© 00 J O O = W N

IR R R R R R S B W W W W W W W W W W RN N K NN NN NN e e b
0 9O AW R, OB ISR RXBRNRE,SE OO0 EWN —~ QO ©0o oUW~ O

“dr021” — 2011/7/22 — 19:52 — page 1 — #1

Copy Edited by: P.A.

J. London Math. Soc. Page 1 of 19 © 2011 London Mathematical Society
doi:10.1112/jlms/jdr021

On the syntomic regulator for products of elliptic curves

Andreas | IS

ABSTRACT

We consider the syntomic regulator on the integral motivic cohomology of a smooth proper
surface over a p-adic field and apply a recent formula of Besser that uses p-adic integration theory,
in particular his theory of triple indices on Coleman integrals, to the case of a self-product of an
elliptic curve. The method is suitable to separate decomposable from indecomposable elements
in the (integral) motivic cohomology. As an interesting example, we construct an element that,
though not given in decomposable form, becomes decomposable after taking p-adic completion.

Introduction

The purpose of this paper is to apply a new method of Besser how to compute the syntomic
regulator of the (integral) motivic cohomology of a smooth proper surface X over a p-adic field
L with good reduction to the case of a product of elliptic curves.

Let V = H%(X,Q,(2)) be the second étale cohomology considered as a G = Gal(L/L)-
representation. We know that V' is a crystalline representation. Let H } (L, V) be the Bloch-Kato
group in HY(L,V) = Exté;L (L, V) classifying extensions

0—V —W-—L-—70

of Gp-representations that are crystalline.

For a regular scheme  Z, we denote by H'(Z,Ks) the Zariski cohomology of the algebraic
K-sheaf Ko and let HY(Z,K5) := lim HY(Z,K3)/p™ be its p-adic completion. If X is a proper
smooth model over the ring of integers O, in L, then the syntomic regulator 74y, is a map from
H,,.(X,KC2) to the syntomic cohomology HZ,, (X, Sg,(2)) which is isomorphic to H}(L, V) by
the p-adic points conjecture (compare [16]). Note that if X is a surface, an element in H*(X, Ks)
is represented by a finite formal sum 6 = >",(Z;, f;), where Z; are curves on X and the f; are
rational functions on the Z;’s satisfying the condition

>_div(fi) =0

on X. For a scheme X which is smooth over Op, one has a similar description for H(X, Ks)
with Z; being irreducible subschemes of codimension 1 on X.

Besser’s technique reduces the computation of rgy, (2) to p-adic integration theory on curves,
in particular his theory of triple indices for Coleman integrals plays a crucial role. It is relatively
easy to see that rgy, induces an injection

T'syn - Hl’ r(Xa’CQ) ® QP — H3 (XvS@p(Q))

Z syn

(we recall the argument in paragraph 3) and one might expect that this regulator map is, at
least for a large class of varieties, an isomorphism. -
For example, if the geometric genus of X is zero, then HZ (X, Sg,(2)) = H}(L,NS(X) ®

Qp(1)) and if NS(X) = NS(X), the Néron-Severi group of X, one can show that the image of
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the decomposable part Pic(X) @ OF under 74y, generates H (L, NS(X) ® Q,(1)) (for a detailed
argument see paragraph 3). We conjecture that rgy, is an isomorphism if X = F x E is the
self-product of an elliptic curve. It follows from recent work of Saito and Sato that this would
imply the finiteness of the torsion subgroup in the Chow group of zero-cycles Cho(E x Eg,)
(compare [19]).

From now on let X = & x &, where £ is a smooth proper model over Z,, of an elliptic curve
FE defined over Q with complex multiplication by the ring of integers in an imaginary quadratic
field, with ordinary good reduction at p.

It then follows from diagram (3.6) below that the image of the decomposable part Pic(X) ®
Z in H'(X,K,) generates a 4-dimensional subspace in HS (X, Sg,(2)), the latter being a
5-dimensional Q,-vector space. Let {f,g} be a Steinberg symbol in Ky(k(E)) (where f,g
are rational functions on F supported at torsion points) that appears in the p-adic Deligne—
Beilinson formula of Coleman and de Shalit, and relates the Coleman—de Shalit regulator
(= p-adic integral) of {f,g} to the value of the p-adic L-function of E at s =0. If & C £ is
the complement of finitely many Z,-sections of £ including all points in supp((f)) U supp((g)),
then one can, via the diagonal embedding U — U x U, consider (U, f) as an element in H'!
(U X Z/l, ]CQ)

Throughout the paper, we shall consider two liftings of (U, f¢) for some C > 0.

(i) If U — U x & denotes the diagonal embedding, then we may consider z” = (U, f) as an
element in H'(U x &,K3).

(ii) We show that (U, f™) lifts globally to an element z € H'(E x £,K3). Here M is
chosen such that the torsion points occurring in supp(div(f)) have order dividing M. (See
Proposition 1.4 and Definition 1.8.)

Then we prove the following two results about these liftings.

(i) By applying a projection formula of Besser on finite polynomial cohomology, we relate
reyn(2") € HS (U x &, 50, (2)) to the Coleman-de Shalit regulator 7,,({f, g}), and hence to the
p-adic L-function L,(E,s) (see Proposition 2.33).

(ii) We show that ryy,(2) lies in the decomposable part of nyn(X ,80,(2)), that is, in
H}(Qp, NS(X) ® Qp(1)) (see Theorem 3.1).

In the language of Asakura—Sato [1] our element z turns out to be regulator-decomposable.
Obviously, z is not given in decomposable form (like elements in Pic(X) ® Zj), but it becomes
decomposable after p-adic completion. The proof is a nice application of Besser’s theory of
triple indices on Coleman integrals.

In his recent Durham PhD Thesis [22], Zigmond studied similar elements, which he calls
triangle configurations, with respect to the Deligne—Beilinson regulator. Take for some positive
integer M two M-torsion points P and @ on F and let h be a rational function on E such that
div(h) = M[P] — M|Q)]. Then the element

Tro=(Ex{PHL,hH+ (AR +({Q} x E,p 1)

is a triangle configuration. It is easy to see that Tpg € H'(E x Ep,Ks) for some extension
field F'. Zigmond shows that the image of triangle configurations under the Deligne-Beilinson
regulator in real Deligne cohomology (associated to the variety E x E over F)

rog : K\2(E x Ep) = HY(E x Ep,Ks) ® Q — H3(E x Eg,R(2))

is contained in the image of decomposables (that is, elements coming from Pic(E x Ep) @ F™*).
According to Beilinson’s Conjecture, the regulator map rpg, when restricted to the integral
. () o
motivic cohomology K;”(E x EF)z, is injective.
Zigmond’s main result [22, Theorem 4.7] shows that if « is a sum of triangle configurations
that already lies in K{Z) (E x Ep)z, then rpg(«) is contained in the image of decomposables
with coefficients in O%.
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As we are in the CM-case, let us assume that F' is chosen such that F' contains the CM-field,
E/F has good reduction everywhere and the M-torsion points P and @ are defined over F'.
Let £ be a smooth proper model of E over Op. Then

KP(E x Ep)y = Image(H (€ x £,K3) — HY(E x Ep,K»)) ® Q.

It is easy to prove that there always exists a decomposable element op o € Pic(E x Er) @ F*
(supported on Er x {P}, A and {Q} x EF) and an integer k such that kTp o — op ¢ is integral,
that is, in K\*(E x Ep)z.

Beilinson’s Conjectures in this case predict that all elements in K1(2)(E x Erp)z are
decomposable [22, Conjecture 2.4], hence the above element kTp g — op,g is expected to be
decomposable, which implies that T is decomposable in H'(E x Ep, K2) @ Q.

Our element 2z’ that we define in (1.8) can be seen to be a sum of triangle configurations.
Hence, Zigmond’s results and the Beilinson-Conjectures imply that 2z’ is decomposable and
hence also z, which is obtained as a push-forward from 2z’ under some norm map. It seems to
be out of reach to prove directly that z is decomposable. Our main result gives further evidence,
by using p-adic regulators instead of the Deligne—Beilinson regulator, for this expectation.

We hope that the same method will also lead to a proof that in another well-known family of
elements in H'(X, k), namely those defined by Mildenhall and Flach [17], which are integral
at p, we find a regulator indecomposable one, which would imply that rgy, is an isomorphism.

1. p-adic regulators on CM-elliptic curves

Let E be an elliptic curve defined over Q with complex multiplication by the ring of integers
Ok in an imaginary quadratic field K. For a good reduction prime p for E, Coleman and de
Shalit [13] constructed a p-adic regulator map as a homomorphism from K of the function
field of E to its tangent space,

rp.5 + Ka(Qy(E)) — Hom(H'(Eq,, 0p), @),

whose value at the Steinberg symbol {f, g} is the linear functional

rp,e({f,9})(w) = Lf) log(g) - w (1.1)

(we H°(E,Q})). Here log is a fixed branch of the p-adic logarithm and the integral is defined
via Coleman’s p-adic integration theory. Coleman defines a function Fiog(g).. : E(Q,) — Q,,
unique up to a constant such that if (f) = > n;(x;) is the divisor of f, then

J(f) log(g) - w = Zniﬂog(g)-w(xi)'

Here Fiog(g).. is a Coleman integral and primitive for the differential in the sense that
dFlog(g)~w = log(g) W

The main result of Coleman and de Shalit [13] is a p-adic analogue of the Deligne—Beilinson
conjecture, which relates the p-adic regulator to a value of the p-adic L-function of E as follows.

THEOREM 1.2. Let p be a good ordinary reduction prime for E (hence p splits in O). For
rational functions f,g € K(FE) with divisors D = div(f) and D’ = div(g) supported at torsion
points of E (subject to some mild restrictions), we have

rp,s({f,9}) (W) = cr.g - Qp - Lp(E,0),
where Q,, is a p-adic period extended by a Euler factor at p and cy 4 € Q.

Q6
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There exists a pair (f,g) for which ¢, € Q*. We fix such a pair throughout this paper.
Following Coleman and de Shalit, we may also assume that the divisor D looks as follows.
There is a non-trivial ideal a C Ok with (a,2pN) = 1, where N is the conductor of E, such that

D=(N(@)-1)(0) - > P (1.3)
PeE|a]

Here E[a] denotes the group of a-torsion points in £ and N(a) the norm of the ideal a in Z;
see [13, Paragraph 5; 18].

Let M = N(a). Then all points occurring in D are M-torsion points. Let U = E — supp(D).
Then (U, (f)) € H'(U x U, K3) where U is considered to be embedded diagonally, so A : U —
UxU.

Then we have the following proposition.

PROPOSITION 1.4. There exists a C € N such that
(U, (f9)) € Image(H' (E x E,Ks) — H (U x U, K>)).

Proof. Localization in algebraic K-theory yields an exact sequence
HYE x BE,K3) — HYU x U,Ks) -2 Cho(E x E\U x U), (1.5)

where E x F\U x U is a normal crossing divisor on E x F, whose irreducible components
consist of curves {z} x E, x € supp(D) or E x {z}, x € supp(D) intersecting transversally in

points (x,y), z,y € supp(D).

We write
M—1
D= div(f) = 3 ~lei + (M ~ 1[0,
S0 -
M—1
—D=div(f™) = > [w] = (M~ 1)[0].
i=1
Let F'/Q be such that all points z; are defined over F. Then
U, (f 1) = z_: [(zi, ;)] — (M —1)[(0,0)] € Cho(E x E\U x U). (1.6)

Now consider the points
[(x;, z;)] € Pic({z;} x E) = Pic(E).
We have
Mz =0, Mzy=0 onFE,
hence
M(x1] — M[zo]) = div(hy) for hy € F(E),
which implies that
M((x1,21)] — M[(21,22)] =0 in Cho(E x Ep\U x Up).
Next
—M|[(z2,22)] + M[(z1,22)] € Div(E x {x2}),

which is principal, and hence 0 in Pic(Ep x {x2}).
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Then
QM[(.Q?Q, 372)] — QM[(J,‘Q, .’IJ3)}
is 0 in Pic({z2} x EF), and hence 0 in Cho(E x Er \U x Up).
Next
—2M{(x3,w3)] + 2M (22, x3)]
is 0 in Cho(E x Er \U x Up). By induction one shows, for all j, that
IM((zj,25)] — M [(j,2541)] = 0
and
—JM[(@j11, 541)] + FM (25, 2j41)] = 0
in ChO(E X EF \U X UF)
By using (1.6) we get
AU, (f~M))) = M[(zy,21)] = M[(21,22)]
— M{(w2, x2)] + M[(21, )]
+ QM[(Z‘Q, .1‘2)] — 2M[(JJ2, .133)]
+...
MM = Dl(zar—1, 30 1)] — (M — )M [(zar_1,0)]
= M(M = 1)[(0,0)] + (M = 1) M[(zr-1,0)],
which is a sum of principal divisors in (E x E\U x U)p and hence 0 in Cho(E x Ep\U x Up).
Then O((U, (fM))) = 0 in Cho(E x Ep\U x Ur) as well, where we consider (U, (fM)) as an
element in H'(U x U, Ks). Hence, there exists 2/ € H'(E x Er, K3) with image (U, (f*)) in
Hl(U X UF,/CQ).

Now consider the following commutative diagram with respect to the push-forward 7, :

?/F —7/Q:

HYE x Ep,Ks) — HYU x Up,K2) -2 Cho(E x Er\U x U)
1 e | 1 (1.7)

HYE x E,Ky) — HYUxUKy) -%  Cho(Ex E\U x U).
We have 7.(U, (f™)) = (U, (f)) where C is a multiple of M. Then z := (') has image
(U, (f€)) in HY(U x U,K3). This completes the proof of Proposition 1.4. O

Since all a-torsion points occurring above extend uniquely to a-torsion points on a smooth
proper model £,7 of E and all principal divisors supported in a-torsion points extend to
principal divisors in €5 (resp. £ x &7, \U X Uz, ), the whole construction in Proposition 1.4
can be performed on the model £ x &, over Z, as well, so we may assume that

(uv (f)) € Hl(u X uvaKQ),
and that (U, (f¢)) lies in the image of
Hl(g X 5ZP7IC2) — Hl(u X UZP,’CQ).

Let L denote the completion of F' at a prime lying above p with ring of integers Q. While
in Proposition 1.4 we have shown the existence of an element mapping to (U, f*) under the
above restriction map, we now work with an explicit element 2’ € H'(Xp,,K>), which has
(A, fM) as a summand (where A : E — E x E is the diagonal), and whose construction is
already suggested by the proof of Proposition 1.4. It is given as follows.

Q7
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Let h; € L(E)* be rational functions such that div(h;) = M|[z;] — M[0]. Let

M—1
= Z((EL x {0}, hi) + ({wi} x Ep,hi)) + (A, fM). (1.8)
Then
div(h;|EL, x {0}) = M[z;,0] — M]0,0]
and

As divfM|y = M(M —1)[0,0] — >, Mz, ;], we see that 2’ € H(X[,K2) and we can
achieve 2’ € HY(Xp, ,K2) by possibly multiplying the functions h; by an appropriate p-power.
Evidently, 2’ is a sum of triangle configurations.

The group Gal(L/Q,) acts on the set {a; :¢=1,...,M — 1}; hence, any o € Gal(L/Q,)
defines a permutation of the summands {x; x Er,h;} resp. {Er x {0}, h;}. We conclude that
o leaves 2 invariant, so 2’ € H'(E x Ep,Ky)%(E/@): hence, the image of 2/ in H'(E x
Eg, ,IC2) lies in Hl(E x Eg ,K)G2(@/Q)  We apply a result from Galois descent theory
[14 Proposition 4.6] and conclude that

— — | Gal@,/Q)
HY(E x Eg,,K2) ®Q, = H(E x Eg ,K2) " @Qy;

hence, we can regard z’ as an element in Hl@\,ICQ) ® Qp. As before, let z = N /g, .(2') €
H! (XZ ,K2). We have a commutative diagram of norm maps

HY(E x B, Ky) — HY(Ex Ey,K2)®Q,
L Np /g, I Nijgys
HI(EXEQP,’C2) — Hl(EXEQ ,’CQ)@Qp

We have seen that the image 2’ of 2/ in Hl(E x B, Ko) ® Qp already lies in
Hl(E X EQP,]CQ) ® Q. Hence, the image Z of 2 = Ny /g, (2') in H1(E x EQP,ICQ) ® Q) satisfies
= [L:Qu]Z" (because the composition map

L/Qp*

HY(E'X Eg,,K2) ® Q, — H'(E x E,K2) ®Q, —%" H'(Ex Eqg,,K2) ®Q,

is multiplication by the degree [L : Q,]).

As the /S}ﬂomic regulator 7eyn(2) %yn(z’ ) only depends, respectively, on the class of z or
2 in HY(&z,, ) ® Qp — HY(E x Eg,,K2) ® Q,, we conclude that reyn(2) = [L : Qplrsyn(2’).
Hence, we later assume without loss of generality that z = 2’.

Now we consider again both elements f, g € K(F) as in Theorem 1.2. After possibly replacing
C by a multiple of C', we may assume that all zeroes and poles of f and g are torsion points

of order C. Let
t= ][ ta: K2(K(E)) — [] k(2)
xEE el

be the tame symbol map. Let L be a finite extension of Qp containing L such that all
points appearing in supp(f),supp(g) are defined over L. Then according to a lemma of Bloch
[7, Lecture 8], there exist functions f; € L(E) with divisors Dy, such that supp(Dy,) C
supp(f) Usupp(g) and ¢; € L* such that

{f, 93¢ H{fn&‘} e (E;,Ks) = kert. (1.9)
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We have the following equality of tame symbols

t({f,9}9) =t({ . g}),

hence we have

{fc,g}-i—zﬂiﬂ@;{fi’ci}@% GF(EQP,K2)®Q, (1.10)

for some m € N (compare [15, Paragraph 5]).
Now consider the composite map

[(E;,K2) — Ka(Qp(E)) 5 Hom(H(E,Q}), Qp),

again denoted by 7, g. By the main result of Besser [3] on syntomic regulators for K, of curves,
we have

Tp,E ({fcag} + Z{fi,ci}> = Tsyn <{fc7g} + Z{fu Ci}) ) (1.11)

where

e+ Ko(Ep) @ Q — Hip(E;p) = HZ (0, ,Sg,(2))
SN Hom(HO(E@p,Q}EQP),Qp)

denotes the syntomic regulator for K5 of curves.
For functions a,b € Q,(E), we have that the p-adic integral f(b) log(a)w vanishes if a or b is
constant. Hence, we have

Tp,E <{fc,g} +> 1 Ci}) (@) =rpe({f% ¢} (w) = Lfc) logg w = — L ) log fCw, (1.12)
i g9
where we have used the properties of the p-adic regulator pairing (compare [13, Theorem 3.5]).
Consider again the model U C &, of U over Z,, where U is now the affine in Eg, with
complement Eg \U = supp(f) Usupp(g), and we assume without loss of generality that f,g €
Oy,. To U one can associate a basic wide open Y in the sense of Coleman or, equivalently, an
affinoid Dagger space in the sense of Grosse-Kloenne. It has an underlying affinoid variety Y’
which is obtained as tube of the reduction Ur, of & under the specialization map

sp : é’@p — ézp,

where SZ,, is the formal completion of £ along its closed fibre and z‘:'@p the generic fibre of &
considered as rigid analytic variety. Note that Y is equipped with an overconvergent structure
sheaf. For each point e in supp(f) Usupp(g), let Y. be the annuli end of Y at e. The collection
of all annuli ends of Y is denoted by End(Y).

For the convenience of the reader, we recall Besser’s theory of double resp. triple indices
[3, 5, 6], which are defined on a certain class of Coleman integrals. Coleman integration theory
defines for wide open Y as above the C,-algebra Acqi(Y) of Coleman integrals, which forms a
subclass of locally analytic functions, and the Aco (Y)-modules Q,(Y) fitting into an exact

sequence
0— Cp, — Aca(Y) -5 QL (Y) — 0.

Q4,1 (Y) contains the space Q!(Y) of overconvergent forms on Y and Aco(Y) contains the
space A(Y') of overconvergent functions. Fix a branch of the p-adic logarithm log : C; — C,,.
For x € Er,, v ¢ S, a Coleman function is analytic on the open residue disc U, and it is an
element of the polynomial algebra A(Y.)[log z.] where z. is a local parameter of the residue
discof eif z =e € S.

Q9
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Define Aco11(Y) as the inverse image of Q'(Y) under d and Q¢ ,(Y) = Aco1 (V) - Q'(Y).
Besser defines double and triple indices on the Coleman integrals in Ac1(Y). First, we recall
the local definitions.

Let K be a complete subfield of C,,. We define Ajo, := K((2))[log z] of polynomials over the
formal variable log z over the field of Laurent polynomials over z. It admits a differential d into
the module of differentials K ((z))[log z]dz by dlogz = dz/z . Let Ajog1 :=d " (K((2))dz) =
K((z)) + Klogz. For F' € Ajg,1 we define the residue of its differential Res dF := a_, if dF =
> anz" dz. Then we have the following proposition.

n>—oo

PROPOSITION [3].  There is a unique antisymmetric function
< y > :Alog,l X Alog,l — K
with (F,G) = ResF dG if F € K((z)). This is the local double index.

For the triple index one starts with triples I, G, H € Ajog,1 together with choices of integrals
in Ajog of all pairs RdS with different R, S satisfying [ RdS + [ SdR = SR (called auxiliary
data). The triple index

< s > : A10g71 X Alog,l X Alog,l — K
(F,G,H)— (F,G,H)
is a function that

(i) is trilinear and symmetric in its first two variables;
(ii) satisfies a triple identity

(F,G,H)+ (F,H,G)+ (H,G, F) = 0;
(iii) reduces to the double index
(F,G,H) = (F, [ GdH),
for G € K((2)).

According to [6, Proposition 6.3], (, , ) exists and is unique. It is called the local triple index.

The theory of global indices can be viewed as a generalization of the residue theorem. Suppose
that we are in the previous situation, that is, given a wide open Y on a rigid analytic curve X
with annuli ends Y., we have given Coleman integrals F, G, H € Aco1,1(Y). At each annuli end
the restrictions of the functions are in Ajy 1 and hence local indices are defined at all annuli
ends. For the local triple indices, one first chooses auxiliary data globally as Coleman integrals
and then restrict to Y.

Then Besser defines global indices

(F,G)g =Y (F,G)e,
(F.G,H)g =Y (F,G,H),,

as the sum of all local indices at all annuli ends.

As is shown in [3, Proposition 4.10], the global double index only depends on the cohomology
classes of dF and dG in H},(Y).

The global triple index does not depend on the auxiliary choices. Later on, when we need
them, we shall recall further properties of the triple index as shown in [5, 6].

Now we return to the situation at the beginning of this section, that is, we have the basic
wide open Y in éQp with annuli ends Y, at all points e € S = supp((f)) Usupp(()).

Let w be a holomorphic 1-form on E, that is, w € HO(EQP, Q}E/Qp), and F,, be a Coleman
integral. Then we have the following version of a proposition of Besser [3].
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PRroPOSITION 1.13.

> (logg, F,,log f€) =: (log g, Fuy, log f€)q = Y _ logta(g, f€)Fu(x) +J log(f¢) - w.
e€End(Y) z€E (9)

Here {, , )e denotes Besser’s triple index for three Coleman functions at the annuli end Y,
and (, , )g the global triple index.

Indeed, this is a combination of [3, Propositions 3.4 and 5.3]. We have reformulated it by
replacing the double index ind.(log g, [ F.,dlog( f9)) at the annuli end Y, by the triple index
(log g, F,,,log(f©))e. This follows from the definition of the triple index as Res.w = 0 for all
annuli ends Y. (note that w is a global holomorphic form on E).

For the pair {¢;, f;} we have

Z (log c;, Fi,10g fi)e = (log ci, Fiy, 10g fi)g1
ecEnd(Y)

D _lloges, log fi, Fu)gt — (Fu,log fi, log ;)

@y,

—

Here the equality (1) follows from the triple identity and (2) follows from [6, Proposition 7.4
and Lemma 7.3].

Now we replace the pair of functions (g, f¢) in Proposition 1.13 by the pair (c;, f;) for any
i. As j(q) log(f;)w vanishes, we get

Z logt,(c;, fi)F(z) = (logc;, F,,log fi)e1 = 0. (1.14)
zeFE
Recall that the tame symbol ¢, of {g, f¢}[[;{ci, fi} vanishes at all z. This implies that
> logta(g, f)Fu(x) =0 (1.15)
zelE

as well.
For the element {g, f°} +Y_,{ci, fi} € K2(E}), we get the following useful formula for its
syntomic regulator.

LEMMA 1.16.

ronll, S} 4 D ofei D) = | 1om(£Oh = Qomg, Flon(F

In the next section, we relate this result to the syntomic regulator rgy,(2”) of the element
2" e HYU x &;,,Ks), given by 2" = (U, f).

2. Cup product in finite polynomial cohomology using Besser’s triple index

Now we recall modified syntomic resp. finite polynomial cohomology, as defined by Besser
[2, 4, 5]. Let X — SpecR be a smooth scheme over a discrete valuation ring R with generic
fibre Xy and closed fibre X, where K and k denotes, respectively, the fraction field and
residue field of R.

One then has complexes

RT\ig (X, K), RU 4r(Xk, K)
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with F"RT'yr the Hodge filtration, and a canonical map
7: Rl 4p(Xg, K) — RIyig(Xi, K). (2.1)

We fix a Frobenius endomorphism ¢ : X — X} with degp = ¢. Let P be the multiplication
monoid of all polynomials P(t) € Q[t] with constant coefficient 1. Let P(t) = ‘fegp(l — at)
and P,,, C P be the submonoid of polynomials that are pure of weight m, that is, 1/a; has
complex absolute value ¢™/? . Let P € P. We define the syntomic P-complex RT sp(X,n) as

P(¢™)
—

RT; p(X,n) := MF(F"RT4p(Xk /K)) Ry (X3 /K) (2.2)

with cohomology group H} p(X,n).
One has commutative diagrams for P,Q € P
P
FP"RUgp(Xk/K) "9 RO (Xi/K)
= 1 Qe")
PO
FP'RUgp(Xx/K) T2%) R, (X4 /K).
One gets an induced map (compare [4, Definition 2.3])

RFf)p(XV7 n) — RFf)PQ(X, n) (23)

We consider the special polynomials P;(t) = 1 —t"/¢™ . For i < j we have the relation P; | P;,
hence the P;(t) form a directed subset of Qp[t], ordered by division. Using the maps (2.3) as
transition maps one, defines

Rls(X,n) == limRI'y p, (X, n), (2.4)

the modified syntomic complex of X. By a result of Besser, RT';,5(X, n) is independent of the
choice of Frobenius.
The finite polynomial complex, twisted n times, of weight m is defined as

RT'tp(X,n,m) = lim Ry p(X,n), (2.5)
PEPm

where the monoid P, is ordered by division.
Its cohomology is denoted by Hf]p(X ,n,m) and called finite polynomial cohomology.
By Besser [5, (2.6)] one has canonical maps

from modified syntomic to finite polynomial cohomology since all polynomials P; have
weight 2n.

REMARK. Note that we have an isomorphism
Rrsyn (X7 Tl) L) ers (Xa n) (27)

between the syntomic and the modified syntomic complex [2].

Besser also defines finite polynomial cohomology with compact support, denoted by
R, (X, m,m) as the homotopy limit of the diagrams:

F"RU4p..(Xk/K) RT g o(Xs/K) MF(P(p*))
N / N e (2.8)
RTyp..(Xk/K) RTyig o (Xs/K)
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where MF(P(¢*)) is the mapping fibre of P(¢*) acting on RI\ig (Xs/K), for P € P,,. Note
that on the level of cohomology with compact support, one has canonical maps

RFri&C(XS/K) — RPdR’C(XK/K) (29)

called cospecialization maps.
One has by definition canonical maps [5, Proposition 4.4]

m: HY (X,n,m) — H}, (X./K). (2.10)
Also, one has cup products
R, (X,n1,mq) % RTg, (X, 2, ma) — Rl (X, n1 + nag, my + ma), (2.11)
and short exact sequences
Hi N (Xo/K) == H{ (X, n,m) — F"Hjz(Xk/K). (2.12)

For x € H},,(X,/K) and y € Hfjp,c(X, n,m) one has the formula
m((z) Uy) =z Un(y), (2.13)
where the cup product on the right-hand side is induced from products
RT\ig(Xs/K) x Rl'yig o(Xs/K) — RTyig o(Xs/K). (2.14)

We make essential use of Besser’s projection formula [5, (4.4)]: for finite polynomial
cohomology, namely, for f: ) — )5 a proper morphism between smooth SpecR-schemes, we
have

felaU f*B) = fua U B, (2.15)

for a € ng(yl,nl,m) and (€ ng’c(yQ,ml,mg). Note that the push-forward in syntomic
resp. finite polynomial cohomology is induced from corresponding Gysin maps RIgyn(Y1,n) —
Ry (Yo, n + d)[2d] with dim Yy + d = dim Ys (see [5, 20]). It is shown in [9] that the push-
forward in syntomic cohomology commutes with the push-forward in motivic cohomology.
Assume that ), is a smooth SpecR-curve and one has a finite morphism f:); — )5 to a
smooth surface ), over SpecR. Then f induces push-forward maps

f* :H&]S(yl’l) —>H1?1)1:>(y272) and f* :Hflp(ylez) —>H?p(y2’2a4)' (216)

Denote by 7 the image of the syntomic regulator of (U, f¢) under the map H2 (U x
€2,.2) — H3 (U x &2,,2,4). Letw € HL (U, 1) C HL (U, 1,2) and 1 € HO(E, Q') C H},(E) =

ng,c(u ,0,1) where the last isomorphism follows from [5, Lemma 5.2].

Let m :U x &€ = U, E x E — E be the projection maps to the first components. Then the
induced maps

A*ry HY(E, Q') — HY(E, Q")
: Hflp(ua 17 2) - Hf1p<u7 172)
: HE, (U,0,1) — Hg, (U,0,1)

are the identity maps. Note that m : U x &€ — U is proper, so min is well defined.
We want to compute the cup product

YUmiw U,
under the product pairing:
Hi (U x &,,2,4) x Hy, (U x E,,1,2) x H, (U x E,,0,1)
— HY (U % E,,3,7) = Hip (U x Ejg,) — Q,. (2.17)
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We apply Besser’s projection formula for finite polynomial cohomology to the closed
immersion

A:U—UXE.

Note that v = A, (reg(f¢)), where reg(f¢) is the syntomic regulator of f¢ € O*U) in
Hyo(U,1) C H (U, 1,2). We obtain

yUmfwU iy =reg(fC) UwUn, (2.18)
where the cup product on the right-hand side is now computed under the pairing
(U 1) X Hyp (U, 1) < HE, (4,0,1) 250 HY (U, 2) x HE, (U4,0,1)
T HU,2) % HYy (Us/ Q)
= HyyUs/Qp) % Hiyyg o(Us/Qp)
— HE, (Us/Qp) = Qp, (2.19)

where we have used the isomorphism in [3, Proposition 3.2].
Let ¥ be the image of reg(f¢) Uw under the pairing

Hrlns(ua 1) X Hrlns(u7 1) - Hrzns(ua 2) o Hrlig(uS/Qp)?
and 1’ be the image of n under the map
HO(E7 Ql) — Hflp,c(uvo’ 1) = H(%R(E) L} Hrlig,c(us/(@p)v

where 7 is defined as in (2.10).
Then we have

reg(fOYUwun=TUy ¢ Image(Hrzi&c(Us/Qp) Ir, Qyp)- (2.20)

This follows from (2.12).
We apply this fact in the particular situation when w = reg(g) for g € OU)*.
We have the following proposition, which is a modified version of [5, Proposition 5.3].

PROPOSITION 2.21. Letw = reg(g) € HL.(U,1), g € O*(U),n € H°(E, Q). Then we have

reg(fc) UwUn = <F,7710g fC»10g9>glv

where the right-hand side is the global triple index associated to the Coleman functions
F,,log f€,log g on the basic wide open Y associated to U with annuli ends e; at the C-torsion

points on Eg, occurring in supp(f) Usupp(g).

COROLLARY 2.22.  We have the following identities:

reg(f<) Ureg(g) Un = —(log g, ), 1og f<)girp ({ <. g}) (),

which is the p-adic regulator of the Steinberg symbol {f, g}, evaluated at the homomorphic
1-form n (see §1).

Proof of the corollary. Only the first equality requires a proof: by the triple identity for the
global triple index we obtain

(F,,log f€,log g)g1 = —(log g, F;,1og f€) g1 — (log g,1og f, ),

and the second term vanishes because of [6, Lemma 7.4]. O
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REMARK. Corollary 2.22 follows directly from [3, Propositions 3.4 and 5.3]; however, we
prefer to prove here the Proposition 2.21 as it sheds some light on Besser’s triple index formula
and its beautiful proof.

Proof of the proposition. We first recall the computation of the cup product

reg(f<) Ureg(g) € Hao(U,2) = Hy, (Us),

following Besser [3].
Note that by definition

k
Hos 1) = H_H}{w € Q' (U)iog, h € AT, dh = <1 - ‘P*> w},
p
k

where AT is the weak completion of Oy and Q'(U)jeg are the algebraic differential forms on
U with logarithmic singularities along E\U and ¢ : Y — Y is a lifting of the Frobenius on the
basic wide open Y.

The first Chern class of €, resp. g € Oj, is given by

1
i (f€) = (dlog 1<, 5 log foc> :
resp.

1
ci(g) = (dlogg, 5 loggo> :

where fo = f?/p*f = 1 modulo p, hence log fj is well defined.
Then reg(f¢) Ureg(g) € H2 (U,2) is the second Chern class cha({f¢, g}) of the Steinberg
symbol {f¢, g} which is given by

1 1
(dlog fc,plogf5> U (dloggyploggo) =(0,00(f, 9)) (2.23)
with
1 L1
00(f°,9) = o los 1§ dlog p*g — ; log god log f€.

Under the isomorphism H7 (U,2) = H},
by the class of any form (¢, g) € Qiﬁ/@ satisfying

(Uy) the image of chy({f¢, g}) in HL (U,) is given

rig

(1= 5 ) 00€.0) = bu(s©. ) + a2, 29 Q7

Let
Pt)=1-
There exist polynomials a(t, s), b(t, s) with
ts

PxQ(ts) := (1 - p2> = a(t, s)P(t) + b(t, s)Q(s).

By choosing

we get the representation
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Let the two variable polynomials act on Acel1(Y) ® Qéol’l(Y) by letting ¢ act as ¢* ® id and
s as id ® ¢*. Then (2.23) is equivalent to

P x Q(SO*)H(fcvg) = a(t’ S)P(QO*) log fc (39 dlogg
+ b(t, s)dlog f€ @ Q(p*)log g + dh
1 1
= Elog focdloggo*g — ;9 log godlog ¢ +dh
=0o(f%, g) + dh. (2.25)

Consider the bilinear pairing introduced by Besser—de Jeu [6]
() Acol1(Y) ® Qg1 (V) — Qp
between Coleman forms and Coleman functions on the basic wide open Y, given by
(F,GdH)) = (F,G, H) 4. (2.26)
By Besser [5, Proposition 2.14] we have, for 0 € Q}M/Qp =QL(Y),
<<F7 9>> = <F7 F9>g17 (227)

where (F, Fy)g1 is Besser’s global double index on Y. Using Serre’s cup product formula and
the definition of the double index, we have in our situation that

H(fchg) U 77/ = <F7]7F9(fc7g)>g17 (228)
here 7’ is the image of n € HY(E, Q') in HY, .(Us/Q,) given by {n, (F,).}, where F, and

rig,c

Fy(sc 4y are the Coleman integrals of 7 and 0(fC, g), respectively. Then (2.27) implies

<F777F9(fc,g)>g1 = <<Fn’9(fcag)>>' (229)

Hence, we need to show that

((Fp,0(f%,9))) = ((Fy,1og fCdlog g)). (2.30)

We are in the same situation as in the proof of [5, Proposition 5.3]: consider both sides in
(2.30) as functions of n; these are functionals on the cohomology Hn(U/Q,). We see that
(2.30) follows, by applying [5, (2.15)], from the formula

((Fyy P+ Q(¢")0( e g))) = ((Fy, Px Q%) log fdlog g)). (2.31)

To prove (2.31), one then follows the proof of [5, Proposition 5.3]; the last lemma
[5, Lemma 5.4] can be applied as well: by the triple identity it remains to show that

((¢")"Q(¢") log g, (%)™ log €, Fy)g1 = 0. (2.32)

This is true because for a function h € O(Y)* we have, by [13, Lemma 2.5.1], that
log (h?/p*(h)) is in O(Y). One then applies [6, Lemma 7.4]. This completes the proof of
Proposition 2.21. |

Combining (2.18), (2.22) and Theorem 1.2, we obtain the following proposition.

PROPOSITION 2.33.  Let the assumptions be as in Theorem 1.2. Then the syntomic regulator
Tsyn(2") of the element 2" € H}, (U x &, Ks) satisfies

zar

reyn(27) Uy (reg(g)) Unmin = ¢ g - Q- Ly(E,0).
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673 3. A regulator-decomposable element
674

Consider the smooth proper model & x &z, of E X E over Z,, where p is a good ordinary
675 reduction prime. Its Néron-Severi group NS(E x &z,) has rank 4, generated by the cycles
676 {&z, x {*}}, {{#} x &z, }, A and the CM-cycle, that is, the graph of the complex multiplication

677 &, — &, if K =Q(V—d).
v—d

678

679 We consider the image of the composite map

680 Pic(€ x &,) ® L — H' (€ x &,,K>)
681 — H3 (€ x &,,2).
682

683 It follows from diagram (3.6) below that this image is generated by the elements reyn (i),
i=1,2,3,4, with

684

085 M = reyn(€ x {0}, ¢),

s 2= a0} X £.0)

638 V3 = rsyn(4A, ),

689 Y4 = Tsyn(CM-cycle, ¢),

690 where c is a topological generator of the subgroup Z, C Zj.

691

23; THEOREM 3.1. Under the above assumptions we have the following properties. Q12
694 (i) The syntomic regulator

Zzz rayn : HY(E X &,,K2) © Q, — H2,, (€ % &2, 50,(2)

697 is an injection and the dimension of coker(rsyy) is at most 1.

698 (ii) Let z be the element defined in (1.8). Then z is regulator-decomposable, that is, rsyn(2) €
o H}(QNS(X) @ Q,(1)).

700

701 REMARK. The p-adic points conjecture implies that Syn(é' x &z,,80,

(2)) = Hp(Qp, V),
702 so (i) means that reyy,(2) is in the subspace corresponding to H} (QP,NS()_() ® Qp(1)) under
703 this isomorphism. (Recall that X = (E x Eg,) x Q,, V = HZ (X Q,(2)).)
704
705 Proof of (i). Let Byr be Fontaine’s ring of p-adic periods and DR(V) = (Bgg ® V)%% be
706 defined as in [8]. There is a natural filtration on Byp that induces a filtration on DR(V'). The
707 Bloch-Kato-exponential map [8]

;82 exp: DR(V) — H'(Gq,,V)

710 induces an isomorphism

711 DR(V)/DR"(V) > H}(Gg,,V), (3.2)
2; and via the Byr-comparison isomorphism we have an isomorphism

714 DR(V)/DR(V) = H2p(X)/Fil®.

15 Hence, dim H3,,, (€ x &z, Sg,(2)) = dim H}c (Qp, V) =5.

716 We have a commutative diagram

;i; Pic(€ x &,) ® L3 -, HY(E x &,,K)

719 ! L 7syn (3.3)

720 H2,,(E % &,,50, (1)) UHL,(E x &,,50,(1)) — H3,(E x &,,50,(2)).
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We show that the image of Pic(€ x &z,) ®Z5 in HZ, (€ x &,,50,(2)) generates a
4-dimensional subspace. This is seen as follows.
Let Pic(€ x &,) D N = No @ N1 © No @ N3 be the subgroup generated by No =7 - A,
N1 =7Z- [SZP X O], N2 =7Z- [0 X EZpL N37: 27 [CM—cycle].
Let M = My & My & My @& Ms C H*(E x E,Q,(1)) be the subgroup defined by
Mo = (NH'(E,Qp))(1) = H*(E, Qp(1)) = Qp,
My = H(E,Qp) ® H*(E,Qp(1)) = Qp,
M,y = HQ(E’QP(D) ® HO(E7Q:D) = QP?
Ms = (cet(CM-cycle)) = Q, C Sym?H'(E, Qp)(1),
C H*(E x E,Q,(1)).

One has an isomorphism for ¢ = 0,1,2, 3:
N; @z H(Qp, Qy(1)) = M; ®q, Hj(Qp, Qp(1))
= Hj(Qp, Qp(1)), (3.4)

which induces an isomorphism

N @ H}(Qp Qp(1) — M ® Hi(Qy, Qp(1))
I
H}(Qp, M ©Qy(1)) (3.5)
[
H}(vafﬂ(ﬁj x E,Qy(2)).

Now consider the commutative diagram

Pic(€ x &2,) ®LE  — N®Z,
N ® Hy,, (€ x &,,50,(1))
H! (5 X 8va ICQ) gl (36)

M ® H}(Qp,Qy(1))

! )
HZ\ (€ % &2,,5,(2)) = HpQp H*(E x E,Q,(2))).

The isomorphisms follow from the p-adic points conjecture as proved in [16, §6]. The
commutativity of (3.6) follows from the commutative diagram

Pic(E x Eg,) ® Q) — N ® H'(Qp,Qp(1))
1=
Ly HY(Qp, N ® Qp(1)) (3.7)

[
HY(E x Eg,,K2)  — H'(Qp, H*(E x E,Q,(2)))

where the upper and lower horizontal arrows arise as boundary maps of Kummer sequences.
(See [14, Lemma 2.8].)

The diagram shows that the image of Pic(€ x &z,) ® Zj, in HZ,, (€ x &z,, 50, (2)) generates
a 4-dimensional subspace.

By Bloch—Ogus theory, one has an exact sequence

0 — HY(E x Eg,,K»)/p" — NHE(E x Eq,,Z/p"(2)) — Ch*(E x Eg, ), — 0, (3.8)
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where
NHG(E x Eq,, Z/p"(2)) = ker(Hg, (B x Eg,, Z/p"(2))
— Hg(k(E x Eq,), Z/p"(2))

is the first step in the coniveau filtration.

Taking inverse limits and using that HZ(E x Eg,,Q,(2)) = H'(Q,,V), we obtain an
injection H(E x Eg,,K2) ® Qp — HY(Q,, V).

As the kernel of H' (€ x &,,K2) — H'(E x Eg,, K5) is a finite torsion group, we also obtain
an injection

HY(E % &,,K2) @ Q, — HY(E x Eg,,Ks) @ Q, — H'(Qp, V),

the image of which is contained in H}(QP,V) =~ H3, (€ x &,,50,(2)), hence part (i) of
Theorem 3.1 follows. 0

Proof of (ii). Consider the subrepresentation W of V' generated by algebraic cycles in the
Néron—Severi group, so W = N ® Q,(1). As we have seen above all four generators of N are
already defined over Q. The exponential map respects subrepresentations, hence we obtain an
isomorphism

exp: DR(W) = N & DR(Q,(1)) <> N © H}(Qp, Qy(1). (3.9)
The map is given by

exp

DR(QP(l)) =Qp — Z; ®Q, = H}(Qp?@p(l))v

where the last isomorphism is given by the boundary map of the Kummer sequence.
Note that DR®(W) = 0 and DR(Q,(1)) = DR™'(Q,(1)), hence

DR(W) C DR (V) 2 Fil' H3»(X).
Poincaré-duality on H3,(X) induces an isomorphism
HEg(X)Fil2H3(X) 2 Hom(Fil' Hip(X) — Q).

The restriction of this isomorphism to Fil' induces a non-degenerate pairing on Fil* / Fil® that
coincides with the intersection pairing on N.

In order to show that rgy,(2) is contained in H}c((@p,N@)(@p(l))7 we need to show that
Teyn(2), considered as a linear form on Fil' H2,(X) via the above isomorphisms, vanishes on
Fil?H?,(X) = H°(X,Q?). Let w be an invariant, hence nowhere vanishing, holomorphic 1-form
on E, so we HY(E,Q'). We consider the pullbacks w; = mjw, wy = Tiw on E x E via the
canonical projections m;. Then we need to compute rey,(2)(wi Uws). Now we apply Besser’s
triple index formula [5, Theorem 1.1].

Let ) be the open surface obtained from X = £ x &, by deleting the points [x;, z;], [z;,0],
i=1,...,M —1 and [0,0]. Let Vo =(E x{0})x xV, Vi={x;} xE)x x Y. Let V be the
complement of supp(div(f)), embedded diagonally in ), so we have finite maps

N Y, — Y and AV — ).

Then Besser’s formula, applied to the element z in (1.8), yields
M—-1
reyn(2) (w1 Uwa) = Y (Af Fl,, log i, A Fly )y 3,
i=1
M—-1
+ > (N5 Fuysloghi, AsFu, )y 3,
i=1

+ (A*F,, log fM A F,,) ) b (3.10)
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817 The sum runs over global triple indices on Coleman integrals defined on the wide open Y; and
818 V that we can associate to the open curves ); and V.
819 The choice of the global Coleman integrals Fi,, and F,, on E X Eq, is as follows.
820 Let F,, be the unique Coleman integral of w, which satisfies F,,(0) = 0. Then define F,, :=
821 i F, and F,, := w5 F,,.
8292 As A\(F,, and A} F,,, vanish for all i, we get
M
823 Tsyn(z)(wl UW2) = <A*Fw1vlogf 7A*Fw2>g17f}
824 M
o = (FL.log fM FL) - (3.11)
896 The Coleman integral F,,, which satisfies F,,(0) = 0, also vanishes at all torsion points on E
897 by [12, Proposition 3.1].
828 By the triple identity we get
829 M 1 M
330 <Fw710gf aFw>g17f} = —§<Fw,Fw,lng >g1,f}
1
831 =—= Z Res. F2dlog fM. (3.12)
832 2 e
833 The residues are taken at annuli ends e associated to the points in supp((f)). As the zeros of
834 F,, kill the poles of dlog fM, all residues vanish and hence
835
936 Tsyn(2) (w1 Uwy) = 0.
]37 This completes the proof of Theorem 3.1. |
838
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