing M;.

Theorem 5.5 (Jacobinski [23]). In the notation above, we have

MO[G) = 0[GIM = P |GIn; ' D

i=1
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A less explicit version of the following result is given in [13, Proposition 3.6].
Corollary 5.6. In the notation above, we have

2

M 0[Gllo = [01G]: “0[G) (IGIG'H( A 1:Mi1o)’1> ,

and this index is independent of the choice of M.

Proof. By Theorem 5.5 we have

M :MO[GNlo = [[IM: : (1GIn; 'D; Mo

=1
H'Gl -1 dlmKA[M D ]
6 [T D M),
1=1

where in the last equality we have used that dimgx A; = [K; : K]n? for each i and that
H§:1 dimg A; = |G|. The desired result now follows from Proposition 5.1. O

Corollary 5.7. In the notation above, if A; = Mat,,,(K) fori=1,...,t, then

M : 0[Gllo = [0[G] : MO[Gllo = <|G|'G' _Hn;"?> .

Proof. The hypotheses imply that K; = K and Di_l = M, for i = 1,...,t. Thus the
desired result follows from Corollary 5.6. O

A result similar to the following is given in [13, p. 173, (11)].
Corollary 5.8. In the notation above, if G is abelian, then

(M : O[Glo = [0[G] : MO[Gllo = (GlG H(AKi/K)”) :

i=1

where Ay, i denotes the discriminant of O; with respect to O.

Proof. Since A is commutative, for every ¢ we have n; = 1, A; = K;, and M; = O,.
Thus the reduced trace tr; coincides with the ordinary trace Tk, /x and so
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g {CE S KZ : TKL/K(:I;OZ) - O}
is the usual inverse different of O; with respect to O. Moreover,

D' Milo = [D;

(2

"1 Oilo = [0; : Di]o = Normy, /i (D;) = Ag, k.,

where for the third equality, it suffices to first localise and then consider the determi-
nant of the K-linear endomorphism of K; given by multiplication by a generator of D;.
Therefore the desired result now follows from Corollary 5.6. O

We now make the last result completely explicit in the case K = Q.

Proposition 5.9. Let G be a finite abelian group and let e denote its exponent. Let M be

¢<d>) ta

where tq denotes the number of cyclic subgroups of G of order d and ¢(—) denotes the

the unique mazimal Z-order in Q[G]. Then

=

M :Z[G]) = |G||GH(d¢
pld

Euler totient function.

Proof. By [1, Theorem 2], we have Q[G] =[], Q(¢q) ), where Q(¢z)*4) denotes the
direct product of t4 copies of Q({4) (see also [45]). Moreover,

1 $(d) 2
AQ(a /o (d [I»—

pld

by [54, Proposition 2.7]. Therefore the desired result now follows from a straightforward
calculation and Corollary 5.8 in the case K = Q. 0O

The following special case is equivalent to [55, Lemma 5.2], which was proven using
different methods.

Corollary 5.10. Let p be a prime, let k be a positive integer, and let G be the cyclic group
of order p*. Let M be the unique mazimal Z-order in Q[G]. Then

[M Z[ ]] 1+p+ +pF
5.4. The case of group rings over the integers

Let H denote the quaternion division algebra over R. For a finite group G, let Irrc (G)
denote the set of complex irreducible characters of G. Recall that x € Irre (G) is said to
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be an irreducible symplectic character if it is real-valued and the corresponding factor of
R[G] is isomorphic to the ring of k& x k matrices over H, for some positive integer k. For
each x € Irrc (G), let Q(x) denote the field generated by the values of x, and let C(x)
be the narrow class group of Q(x) if x is symplectic, and the usual ideal class group of
Q(x) otherwise.

The following result is well-known to experts, but the authors were unable to locate
it in this precise form in the literature.

Proposition 5.11. Let G be a finite group and let M be a maximal Z-order in Q[G].
Suppose that no factor of R[G] is isomorphic to the quaternions H. Then M satisfies
the equivalent conditions of Lemma 2.2 if and only if C(x) is trivial for each x € Irre (G).

Proof. The hypothesis on R[G] ensures that Q[G] satisfies the Eichler condition relative
to Z (see [12, §51A]). Hence Jacobinski’s cancellation theorem [12, (51.24)] implies that
every Z-order in Q[G], in particular M, has the locally free cancellation property. Now
write Q[G] = Ay x --- x A, where each A; is a simple Q-algebra. For each i, let K;
denote the centre of 4; and let M; = A;N M. Then M = M; X --- x M; and Cl(M) =
Cl(M;1) @ --- @& Cl(M,;). Each K; is isomorphic to Q(x) for some x € Irrc(G) and by
[12, (49.32)] C1(M,) is isomorphic to C(x). Therefore we obtain the ‘if” direction of the
desired equivalence. The ‘only if’ direction now follows from the fact that {K; :1 <14 <

t} ={Q0) : x e e (G)}. O

Remark 5.12. The hypothesis in Proposition 5.11 that no factor of R[G] is isomorphic
to the quaternions H can be weakened to the requirement that M has the locally free
cancellation property (or the stably free cancellation property). Maximal Z-orders with
the locally free cancellation property in Q[G] for G a binary polyhedral group have
been classified in [51, Theorem II]. For example, for 2 < n < 5 every maximal Z-
order in Q[Q4,] satisfies the equivalent conditions of Lemma 2.2, where @Q4,, denotes the
generalised quaternion group of order 4n. See also Remark 2.3.

Corollary 5.13. Let G be a finite abelian group and let e denote its exponent. Define
¥ =1{1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17,18, 19, 20, 21, 22, 24, 25,
26,27, 28,30, 32,33, 34,35, 36, 38, 40, 42, 44, 45, 48, 50, 54, 60, 66, 70, 84,90}

and let M be the unique maximal Z-order in Q[G]|. Then M satisfies the equivalent
conditions of Lemma 2.2 if and only if e € 3.

Proof. First write G = C,,, x Cp, X --- x Cy, for positive integers k,n1, ..., n; such that
n; | ni41 for 1 <i < k—1. Then e = ng and {Q(x) : x € Irrc(G)} = {Q(¢q) : d | e}
Since Z[(q4] is the ring of integers of Q({y), this implies that
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{C(x) : x € Irre (G)} = {CUZ[Ca) : d | e}

The set ¥ is precisely the set positive integers n for which C1(Z[¢,]) = 0 by [35]; see also
[54, Theorem 11.1] (note that we include choices of n such that n = 2 mod 4). It can
easily be checked that X is also precisely the set of choices of e for which CL(Z[{4]) =0
for all d | e. Since no factor of Q[G] is isomorphic to the quaternions H, the desired
result now follows from Proposition 5.11. O

Remark 5.14. The hypotheses of Proposition 5.11 and Corollary 5.13 are much weaker
than Cl(Z[G]) itself being trivial. If G is a finite abelian group, then a result of Ph.
Cassou-Nogues [10] shows that CI(Z[G]) is trivial if and only if either G = Cy x Cy or
G = (), wherel <n <1lorn € {13,14,17,19}. If G is a finite non-abelian non-dihedral
group, then a result of Endd and Hironaka [15] shows that C1(Z[G]) is trivial if and only
if G2 Ay, Sy or Ay (the if direction was already shown by Reiner and Ullom [47]). For
partial results in the dihedral case, see [16].

Many specialisations of Theorem 5.3 can now be obtained by applying the results of
§5.3, Proposition 5.11 and/or Corollary 5.13; the following is just one such example.

Theorem 5.15. Let G be a finite group and suppose that there exist positive integers
t,na, ..., such that Q[G] = [I'_, Mat,,, (Q). If X is an Z|G]-lattice such that QX is
free of rank n over Q[G], then there exists a free Z[G]-sublattice Z of X such that [X : Z]
divides

3n

t R 2
<|G|G'Hni"i>
=1

Proof. Proposition 5.11 implies that any maximal Z-order in Q[G] satisfies the equivalent
conditions of Lemma 2.2. Thus the result follows from Theorem 5.3 and Corollary 5.7. O

Remark 5.16. The collection of finite groups G satisfying the hypothesis of Theorem 5.15
is closed under direct products and includes symmetric groups and hyperoctahedral
groups (e.g. the dihedral group of order 8). See [49] and [24] for more on this topic.

6. Group rings modulo trace

Let O be a Dedekind domain with field of fractions K # O. Let G be a finite group
such that |G| is invertible in K and let Tre = >~ 5 g- Then both K[G] and its quotient
K[G]/(Trg) are separable finite-dimensional K-algebras. The purpose of this section is
to consider lattices over the O-order O[G]/(Trg).

Let e = 1 — |G| ' Trg, which is a central idempotent of K[G]. Let 7. : K[G] — eK|[G]
be the projection map associated to e. Given a subset X C K|[G], let X, = 7.(X) and let
X1=¢ = Xnker (). In particular, K[G]. = eK[G] & K[G]/(Trg) and K[G]'7¢ = Trg K.
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Let A = O[G] and let M be a maximal O-order in K[G] containing A. Then M, = eM
is a maximal O-order of K[G]. containing A.. By Proposition 5.1, MA is a two-sided
ideal of M contained in A. Hence (MA). is a choice of two-sided ideal of M, contained
in A.. This is not necessarily the largest such choice, but its form allows us to make use
of our previous computations.

Lemma 6.1. We have [M. : Ao = |G|7HM : Ao and [A. : (MA)c]o = M : Ao.

Proof. Consider the following diagram of O-lattices with exact rows

0 —— Al-e A A 0
LoD
M

0 —— M= M. 0.

Then by Lemma 2.1 we have [M : Alo = [M*7¢ : A'™¢]p - [M, : A]o. Note that
M= = (|G| ' Trg) - O and A'=¢ = M =¢NA = Trg - O. Hence [M!~¢: A1=¢]p = |G,
and so we obtain the first equality.

Similarly, we also have the following diagram of O-lattices with exact rows

0 —— (MA)—e MA (MA)e —— 0
j j j (6.1)
0 — Al~e A A, 0.

Then by Lemma 2.1 we have [A : MA]p = [AT7¢ : (MA)¢]p - [Ae : (MA)Jo. By
maximality of MA, the subset (*A)!~¢ is the largest M'~¢-sublattice contained in A*~¢.
Since M!'7¢ 2 O, we find that A'~¢, an O-lattice, is already a M!~¢-sublattice so that
the left vertical map of (6.1) is an equality. Hence we have [A. : (MA)c]o = [A : MA]o.
But [A : MA]p = [M : A]o by Proposition 5.1, and thus we obtain the desired result. O

Theorem 6.2. Let O be a Dedekind domain with field of fractions K. Assume that K is
a global field and that O # K. Let G be a finite group such that |G| is invertible in K.
Set s = 2 if G is abelian and s = 3 otherwise. Let M be a mazimal O-order in K|G]
containing O[G]. Let K be any nonzero ideal of O. Then there exists a nonzero ideal
T of O, that can be chosen to be coprime to K, with the following property: given any
O[G]/(Trg)-lattice X such that KX is free of rank n over K[G]/(Trg), there exists a
free O[G]/(Trg)-sublattice Z of X such that [X : Z]o divides T - |G|~ - [M : O[G]]&.
Moreover, if M satisfies the equivalent conditions of Lemma 2.2, then we can take T = O.

Proof. Let A = O[G]. Then M, is a maximal O-order of K[G|. containing A, =
O[G]/(Trg). Note that if M satisfies the equivalent conditions of Lemma 2.2, then so
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does M,. By Lemma 6.1 we have [M, : A.]Jo = |G|7'[M : Alp. By Proposition 5.1,
J = (MA), is a two-sided ideal of M, contained in A.. Then we have

[Me: Ao - [Me: Jlo = [Me: A% - [Ae s JJo = |G| 72 - [M: A]3,.

Therefore we obtain the desired result by applying Theorem 4.5 for the O-order A, the
maximal O-order M, and the ideal J. O

7. Application: approximation of normal integral bases

We refer the reader to [19] for an overview of normal integral bases, on which there
is a vast literature. In this section, we consider examples of applications of the algebraic
machinery of previous sections to the approximation of normal integral bases.

Beyond the base field and the isomorphism type of the Galois group, the following
result does not use any arithmetic information about the Galois extensions concerned.

Theorem 7.1. Let K be a number field and let IC be any nonzero ideal of Ok . Let G be a
finite group and let M be a mazimal O-order in K[G] containing Ok[G]. Set s =2 if G
is abelian and s = 3 otherwise. Then there exists a nonzero ideal T of Ok, that can be
chosen to be coprime to K, with the following property: given any Galois extension L/ K
with Gal(L/K) = G, there exists a € Oy, such that [Of : Og[Gal(L/K)| - a]o divides
T-[M: OklGll5,. - Moreover, if M satisfies the equivalent conditions of Lemma 2.2,
then we can take T = O .

Proof. The normal basis theorem says that for a finite Galois extension of fields L/K
we have L = K[Gal(L/K)] as K[Gal(L/K)]-modules. Therefore the desired result now
follows easily from Theorem 5.3 with n =1 and O = Og. O

Remark 7.2. An explicit formula for [M : Ok[G]]o, is given in Corollary 5.6. In partic-
ular, a weak but general bound is that [M : Ok [G]]5,, divides |G|#I¢1/21,

By making the further assumption that the extensions concerned are at most tamely
ramified, we obtain the following result with a stronger conclusion.

Theorem 7.3. Let K be a number field, let KC be any nonzero ideal of Ok, and G be a
finite group. Then there exists a nonzero ideal T of O, that can be chosen to be coprime
to KC, with the following property: given any at most tamely ramified Galois extension
L/K with Gal(L/K) = G, there ezists o € O such that [Of : Og[Gal(L/K)] - oo,
divides Z. Moreover, if Ok |G| satisfies the equivalent conditions of Lemma 2.2, then we
can take T = Og.

Proof. For an at most tamely ramified Galois extension L/K with Gal(L/K) = G, we
have that Oy, is a locally free O [G]-lattice of rank 1 by [19, Chapter I, §3, Corollary 2],
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for example. Therefore the desired result now follows easily from Proposition 4.1 with
O =0k andF:(’)K[G]. O

Remark 7.4. Improved bounds can be obtained in special cases. For example, if G is
a finite group with no irreducible symplectic characters (e.g. G is abelian or of odd
order), then every (at most) tamely ramified Galois extension L/Q with Gal(L/Q) = G
has a normal integral basis by a special case of Taylor’s proof [53] of a conjecture of
Frohlich (see [19, §1] for an overview). Moreover, if G is a finite abelian group, then
Leopoldt’s theorem [26] (see also [27]) implies that for every Galois extension L/Q with
Gal(L/Q) = G, there exists a € Oy, such that [Of, : Z[Gal(L/Q)]-«] divides [M : Z[G]],
where M is the unique maximal Z-order in Q[G]. By contrast, Theorems 7.1 and 7.3
are very general and their short proofs use little or no arithmetic information about the
particular field extensions concerned.

8. Application: approximation of strong Minkowski units

In this section, we consider examples of applications of the algebraic machinery of
previous sections to the approximation of strong Minkowski units.

Definition 8.1. Let L/K be a Galois extension of number fields and let G = Gal(L/K).
Let pz denote the roots of unity of L. An element e € OF /uy, is said to be

(i) a Minkowski unit of L/K if Q @z (Of /ur) = Q[G] - &,
(ii) a strong Minkowski unit of L/K it Of /ur, = Z|G] - €.

The following result is well known.

Lemma 8.2. Let L/K be a Galois extension of number fields and let G = Gal(L/K). If
K is equal to either Q or an imaginary quadratic field then L/K has a Minkowski unit.

Moreover, if either L is totally real or K is imaginary quadratic, then Q ®z (Of /1) =
QI[G]/(Trg) as Q[G]/(Trg)-modules (and as Q[G]-modules).

Proof. By definition, L/K has a Minkowski unit if and only if Q ®z Of is cyclic as a
Q[G]-module. By a theorem of Herbrand (see [52, Chapter I, §4.3], for example) there is
an isomorphism (Q ®z Of) ® Q = Q[S4] of Q[G]-modules, where So, denotes the set
of infinite places of L. So the existence of a Minkowski unit is implied by Q[Ss] being
cyclic as a Q[G]-module, which is equivalent to S, being transitive as a G-set. This
occurs precisely when K has a unique infinite place. If either L is totally real or K is
imaginary quadratic, then the unique infinite place of K splits completely in L/K and
thus Q[Sw] = Q[G] as Q[G]-modules. O

Remark 8.3. The existence of strong Minkowski units (which some authors refer to as
Minkowski units) in special cases has been studied in numerous articles, including [44,36,
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7,14,37-39,6,28,29,20,9,40,31-33], as well as [43, §3.3 & §3.5.1] and the references therein.
Also see the articles cited below.

Remark 8.4. If L/Q is a Galois extension with [L : Q] odd, then L is totally real and
O /pr = {u e Of : Normp, g (u) = 1} as Z[Gal(L/Q)]-lattices.

The following result is a strong refinement and generalisation of [30, Theorem 1], [2,
Proposition 5.2] and [3, Theorem 3.3], which only consider finite cyclic or abelian totally
real extensions of Q and do not actually bound the index in question.

Theorem 8.5. Let G be a finite group and let k be a positive integer. Set s = 2 if G
is abelian and s = 3 otherwise. Then there exists a positive integer i, which can be
chosen to be coprime to k, with the following property: given any finite Galois extension
L/K with Gal(L/K) =2 G and K equal to either Q or an imaginary quadratic field,
there exists a Minkowski unit e € OF /ur, such that [Of /pr, : Z|Gal(L/K)] - €] divides
i+ |G| 72 M : Z]|G])?, where M is a mazimal Z-order in Q[G] containing Z|G].

Remark 8.6. An explicit formula for [M : Z[G]] is given in Corollary 5.6. In particular,
a weak but general bound is that |G|~2[M : Z[G]]* divides |G|/#I¢1/21-2,

Remark 8.7. It is interesting to compare Theorem 8.5 with [4, Theorem 1.1], which in
the case that L/Q is a finite Galois extension asserts the existence of a Minkowski unit
e such that the index [Of /ur : Z[Gal(L/Q)] - €] is bounded by an expression involving
the Weil height of ¢, the regulator of L, the degree [L : Q] and rankzOF .

Proof of Theorem 8.5. Let I' = Z[G]/(Trg). By Theorem 6.2 there exists a positive
integer ¢, which can be chosen to be coprime to k, with the following property: given
any I'-lattice X such that QX = Q[G]/(Trq) as Q[G]/(Trg)-modules, there exists a free
[-sublattice Y of X such that [X : Y] divides i - |G|2[M : Z[G]]*. Note that if ¢ € X is
a free I'-generator of Y, then Y =T'-e = Z[G] - €. For L/K with either L totally real or
K imaginary quadratic, the desired result now follows from Lemma 8.2 after fixing an
isomorphism Gal(L/K) = G. For L/K with L totally imaginary and K = Q, the result
follows from Lemma 8.2 and Remark 4.6. O

Corollary 8.8. Let G be a finite group and let M be a mazimal Z-order in Q[G] containing
Z[G). Suppose that M satisfies the equivalent conditions of Lemma 2.2 (see §5.4 for
conditions on G under which this holds). Set s = 2 if G is abelian and s = 3 otherwise.
Then given any finite Galois extension L/K with Gal(L/K) = G and K equal to either
Q or an imaginary quadratic field, there exists a Minkowski unit € € OF [ur, such that
(O /pr : Z|Gal(L/K)) - €] divides |G|72[M : Z[G])*.

Proof. Under the hypotheses on M, the desired result follows as in the proof of Theo-
rem 8.5 after noting that we can take ¢ = 1 in the application of Theorem 6.2. O
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Remark 8.9. Let L/Q be a finite Galois extension such that L is CM and let L* denote
its maximal totally real subfield. Let ¢ € Of,/{£1} be a Minkowski unit of L*/Q
and by abuse of notation let this also denote its image in Of /ur. By [54, Theorem
4.12] we have that [O] : O] =1 or 2, and so (O] /ur, : Z[Gal(L/Q)] - €] divides
2007, /{#1} : Z[Gal(L*/Q)]-¢]. Thus ¢ is also a Minkowski unit of L/Q, and we obtain
stronger analogues of Theorem 8.5 and Corollary 8.8 in this situation.

The above results can be strengthened for extensions of prime degree.

Theorem 8.10. Let p be an odd prime and let k be a positive integer. Then there exists
a positive integer i, which can be chosen to be coprime to k, with the following property:
given any cyclic field extension L/K with [L : K| = p and K equal to either Q or an
imaginary quadratic field, there exists a Minkowski unit ¢ € OF /ur, such that [OF /ur, :
Z[|Gal(L/K)] - €] divides 1.

Proof. Let G be the cyclic group of order p and let M = Z[G]/(Trg). Then M = Z[(,],
which is a maximal Z-order. By Corollary 4.2 there exists a positive integer ¢, which
can be chosen to be coprime to k, with the following property: given any M-lattice X
such that QX is free of rank 1 as a Q[G]/(Trg)-module, there exists a free M-sublattice
Y of X such that [X : Y] divides i. Note that if ¢ € X is a free M-generator of Y,
then Y = M - e = Z[G] - €. The desired result now follows from Lemma 8.2 since the
hypotheses ensure that either L is totally real or K is imaginary quadratic. 0O

The following result is not new, as it is the combination of [56] (see also [8, Corollary])
and an easy consequence of [22, Théorém]|; we include it for completeness.

Corollary 8.11. Let p be a prime such that 3 < p < 19. Then every cyclic field extension
L/K with [L : K] = p and K equal to either Q or an imaginary quadratic field has a
strong Minkowski unit.

Proof. In the proof of Theorem 8.10, adding the hypothesis that p < 19 implies that
M = Z[(p] has trivial class group and so satisfies the equivalent conditions of Lemma 2.2.
Hence we can take : = 1 by Remark 4.3, and this implies the desired result. O

Remark 8.12. It is interesting to compare Theorem 8.10 to (i) [8, Theorem| when K =
Q and (ii) [22, Théorém| when K is imaginary quadratic. Result (i) considers cyclic
extensions L/Q of odd prime degree p and gives sufficient conditions on ideals of Z[(,]
of norm equal to the class number hj, of Of, for both the existence and non-existence of
a strong Minkowski unit of L/Q. The proof uses the fact that Of /{£1} contains a free
Z[(p)-submodule of index hy, generated by a cyclotomic unit. Result (ii) is analogous and
uses elliptic units. By contrast, the proof and statement of Theorem 8.10 do not depend
on the particular extension L/K.
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9. Application: rational points on abelian varieties

In this section, we consider examples of applications of the algebraic machinery of
previous sections to the Galois module structure of rational points of abelian varieties.
By the Mordell-Weil theorem, for every abelian variety A over a number field K, the
group A(K)/A(K)iors is a free Z-module of finite rank. If L/K is a Galois extension of
number fields, then A(L)/A(L)tors is a Z[Gal(L/K)]-lattice, so is amenable to study via
our methods.

Theorem 9.1. Let G be a finite group and let k be a positive integer. Set s = 2 if G is
abelian and s = 3 otherwise. Then there exists a positive integer i, which can be chosen to
be coprime to k, with the following property: given any Galois extension of number fields
L/K with Gal(L/K) = G, and any abelian variety A/K such that Q ®z A(L) is cyclic
as a Q[G]-module, there exists € € A(L)/A(L)sors such that [A(L)/A(L)sors : Z[G) - €] is
finite and divides i - [M : Z]|G]]*, where M 1is any mazimal Z-order in Q[G] containing
Z[G].

Remark 9.2. An explicit formula for [M : Z[G]] is given in Corollary 5.6. In particular,
a weak but general bound is that [M : Z[G]]* divides |G|*I1/2].

Remark 9.3. Let G be a finite group. The isomorphism class of a finite-dimensional
Q[G)-module V is entirely determined by the values of dimg V# as H runs over a set
of representatives of the set of cyclic subgroups of G up to conjugacy (see [48, §13.1,
Corollary to Theorem 30']). In particular, V is free of rank 1 if and only if dimg V¥ =
[G : H] for all cyclic subgroups H of G up to conjugacy.

Proof of Theorem 9.1. By Theorem 5.3, there exists a positive integer ¢, which can be
chosen to be coprime to n, with the following property: given any Z[G]-lattice X such
that Q ®z X is free of rank 1 as a Q[G]-module, there exists a free Z[G]-sublattice YV
of X such that [X : Y] divides ¢ - [M : Z[G]]*. By Remark 4.6, i also has the property
that given any Z[G]-lattice X such that Q ®z X is cyclic as a Q[G]-module, there exists
a cyclic Z[G]-sublattice Y of X such that [X : Y] divides i - [M : Z[G]]*. In particular,
this holds for X = A(L)/A(L)tors after fixing an isomorphism G = Gal(L/K). O

Theorem 9.4. Let p be an odd prime and let k be a positive integer. Then there exists a
positive integer i, which can be chosen to be coprime to k, with the following property:
given any cyclic extension L/ K of number fields with [L : K| = p and any abelian variety
A/K such that rankz A(K) = 0 and rankz A(L) = p — 1, there exists € € A(L)/A(L)tors
such that [A(L)/A(L)sors : Z[Gal(L/K)] - €] is finite and divides i.

Proof. Let G be the cyclic group of order p and let M = Z[G]/(Trg). Then M = Z[(,],
which is a maximal Z-order. By Corollary 4.2 there exists a positive integer ¢, which can
be chosen to be coprime to n, with the following property: given any M-lattice X such
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that QX = Q[G]/(Tre) as Q[G]/(Trg)-modules, there exists a free M-sublattice Y of X
such that [X : Y] divides i. After fixing an isomorphism G = Gal(L/K), the desired result
now follows since the rank hypotheses ensure that Q ®z (A(L)/A(L)tors) = Q[G]/(Trg)
as Q[G]-modules (see Remark 9.3) and hence as Q[G]/(Trg)-modules. O

Remark 9.5. Note that for Q ®z (A(L)/A(L)tors) to be cyclic as a Q[G]/(Trg)-module,
it is necessary that rankz A(L) =0 or p — 1.

Corollary 9.6. Let p be a prime such that 3 < p < 19. Then given any cyclic extension of
number fields L/ K with [L : K| = p and any abelian variety A/ K such that rankz A(K) =
0 and rankz A(L) = p — 1, there exists € € A(L)/A(L)tors such that A(L)/A(L)tors =
Z[|Gal(L/K)] - e.

Proof. In the proof of Theorem 9.4, the additional hypothesis that p < 19 implies that
M = Z[(p] has trivial class group and so satisfies the equivalent conditions of Lemma 2.2.
Hence we can take ¢ = 1 by Remark 4.3, and this implies the desired result. O

Theorem 9.7. Let p be a prime, let F' be an imaginary quadratic field with discriminant
coprime to p, and let KC be a nonzero ideal of Op. Then there exists an ideal T of Op,
which can be chosen to be coprime to IC, with the following property: given any cyclic
extension of number fields L/K with [L : K| = p and such that K contains F, and
any elliptic curve E/K with complex multiplication by Op and with rankz F(K) = 0
and rankz E(L) = 2(p — 1), there exists ¢ € E(L)/E(L)tors such that [E(L)/E(L)ors :
Or|Gal(L/K)] - €lo, divides T.

Proof. Let G be the cyclic group of order p. The discriminant of Z[(,] is a power of p
and in particular is coprime to the discriminant of Or. Hence Q((,) and F' are linearly
disjoint over Q. Moreover, by [25, 11, §3, Proposition 17] we have Or|[(,] = Op(,). Thus
Or[G]/(Trg) = Op[(p) is a maximal Op-order. By Corollary 4.2 there exists a nonzero
ideal Z of O, which can be chosen to be coprime to I, with the following property: given
any Op[G]/(Trg)-lattice X such that F ®o, X = F[G]/(Tre) as F[G]/(Trg)-modules,
there exists a free Op[G]/(Trg)-sublattice Y of X such that [X : Y]p, divides Z.

Let E, L and K be as in the theorem and fix an isomorphism G = Gal(L/K).
By assumption, E has CM by Op defined over K. The commuting Galois action and
action by endomorphisms then give E(L)/E(L)tors the structure of an Op[G]-lattice.
Moreover, as rkz E(K) = 0, it is in fact a Op[G]/(Trg)-lattice and since rankz E(L) =
2(p — 1), we have that dimg F Qo (E(L)/E(L)tors) = 2(p — 1). Since F and Q((p)
are linearly disjoint, the unique F[G]/(Trg)-module with these properties is F[G]/(Trq)
itself. Therefore E(L)/E(L)tors is an example of an Op[G]/(Trq)-lattice such that FRe,
X 2 F[G]/(Trg). O

Remark 9.8. Since Q((,) and F are linearly disjoint over Q, the F[G]/(Trq)-module
F ®o, (E(L)/E(L)tors) is cyclic if and only if either rankz F(L) = 0 or 2(p — 1).
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Corollary 9.9. Let p be a prime, let F' be an imaginary quadratic field with discriminant
coprime to p such that Op(,) has trivial class group. Then for every cyclic extension of
number fields L/K such that K contains F and [L : K| = p, and for every elliptic curve
E/K with complex multiplication by O and with rankz E(K) = 0 and rankz E(L) =
2(p — 1), we have that E(L)/E(L)tors s free as an Op|G]/(Trg)-module.

Proof. In the proof of Theorem 9.7, the additional hypothesis that Op(c,) has trivial class
group ensures that Or/(Trg) = Op(,) satisfies the equivalent conditions of Lemma 2.2.
Hence we can take Z = O by Remark 4.3, and this implies the desired result. O
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