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Abstract

When using derivative instruments such as futures in order to hedge a portfolio of risky
assets, the primary objective is to estimate the optimal hedge ratio (OHR). When agents have
mean-variance utility and the futures price follows a martingale, the OHR is equivalent to the
minimum variance hedge ratio, which can be estimated by regressing the spot market return
on the futures market return using ordinary least squares. In order to accommodate time-
varying volatility in asset returns, estimators based on rolling windows, GARCH or EWMA
models are commonly employed. However, all of these approaches are based on the sample
variance and covariance estimators of returns, which while consistent irrespective of the
underlying distribution of the data, are not in general efficient. In particular, when the
distribution of the data is leptokurtic, as is commonly found for short horizon asset returns,
these estimators will attach too much weight to extreme observations. This paper proposes an
alternative to the standard approach to the estimation of the OHR that is robust to the
leptokurtosis of returns. We use the robust OHR to construct a dynamic hedging strategy for
daily returns on the FTSE100 index using index futures. We estimate the robust OHR using
both the rolling window approach and the EWMA approach, and compare our results to those
based on the standard rolling window and EWMA estimators. It is shown that the robust
OHR yields a hedged portfolio variance that is marginally lower than that based on the
standard estimator. Moreover, the variance of the robust OHR is as much as 70% lower than
the variance of the standard OHR, substantially reducing the transaction costs that are
associated with dynamic hedging strategies.
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1. Introduction

The rapid expansion of derivatives markets over the last twenty five years has led to a

corresponding increase in interest in the theory and practice of hedging. When using

derivative instruments such as futures in order to hedge a portfolio of risky assets, the

primary objective is to estimate the size of the short position that must be held in the futures

market, as a proportion of the long position held in the spot market, that maximises the

agent s expected utility, defined over the risk and expected return of the hedged portfolio.

This is the problem of estimating the optimal hedge ratio (OHR).

In the mean-variance framework, risk is measured by the standard deviation of the hedged

portfolio. Varying the hedge ratio traces out a feasible set for the hedged portfolio in

expected return—standard deviation space. The OHR is the hedge ratio that equates the

agent s marginal rate of substitution between the expected return and the standard deviation

of the hedged portfolio with the slope of this feasible set (see Cecchetti, Cumby and

Figlewski, 1988). If the futures price follows a martingale, the expected futures return is zero

and so the OHR is simply that which minimises the variance of the hedged portfolio.1 The

minimum variance hedge ratio can be estimated by regressing the spot market return on the

futures market return using ordinary least squares.2 Almost all applications of optimal

hedging use the criterion of minimum variance in order to estimate the OHR.

A shortcoming of the conventional OLS approach is that it ignores the fact that the

conditional distribution of most financial asset returns tends to vary over time. When the

                                                                        
1 The empirical evidence on whether futures prices follow a martingale process is mixed. For
some futures series, the martingale hypothesis cannot be rejected. However, for others, there
is evidence of mean reversion. See, for instance, Cargill and Rausser (1975), Taylor (1985),
Doukas and Raman (1987) and Goldenberg (1988).
2 Early studies (such as Ederington, 1979) use price levels in the OLS regression instead of
price changes, but if the spot and futures prices are non-stationary and not cointegrated then
the estimated OHR will be spurious. Other studies use the change in the price level instead of
the return, but this is likely to induce heteroscedasticity in the error term of the OLS
regression. See Myers and Thompson (1989) for a discussion of the merits of these different
specifications.
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conditional distribution of spot and futures returns is predictable, a more efficient estimate of

the OHR can be obtained by conditioning on recent information. The most commonly

adopted solution is to use a rolling window estimator of the variance-covariance matrix, in

which the variance and covariance of spot and futures returns are estimated using an equally

weighted moving average of past squared returns and their cross-products. However, rolling

window estimators adopt an all-or-nothing approach in which observations have equal weight

in the variance-covariance matrix estimator until they reach some arbitrarily defined age,

after which they have zero weight. More recently, dynamic hedging strategies based on the

GARCH class of models (Engle, 1982; Bollerslev, 1986, Bollerslev, Engle and Wooldridge,

1988; Bollerslev, 1990) have been proposed. A special case of the GARCH model is the

exponentially weighted moving average (EWMA) estimator, which has been widely used for

estimating conditional variance-covariance matrices for the purpose of calculating Value at

Risk. The EWMA estimator imposes the restriction that the variance-covariance matrix is

integrated, and is therefore equivalent to an integrated GARCH or IGARCH model. Both

GARCH and EWMA models have been widely used for estimation of the optimal hedge

ratio.

All of the approaches to estimating the OHR described above are based on the sample

variance and covariance estimators of returns. These are consistent estimators of the

population variance and covariance, irrespective of the underlying distribution of the data,

but they are not in general efficient. In particular, when the distribution of the data is fat-

tailed, the sample variance and covariance — and hence also the rolling window, GARCH and

EWMA estimators that are based on these — will attach too much weight to extreme

observations (see Nelson and Foster, 1996). There is now considerable evidence that short

horizon financial asset returns are not normally distributed, even conditionally (see, for

instance, Baillie and DeGennaro, 1990; Bollerslev, Chou and Kroner, 1992). As a result,

hedging strategies based on the standard estimators of the OHR will yield hedged portfolios

that will not generally have minimum variance because the estimated OHR will itself be

excessively volatile. Moreover, the excessive volatility of the estimated OHR will increase
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the transaction costs that are incurred when rebalancing the hedged portfolio in response to

changes in the OHR, and which serve to reduce the hedged portfolio s expected return.

This paper proposes an alternative approach to the estimation of the OHR that is robust to the

leptokurtosis of the distribution of returns. The robust OHR uses the robust conditional

variance estimator of Guermat and Harris (2002), which is based on the maximum likelihood

estimator of the variance of the power exponential (PE) distribution. The PE distribution

nests the normal distribution as a special case, but also nests other distributions that are fat-

tailed. Estimators of the OHR based on these leptokurtic distributions can be expected to be

less sensitive to the extreme observations that are commonly found in short horizon asset

returns. In order to compute a robust estimate of the conditional covariance between spot and

futures returns — which is required for the computation of the OHR — we employ an identity

that relates the covariance between two random variables to the variance of their sum and the

variance of their difference. Like the standard EWMA estimator, the estimator that we

propose can be easily implemented in a spreadsheet package such as ExcelTM.

We use the robust OHR to construct a dynamic hedging strategy for daily returns on the

FTSE100 index, using index futures contracts. We estimate the robust conditional OHR using

both the rolling window approach and the EWMA approach, and compare our results to those

based on the standard rolling window and EWMA estimators. It is shown that the robust

estimator yields a hedged portfolio variance that is marginally lower than that based on the

standard estimator. Moreover, the variance of the robust OHR is as much as 70% lower than

the variance of the standard OHR, substantially reducing the transaction costs that are

associated with dynamic hedging strategies.

The rest of the paper is organised as follows. The following section reviews the theoretical

framework for estimating the OHR. Section 3 introduces the robust estimator of the OHR.

Section 4 describes the data that we use in the empirical evaluation and outlines the empirical

methodology. Section 5 presents the empirical results. Section 6 concludes.



5

2. Estimation of the Optimal Hedge Ratio

Hedging using futures involves taking a position in the futures market that is opposite to the

position held in the spot market. For a long position in the spot market, the return of a hedged

portfolio is given by

x s hft t t= − (1)

where ts  is the return in the spot market at time t, tf  is the return in the futures market at

time t and h is the hedge ratio. The optimal hedge ratio (OHR) is the value of h that

maximises the investor s expected utility, defined over the expected return and risk of the

hedged portfolio. In the mean-variance framework, risk is defined by the variance of the

return of the hedged portfolio, which is given by

var( ) var( )x s hft t t= − (2)

When the futures price follows a martingale, the expected futures return is zero and so the

futures position will not affect the expected return of the portfolio. Then, the OHR is simply

the value of h that minimises (2), which is given by

∂
∂

= − =var( )x

h
ht

f sf2 2 02σ σ (3)

where 
2
fσ  is the variance of the futures return and sfσ  is the covariance between the spot

return and the futures return. This is solved to yield the conventional OHR,

h sf

f
=

σ
σ 2 (4)
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The OHR given by (4) can be estimated by regressing the spot return on the futures return

using OLS. However, a well-established feature of many asset returns, including both

financial assets and physical commodities, is that their conditional distribution is time-

varying. In particular, short horizon asset returns tend to display significant volatility

clustering. When the conditional distribution of spot and futures returns is predictable, a more

efficient estimate of the OHR can be obtained by conditioning on recent information. Kroner

and Sultan (1993) show that when the variance-covariance matrix of spot and futures returns

is time-varying, the OHR is equal to

ht
sf t

f t
=

σ
σ

,

,
2 (5)

where tsf ,σ  is the covariance of spot and futures returns at time t and 
2

,tfσ  is the variance of

futures returns at time t, conditioning on the time t—1  information set.  To allow for this time-

variation in the variance-covariance matrix of returns, a number of approaches have been

adopted. The simplest, and most commonly used in practice, is a rolling window approach, in

which the variance and covariance of spot and futures returns are estimated using an equally

weighted moving average of past squared returns and their cross-products.3

σ s t t i
i

m

m
s,

2 2

1

1= −
=
∑ (6)

σ f t t i
i

m

m
f,

2 2

1

1= −
=
∑ (7)

σ sf t t i t i
i

m

m
s f, = − −

=
∑1

1

(8)

                                                                        
3 We assume that the mean return is zero, which is a common assumption when dealing with
daily returns, as we do in the empirical evaluation below.
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where m is the window length typically set to a value between six months and five years.

While the rolling window approach allows the OHR to respond to changes in the variance-

covariance matrix of returns, they adopt an all-or-nothing approach in which observations

have equal weight in the variance-covariance matrix estimator until they reach some

arbitrarily defined age (the value of m), after which they have zero weight. This leads to

ghost  features in the estimated variance-covariance matrix (see Alexander and Leigh,

1997).

More recently, dynamic hedging strategies based on the GARCH class of models (Engle,

1982; Bollerslev, 1986; Bollerslev, Engle and Wooldridge, 1988; Bollerslev, 1990) have been

proposed. These models typically employ a multivariate GARCH model to capture the

dynamic evolution of the variance-covariance matrix and construct an estimate of the OHR

using the conditional covariance of spot and futures returns and the conditional variance of

futures returns. There are a number of different specifications of the multivariate GARCH

model, each of which imposes different parameter restrictions to make estimation of the

model feasible. With an assumption about the conditional distribution of returns, the

parameters of the multivariate GARCH model can be estimated using non-linear maximum

likelihood. A problem with multivariate GARCH models, however, is that the likelihood

function is not globally concave, and so its maximisation is often extremely problematic,

relying crucially on arbitrarily chosen starting values of the parameters. Nevertheless,

dynamic hedging strategies based on the multivariate GARCH model have been employed

using foreign currency futures (Kroner and Sultan, 1993; Lin, Najand and Yung, 1994;

Brooks and Chong, 2001), commodity futures (Baillie and Myers, 1991), interest rate futures

(Gagnon and Lypny, 1995) and stock index futures (Park and Switzer, 1995; Tong, 1996).

A related approach to estimating the conditional variance-covariance matrix of returns is the

exponentially weighted moving average, or EWMA, estimator, given by

σ λ σ λs t s t ts, , ( )2
1 1

2
1 1

21= + −− − (9)



8

σ λ σ λf t f t tf, , ( )2
2 1

2
2 1

21= + −− − (10)

σ λ σ λsf t sf t t ts f, , ( )= + −− − −3 1 3 1 11 (11)

where 1λ , 2λ  and 3λ  are the decay factors for the spot and futures variances, and their

covariance, respectively. The EWMA estimator is a special case of the multivariate diagonal

VECH GARCH(1,1) model of Bollerslev, Engle and Wooldridge (1988). In particular, it

imposes the restriction that the variance-covariance matrix is integrated, and consequently the

EWMA model is also known as an integrated GARCH, or IGARCH, model. The EWMA

model is widely used for estimating conditional variance-covariance matrices for the purpose

of calculating Value at Risk following the introduction of Riskmetrics (see J.P. Morgan,

1996).

The EWMA model is characterised by the fact that shocks to the conditional variance-

covariance matrix are permanent. Consequently, long run forecasts based on the EWMA

model of the variance-covariance matrix do not converge to the unconditional variance-

covariance matrix. While this means that the EWMA model clearly doesn t capture the true

long run dynamics of most asset returns, it is often found to generate short run forecasts of

the variance-covariance matrix that are as good as those of more sophisticated volatility

models (see, for instance, Alexander and Leigh, 1997; Boudoukh, Richardson and Whitelaw,

1997). Combined with its ease of implementation — it can be straightforwardly implemented

using ExcelTM — this has made it extremely popular among practitioners. In the context of

hedging, Brooks and Chong (2001) show that estimates of the OHR computed using EWMA

estimates of the variance-covariance matrix of returns are superior to those generated by the

GARCH model, using several different multivariate GARCH specifications.

3. Robust Estimation of the Optimal Hedge Ratio

All of the approaches to estimating the OHR described above are based on the sample

variance and covariance estimators of returns. These are consistent estimators of the
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population variance and covariance, irrespective of the underlying distribution of the data,

but they are not in general efficient, except when the underlying distribution is normal (see

Spanos, 1999; Bondesson, 1975). In particular, when the distribution of the data is fat-tailed,

the sample variance and covariance — and hence also the GARCH and EWMA estimators that

are based on these — will attach too much weight to extreme observations. There is now

considerable evidence that short horizon financial asset returns are not normally distributed,

even conditionally (see, for instance, Baillie and DeGennaro, 1990; Bollerslev, Chou and

Kroner, 1992). As a result, hedging strategies based on the standard estimators of the OHR

will yield hedged portfolios that will not generally have minimum variance because the

estimated OHR will itself be excessively volatile. Moreover, the excessive volatility of the

estimated OHR will increase the transaction costs that are incurred in rebalancing the hedged

portfolio in response to changes in the OHR

This paper proposes an alternative approach to the estimation of the OHR that is robust to the

leptokurtosis of the distribution of returns. The robust OHR uses the conditional variance

estimator of Guermat and Harris (2002), which is based on the maximum likelihood

estimator of the variance of the power exponential (PE) distribution, whose density is given

by

f z k
k

k

ek

z k

( , , )

( / )

σ

θ σ

θσ= +

−

2 1

1

2

1

2

Γ

(12)

where

θ =












−2 1
3

2 1 2/ /
( / )

( / )

k k

k

Γ
Γ

(13)

(.)Γ  is the gamma function and k is a parameter that controls the kurtosis of the distribution.

The PE distribution nests the normal distribution as a special case (when k = 2), but also nests

other distributions that are fat-tailed. For instance, when 
k

 = 1, the PE distribution reduces to

the Laplace distribution, which is commonly used in the context of robust estimation. The
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maximum likelihood estimator of the unconditional variance of members of the PE

distribution, defined by different values of k, is given by

ˆ ( )σ k
t

k

t

T
g k

T
z=

=
∑1

1

(14)

where

g k k
k

k

k

( )
( / )
( / )

/

= 





Γ
Γ

3
1

2

(15)

The power EWMA estimator of the variance derived by Guermat and Harris (2002) is given

by

σ λσ λt
k

t
k

t
kg k z= + −− −1 11( ) ( ) (16)

When k = 2, the maximum likelihood estimator of the variance of the PE distribution given

by (12) reduces to the sample variance, and the power EWMA estimator given by (16)

coincides with the standard EWMA variance estimator given by (9) or (10). However, when

k < 2, these estimators will be less sensitive to extreme observations than the standard

estimators and so could be expected to provide more efficient estimates of the variance when

the distribution of returns is leptokurtic.

Computation of the robust OHR requires a robust estimate of the covariance of spot and

futures returns as well as their variance. However, derivation of a covariance estimator based

on the PE distribution is not straightforward, since a multivariate distribution that is

consistent with the marginal PE distribution is not well defined (see Kano, 1994). In order to

derive a robust covariance estimator, we instead use a simple identity that relates the

covariance between any two square-integrable random variables to the variance of their sum

and the variance of their difference. This approach is commonly used in the robust estimation
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literature when there exists a robust variance estimator, but no corresponding robust

covariance estimator (see Huber, 1982). For the covariance between spot and futures returns,

we have

cov( , ) var( ) var( )s f s f s ft t t t t t= + − −{ }1
4

(17)

By using the robust estimator to estimate the variance of the sum and difference of spot and

futures returns, we can therefore indirectly obtain a robust estimator of the covariance of spot

and futures returns. Combined with the robust estimate of the variance of futures returns, we

can then compute the robust OHR using the formula given by (5). When k = 2, it is

straightforward to show that the robust OHR will reduce to the standard OHR, for both the

rolling window and EWMA estimators. However, when k < 2, the robust OHR will be less

sensitive to extreme return observations. Like the standard OHR estimator, the robust OHR

estimator can be easily implemented in a spreadsheet package such as ExcelTM.

4. Empirical Evaluation

In order to illustrate the procedure outlined in the preceding section, we construct a dynamic

hedging strategy for returns on the FTSE100 index, using both the rolling window and

EWMA estimators to compute the OHR. We obtained daily closing prices for the FTSE100

index from Datastream and for the FTSE100 index futures contracts from LIFFE, for the

period 04.05.84 to 03.05.02. At any one time, there are four futures contracts outstanding. On

each day, we use the nearest contract to delivery, but rollover to the next nearest contract on

the first day of the delivery month in order to avoid thin trading and expiration effects.

Continuously compounded spot and futures returns were computed using the following

formulae

s
S S

St
t t

t
= + −








−

−
ln 1 1

1
(18)
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f
F F

St
t t

t
= + −








−

−
ln 1 1

1
(19)

where St and Ft are the spot and futures prices, respectively, at time t. The formula for the

futures return reflects the fact that the return is defined relative to the actual investment in the

spot market, not the nominal investment in the futures market (see Solnik, 2000). In order to

initialise the EWMA and rolling window estimators, we discard the first 500 observations,

and so the full evaluation sample is 29.04.86 to 03.05.02, a total of 4542 observations. As

well as the full sample, we consider three equal length sub-samples, 29.04.86 to 23.08.91,

24.08.91 to 18.12.96 and 19.12.96 to 03.05.02, which captures periods of very different

market conditions. Table 1, below gives summary statistics for the full sample and each of

the three sub-samples.

[Table 1]

For the full sample, and for all three sub-samples, the mean return for both spot and futures is

close to zero, as assumed in the empirical methodology. The volatility of futures returns is

marginally higher than the volatility of spot returns for the full sample. Spot return volatility

is highest for the third sub-sample, while futures return volatility is highest for the first sub-

sample. For both spot and futures returns, volatility is lowest in the second sub-sample. The

skewness and excess kurtosis coefficients indicate that both spot and futures returns are

highly non-normal, but there are considerable differences in the degree of non-normality in

different sub-samples. The first sub-sample captures the stock market crash of 1987 (the

minimum spot return of 13.0% and the minimum futures return of 17.9%), as well as several

other large one-day market movements, and this is reflected in the very high excess kurtosis

coefficient for this period. Nevertheless, all three sub-periods display very significant non-

normality, implying that the standard approach to calculation of the OHR will be inefficient.

To evaluate our estimator, we compute the OHR using both the unconditional estimator given

by (4) and the conditional estimator given by (5). For the unconditional OHR, we use the
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estimator of the unconditional variance of the PE distribution given by (14) evaluated using

the whole sample. For the conditional OHR, we employ two approaches. Firstly, we use a

rolling window estimator of the unconditional variance of the PE distribution, based on (14),

with window lengths of 125 days, 250 days and 500 days. Secondly, we use the power

EWMA variance estimator given by (16), with λ set to 0.94, 0.96 and 0.98. The value λ =

0.94 is used by Riskmetrics to estimate daily volatility for the purpose of calculating Value at

Risk. We apply the variance estimators to spot and futures returns, and to their sum and their

difference, and compute the covariance between spot and futures returns using the identity

given by (17).

In order to implement the variance and covariance estimators, we need to specify the power

parameter, k. To establish the sensitivity of our estimator to different values of this parameter,

and to compare the robust OHR estimators with the standard OHR estimators, we consider

values of k equal to 1.00, 1.25, 1.50, 1.75, 2.00. The value k = 2 corresponds to the standard

estimator. Each day, we use the conditional OHR in order to construct a hedged portfolio,

and compute its return using (1). We report the variance of the hedged portfolio return and

the variance of the OHR itself. For reference, we also report the variance of the unhedged

portfolio. All of the computations were undertaken using ExcelTM. In practice, one could

select the values of k and λ on the basis of out-of-sample calibration results similar to those

reported here. This is the approach taken by Riskmetrics in their calibration of λ in the

standard EWMA model, and is consistent with loss-function estimation of forecasting models

(see, for instance, Clements and Hendry, 1998). Alternatively, one could specify a

conditional distribution for spot and futures returns, and for their sum and their difference,

and to estimate the parameters k and λ for each series using maximum likelihood.4

                                                                        
4 For instance, maximum likelihood estimation for the full sample, specifying a conditional
power exponential distribution and using the BHHH algorithm with a convergence criterion
of 0.00001 applied to the function value, yields estimates of k and λ equal to 1.420 and 0.935
for spot returns, 1.295 and 0.945 for futures returns, 1.408 and 0.937 for the sum of spot and
futures returns, and 1.026 and 0.951 for the difference between spot and futures returns.
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5. Empirical Results

We first report results for each of the hedging strategies using the standard unconditional and

conditional estimators of the variance-covariance matrix of returns, i.e. with k set to 2. Panel

A of Table 2 reports the variance of the hedged portfolio using each of the strategies and the

variance of the unhedged portfolio. Panel B reports the percentage reduction in the variance

of the hedged portfolio over the unhedged portfolio. Using the standard estimators of the

variance-covariance matrix, all of the hedging strategies yield a substantial reduction in the

hedged portfolio variance. Note the while the unconditional OHR yields a reduction in the

hedged portfolio variance, it could not be exploited by investors in real time since it is based

on in-sample estimates of the variance-covariance matrix of returns. Of the conditional

models, the rolling window with 500 observations provides the biggest reduction in variance

for the full-sample, about 0.75% better than the best performing EWMA model. The rolling

window approach also gives a lower hedged portfolio variance for the first and second sub-

samples, but for the third sub-sample, the EWMA estimator with a decay factor of 0.98 yields

the best variance reduction. Panel C of Table 2 reports the variance of the estimated OHR. As

one would expect, the volatility of the OHR is higher for the EWMA estimator than for the

rolling window estimator, and decreases with the EWMA decay factor and with the rolling

window length.

[Table 2]

We now report results for each of the hedging strategies using the robust estimators of the

variance-covariance matrix, using k = {1.00, 1.25, 1.50, 1.75}. Table 3 reports the percentage

reduction in the hedged portfolio variance for each of these estimators over the corresponding

standard hedged portfolio variance, reported in Panel A of Table 2. For both the rolling

window estimators and the EWMA estimators, the robust approach generates a reduction in

the hedged portfolio variance in the full sample across almost all the models and for all

values of k, except for k = 1.75, where there is a small increase for the EWMA model when
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the decay factor is 0.94. In general, the reductions are largest for k = 1.00 or k = 1.25. The

largest reduction is for the EWMA model with a decay factor of 0.98, yielding a reduction of

4.4%. The robust estimator also generates reductions in the hedged portfolio variance across

all models for the first and second sub-samples. For the third sub-sample, hedged portfolio

variance is largely unchanged by the use of the robust estimator, with generally small but

insignificant increases. The largest reduction occurs in the first sub-sample, reflecting the fact

that this is the most leptokurtic period, including as it does the stock market crash of October

1987. The largest reduction in the first sub-period is 6.8% for the EWMA model with a decay

factor of 0.98, for k = 1.00. For the unconditional model, the use of the robust estimator has

virtually no impact on the variance of the hedged portfolio, with, in most cases, small but

insignificant increases in the variance. This is to be expected since the unconditional OHR is

estimated using the full sample, where the reduced efficiency of the standard estimator is less

likely to be a problem owing to the large sample size. Overall, therefore, it seems that use of

the robust estimator generates modest reductions in the variance of the hedged portfolio for

all of the hedging strategies considered, particularly during periods of high kurtosis such as

those that include stock market crashes.

[Table 3]

Table 4 reports the percentage reduction in the estimated OHR itself for the robust estimators,

compared to the standard case reported in Panel C of Table 2. For the full sample, and for all

three sub-samples, there are very substantial reductions in the volatility of the estimated

hedge ratio in virtually all cases. The reductions are particularly large for the rolling window

estimator, but are also significant for the EWMA estimator, particularly for k = 1.25 or k =

1.50. The largest reduction is for the rolling window model with 500 observations, where the

variance of the OHR is reduced by 71% for the second sub-sample, when k = 1.00. Even for k

= 1.75, the volatility of the hedge ratio is very substantially reduced using all of the

estimators. It seems, therefore, that while the reduction in the hedge portfolio variance from

using the robust estimator is relatively modest, the reduction in the volatility of the estimated

hedge ratio is substantial. Since transaction costs are typically quoted as a percentage of the
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value traded in the spot and futures markets, the use of the robust estimator should

substantially reduce the costs of rebalancing that are associated with changes in the OHR.

[Table 4]

6. Conclusion

Dynamic hedging strategies involve estimating the OHR for a portfolio allowing for time-

variation in the variance-covariance matrix of spot and futures returns. However, all of the

standard approaches to estimating the OHR are based on the sample variance and covariance

estimators of returns. These are consistent estimators of the population variance and

covariance, irrespective of the underlying distribution of the data, but they are not in general

efficient. As a result, hedging strategies based on the standard estimators of the OHR will

yield hedged portfolios that will not generally have minimum variance because the estimated

OHR itself will be excessively volatile. Moreover, the excessive volatility of the estimated

OHR will increase the transaction costs that are incurred when rebalancing the hedged

portfolio in response to changes in the OHR.

This paper proposes an alternative approach to the estimation of the OHR that is robust to the

leptokurtosis of the distribution of returns. We use the robust OHR estimation procedure to

construct a dynamic hedging strategy for daily returns on the FTSE100 index, using index

futures contracts. We estimate robust conditional OHR s using both the rolling window

approach and the EWMA approach, and compare our results to those based on the standard

rolling window and EWMA estimators. It is shown that the robust estimator yields a hedged

portfolio variance that is marginally lower than that based on the standard estimator.

Moreover, the variance of the robust OHR is as much as 70% lower than the variance of the

standard OHR, substantially reducing the transaction costs that are associated with dynamic

hedging strategies. In the mean-variance framework, therefore, the robust OHR can be

expected to enhance investor utility relative to the standard OHR both by reducing the risk of

the hedged portfolio and by increasing its expected return
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Table 1 Summary Statistics

Spot Returns Futures Returns
Full Sample Period 1 Period 2 Period 3 Full Sample Period 1 Period 2 Period 3

Mean 0.00034 0.00036 0.00031 0.00019 0.00033 0.00035 0.00030 0.00019
Stand Dev 0.01001 0.01060 0.00755 0.01184 0.01143 0.01307 0.00893 0.01270
Minimum -0.13029 -0.13029 -0.04140 -0.06401 -0.17883 -0.17883 -0.04615 -0.07055
Maximum 0.07597 0.07597 0.05440 0.04345 0.07997 0.07997 0.05042 0.04644
Skewness -0.70587 -1.81187 0.32883 -0.20241 -1.10043 -2.36129 0.15974 -0.15471

Ex. Kurtosis 9.50900 21.91022 3.54270 1.18687 16.61940 30.69602 1.67282 1.26851
Bera-Jarque 16577.83 26536.48 778.23 33.65 51438.68 52353.43 192.92 55.62
Sample Size 4542 1347 1347 1348 4542 1347 1347 1348

Notes: The table reports summary statistics for the FTSE 100 index spot and futures returns series.
The Bera-Jarque statistic is computed as )24/6/( 2

21 bbT + , where 1b  and 2b  are estimated
coefficients of skewness and excess kurtosis, respectively, and T is the sample size, and has a chi-
squared distribution with two degree of freedom under the null hypothesis.



21

Table 2 Standard Optimal Hedge Ratio (k = 2.00)

Panel A: Hedged Portfolio Variance

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample 1.0307 0.1475 0.1489 0.1466 0.1457 0.1679 0.1602 0.1534

Period 1 1.1221 0.2586 0.2969 0.2889 0.2844 0.3511 0.3294 0.3103
Period 2 0.5703 0.0522 0.0530 0.0527 0.0528 0.0541 0.0538 0.0533
Period 3 1.4009 0.1033 0.0971 0.0986 0.1004 0.0988 0.0978 0.0971

Panel B: Percentage Reduction in Hedged Portfolio Variance

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
-85.69 -85.56 -85.77 -85.86 -83.71 -84.46 -85.11

Period 1 - -76.96 -73.54 -74.25 -74.66 -68.71 -70.64 -72.35
Period 2 - -90.85 -90.70 -90.76 -90.74 -90.51 -90.56 -90.65
Period 3 - -92.62 -93.07 -92.96 -92.83 -92.95 -93.02 -93.07

Panel C: Estimated OHR Variance

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

- -
0.0069 0.0060 0.0048 0.0100 0.0086 0.0072

Period 1 - - 0.0034 0.0023 0.0035 0.0086 0.0061 0.0029
Period 2 - - 0.0009 0.0004 0.0005 0.0033 0.0023 0.0012
Period 3 - - 0.0053 0.0045 0.0026 0.0074 0.0065 0.0056

Notes: Panel A reports the variance (times 10,000) of the hedged portfolio returns, tttt fhsx −= , for

the full sample and for each of the three sub-samples using (a) the unconditional OHR computed
using the full-sample, (b) the conditional OHR computed using rolling window estimators of the
variance-covariance matrix with window lengths of 125, 250 and 500 days, and (c) the conditional
OHR computed using EWMA estimators of the variance-covariance matrix with decay factors of
0.94, 0.96 and 0.98. In all cases, the variance-covariance matrix is estimated using k = 2.00. Panel B
reports the percentage variance reduction of portfolio returns over the unhedged portfolio variance.
Panel C reports the variance of the estimated OHR for each model.
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Table 3 Percentage Reduction in Variance of Hedged Portfolio Over Standard Estimator

k = 1.00

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
0.83 -3.79 -2.81 -1.06 -3.28 -3.80 -4.40

Period 1 - 2.71 -6.23 -4.59 -1.49 -5.25 -5.91 -6.82
Period 2 - 0.01 0.02 -0.25 -0.58 -0.07 -0.37 -0.39
Period 3 - 0.10 1.54 1.00 -0.09 1.97 1.42 1.11

k = 1.25

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
0.56 -3.50 -2.94 -1.65 -1.28 -1.99 -3.18

Period 1 - 1.67 -5.56 -4.62 -2.43 -2.11 -3.07 -4.85
Period 2 - 0.03 -0.06 -0.23 -0.39 -0.28 -0.43 -0.38
Period 3 - 0.05 0.94 0.54 -0.11 1.09 0.79 0.62

k = 1.50

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
0.33 -2.64 -2.49 -1.73 -0.10 -0.67 -1.83

Period 1 - 0.85 -4.12 -3.85 -2.57 -0.26 -1.04 -2.75
Period 2 - 0.02 -0.14 -0.20 -0.25 -0.33 -0.40 -0.35
Period 3 - 0.02 0.51 0.24 -0.11 0.57 0.40 0.31

k = 1.75

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
0.11 -1.38 -1.46 -1.20 0.23 -0.05 -0.71

Period 1 - 0.25 -2.13 -2.23 -1.79 0.30 -0.08 -1.05
Period 2 - 0.00 -0.14 -0.14 -0.13 -0.24 -0.27 -0.24
Period 3 - 0.01 0.21 0.07 -0.08 0.22 0.16 0.12

Notes:  The table reports the percentage reduction of the variance of hedged portfolio returns for k =
1.00, 1.25, 1.50 and 1.75, over the standard OHR estimator (k = 2.00). Reductions in the variance are
reported in bold.
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Table 4 Percentage Reduction in Variance of OHR Over Standard Estimator

k = 1.00

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
- -23.29 -30.74 -38.00 -6.59 -12.13 -20.48

Period 1 - - -14.58 -17.76 -27.25 -3.81 -7.21 1.59
Period 2 - - 11.73 -18.66 -71.10 6.19 6.98 10.22
Period 3 - - -14.25 -23.01 -23.41 15.31 6.08 -8.52

k = 1.25

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
- -20.01 -25.85 -32.96 -8.51 -12.15 -18.01

Period 1 - - -18.04 -22.03 -27.70 -8.58 -11.02 -5.09
Period 2 - - -0.20 -23.86 -60.76 -3.58 -3.44 -1.48
Period 3 - - -11.36 -17.42 -18.87 8.19 2.14 -7.53

k = 1.50

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
- -14.93 -19.29 -25.53 -7.37 -9.67 -13.65

Period 1 - - -16.27 -20.68 -23.49 -8.34 -10.02 -6.41
Period 2 - - -6.23 -23.72 -45.87 -6.18 -6.76 -6.64
Period 3 - - -7.61 -11.39 -13.08 4.09 0.49 -5.30

k = 1.75

Unhedged
Uncond.
Hedge

Rolling
Window
125 Days

Rolling
Window
250 days

Rolling
window
500 days

EWMA
0.94

EWMA
0.96

EWMA
0.98

Full
sample

-
- -8.24 -10.77 -14.89 -4.37 -5.52 -7.67

Period 1 - - -10.15 -13.57 -14.57 -5.18 -6.09 -4.36
Period 2 - - -6.86 -17.17 -26.20 -4.60 -5.40 -6.42
Period 3 - - -3.72 -5.48 -6.68 1.55 -0.06 -2.66

Notes:  The table reports the percentage reduction of the variance of the estimated OHR for k = 1.00,
1.25, 1.50 and 1.75, over the standard OHR estimator (k = 2.00). Reductions in the variance are
reported in bold.


